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Chapter - 1 : Linear Algebra

1.1 Determinants

If a, b, c and d are any four terms then the representation is called a determinant

o}
and is denoted by D.
A determinant of order 2 is evaluated as follows:
ab
D= ‘ =ad - bc
c d
A determinant of order 3 can be evaluated as follows:
a; a, a;
b, b b, b b, b
D=|b, b, b,|=a, 2 3_2 1 3+a31 2
C, Cj C; C, c; G,
C; C C3
1 2 3
For example: 213—11:3 223+3'21
' 3 1 o 12 3 2 3 1

=1(2-3)-2(4-9)+3(2-3)=-1+10-3=6

Properties of Determinants

Interchange of rows and columns (R; «—— Ci)

The value of determinant is not affected by changing the rows into the corresponding

columns, and the columns into the corresponding rows. Thus

a, a, a, a; b, c,
b, b, by =la, b, ¢,
C; C, Cj a; b; c;

Identical rows and columns (R; = R;, Ci=C)).

If two rows or two columns of a determinant are identical, the determinant has the value

zero. Thus,
a; a, ag a; a; a;
Ci C Cj c; G C3




Interchange of two adjacent rows and columns (R; «—— Rj;;, C; «—— C;,y)

If two adjacent rows or columns of the determinant are interchanged, the value of the

determinant so obtained is the negative of the value of the original determinant. Thus

a; a; az b, b, b,
by b, by|=-|a; a, a;
C; C C3 C; C Cj

Multiplication of row or column by factor [R; (m), Ci(n)]
If the elements of any row or column are multiplied by the same factor, the value of the
determinant so obtained is equal to the value of the original determinant multiplied by that

factor. Thus,

ma, ma, ma, a, a, a,
C;, C, C4 C; C, Cj

Sum of determinants
If any element in any row (or column) consists of the sum of two terms, the determinant
can be expressed as the sum of two other determinants whose other rows (or columns)
remain the same, while the remaining row (or column) consists of these terms
respectively. Thus,

a,+o, a, ag a, a, ag oy a, a,

b;+By by bz|=|b; by by |+|B; by b

Ci+tYy C2 C3 Ci C Cj Y1 C2 C3

Change of row or column by multiples of other rows and columns Rj(p), Ci(p)
As the consequence of the properties 5, 4 and 2 we have the result.

a, a, ag a,+pa, a,+qa; a,

C; C, C, C;+pc, C,+qcC; Cy

where care must be taken to leave at least one row or column unaltered in such changes

P and q being any positive or negative factors.




Note: 1.

given by the absolute value of 2 X, Y, 1

Area of a quadrilateral can be found by dividing it into two triangles.
3. If the area of a triangle obtained from the three given points is zero,
then the three points lie on a line.

The condition for three points to be collinear is

1x1 y, 1
—| x 11 =0
o| X2 Yo

X3 Y; 1

Area of a triangle whose vertices are (x4, Y1) (X2, ¥2) and (X3, y3) is

Xy, 1

Xz Y3 1

Solved Example 1 :

Find the area of a triangle whose vertices
are (2, 1), (4, -3), (-2, 5).

Solution :

The area of the triangle is

2 1 1

"
11==|4 -3 1
1

2
-2 5 1

Xy Yy

A= —|X
5| %2 Yo
X3 Y3

%x abs [2(-3 — 5) — 4(1 - 5) — 2(1 + 3)]

% x abs [-16 + 16 — 8] = 4 sq. units

Solved Example 2 :

Find if the three points (-1, —1), (5, 7) and
(8, 11) are collinear.

Solution :

If the points are collinear, area of the
triangle formed by the three given points
should be zero.

-1 -1 1

5 7 1

8 11 1

Area A= 1

1
3 [-1(7 - 11) = 5(-1 - 11)

+8(-1-7)]

%[4+60—64]= 0

The given points are collinear.




1.2 Matrices

A Matrix is a rectangular array of elements written as

a1 A a
a1 Ay a,
A =
EE™ an, |

The above matrix A has m rows and n columns. So it is a m x n matrix or it is said that

the size of the matrix is m x n.

Types of Matrices

Square Matrix :

It is a Matrix in which number of rows = number of columns

1 2 3
For example: 4 5 6| isasquare matrix of order 3.
7 8 9

Diagonal Matrix :
It is a square matrix in which all non diagonal elements are zero.

1 0O
For example: 0 20
0O 0 4

Scalar Matrix :

It is a diagonal matrix in which all diagonal elements are equal

4 0 O
For example: 0 40
0O 0 4

Unit Matrix :

It is a scalar matrix with diagonal elements as unity. It is also called Identity Matrix.

1 0
Identity matrix of order 2is |, = [0 J




Identity matrix of order 3is I3 =

O O -
o —~+ O
- O O

Note : For any matrix A, Al=1A=A

Upper Triangular Matrix :
It is a square matrix in which all the elements below the principal diagonal are zero.

1 20
For example: 0O 0 3
0O 0 2

Lower Triangular Matrix :

It is a square matrix in which all the elements above principal diagonal are zero.

0O 0O
For example: 2 10
1 2 4

Column Matrix :
It is a matrix in which there is only one column.

1

For example: 3
1

Row Matrix :

It is a matrix in which there is only one row.

For example: [2 3 4]

Transpose of a Matrix :

It is a matrix obtained by interchanging rows into columns

1
For example: IfA={2 2 2}

A’ = transpose of A =

g W -
o W




Symmetric Matrix :

If for a square matrix A, A=A’ then A is symmetric

1 4 5
For example: 4 2 8
5 8 3

Skew Symmetric matrix :

If for a square matrix A, A = —A'’ then it is skew — symmetric matrix.

0O 5 7
For example: -5 0 3
-7 -3 0

Note : For a skew symmetric matrix, diagonal elements are zero.

Orthogonal Matrix :
A square matrix A is orthogonal if AA" = A’A = |

cos0 sine}

For example: A= _
—sin® cos6

Here AA' =1

Note : For orthogonal matrix A, A~ = A’

Conjugate of a Matrix :

Let A be a complex matrix of order m x n. Then conjugate of A is the matrix obtained by

taking conjugate of every element in the matrix and denoted by A
7+i 3-3i 4 }

For example: if A=
{9+2i —i 8 —4j

— 7-i 3+3i 4
then conjugate of A= A I_ + | .
9-2i I 8 +4i

Matrix A® :
The transpose of the conjugate of a matrix A is denoted by A°
[ 7+i 2-4i 4 }

For example: Let A=
|3+2i —i 1-2i

>
I

then

[(7-i 2+4i 4
3-2i i 1+2i




7-i 3-2i
and A° = (Z\) —|2+4i |
4 1+2i

Unitary Matrix :

A square matrix A is said to be unitary if A° A = |

T+ —1+i
For example: A= 12 ) 12 )
+i —i
- 5
10
Here A°A = =
0 1

Hermitian Matrix :
A square matrix A is called Hermitian matrix if a;; = éji
4 1-i 2+5i

For example: A= 1+i 3 1-2i
2-5 1+2i 8

The necessary and sufficient condition for a matrix A to be Hermitian is that A = A°.

Skew — Hermitian Matrix :
A square matrix A is skew Hermitian matrix if a; = —éji
2i 2-8 1-2i
For example: —(2+8i) O 2i
—(1+ 2i) 2i 4

The necessary and sufficient condition for a matrix A to be skew—Hermitian is that A® = —A

Note : All the diagonal elements of a skew Hermitian matrix are either zeroes or

pure imaginary.

Idempotent Matrix :

Matrix A is called idempotent matrix if A% = A

2 -2 -4
For example: A=|-1 3 4

1 2 -3
Here A% =A




Periodic Matrix :
A matrix A is called a periodic matrix. A" = A where K is a +ve integer; if K is the least

+ve integer for which A" = A then K is the period of A.

Note : If K=1, we get A% = A and it is idempotent matrix.

Nil potent Matrix :
A matrix is called a Nilpotent matrix, if A = 0 where K is a positive integer. If K is the

least positive integer for which AX = 0, then K is the index of the nil potent matrix.

ab b?

For example: A= [ ) b} has index 2
-a“~ -a

Involutory Matrix :

A matrix A is called involutory matrix if A* = |

o 1 -1
Forexample: A=|4 -3 4
3 -3 4
Here A? = |
Note: I°=1. .. Identity matrix is always involutory.

Determinant of a square matrix

Let A be a square matrix, then | A | = determinant of A.

1 2 3

For example: A=1|2 1 3
1 2

w

2 3
1 3
1 2

Al

]
W N =

1 2 2 1
22l 2ol
=12-3)-2(4-9)+3(2-3)=-1+10-3
=6
e If | A|#0then matrix A is called as non-singular.

e |If |A] =0, Ais called singular.




Adjoint and Inverse of a Square Matrix

Minor : Consider the determinant
a11 a12 a13
A= Ayy Ay Ay
a31 a32 a33

To find minor leave the row and column passing through the element a;.

: _ _ A A3

The minor of the element as; = My =
a32 a33
: _ _ dyy Ay

The minor of the element az, = M3, =
a21 a23
. 22 a23

The minor of the element a;1 = My =
a32 aSS

a
The co—factor of the element as; = Azy = (—1)*" Mpy = — a12
32

a
The cofactor of the element ag, = Azp = (—1)** Mg, = — aﬂ
21

a22

The cofactor of the element a; = A= (1) My =

32

And so on.

Adjoint of a Matrix :

a23

33

Adjoint of a square matrix A is the transpose of the matrix formed by the cofactors of the

elements of the given matrix A.

If A= Ay Ay Ay

Thenadj (A) = |A;, A, A




Inverse of a Square Matrix :

For a non—singular square matrix A

1
A= —adj(A)
|A]

where A~ is called the inverse of square matrix.

Note: AA" =ATA=I

Solved Example 3 : As; = the co—factor of as;
Calculate the adjoint of A, 1 1
in|A] = =-5
1 1 1 2 -3

where A=|1 2 -3
2 -1 3

Az, = the co—factor of as, in

1 1
1 -3

=4

Solution : |A|= _‘

Aq1 = the co-factor of a;4 in

2 3
-1 3

Ass = the co—factor of as; in

1 1

|A|=‘
12

-

|A|=‘ ‘=1

Arz = the co-factor of ayz in Adj (A) = transpose of the matrix formed

1 -3 —
|Al=- _ 9 by co—factor
2 3 A, A, A 3 4 -5
A, = the co—factor of a3 in = 1A Ap Ay =19 1 4
Az Az Ag -5 3 1
1 2
|A|= ‘ ‘ =-5
2 -1 Solved Example 4 :
A, = the co—factor of a4 in Find the inverse of the matrix by finding its
11 1 3 3
|Al= _‘_1 3‘ =4 adjoint where A=|1 4 3
. 1 3 4
A, = the co—factor of a in .
Solution :
1 1
A = =1 =
|A | ‘ 5 3‘ Al =10
_ A" exists
Aoz = the co—factor of ay; in
;o 1 1 1
| A |= —‘2 1‘=3 Now A'=|3 4 3
3 3 4




The co—factors of the elements of A" are
"H=7 5 MH=83 5 (1)=-3
@ =-1 ; (4 =1 ; (3 =0
@ =1 5 =0 ; (4=t
7 -3 -3
~Adj(A)=1-1 1 0
-1 0 1

7 -3 -3
adjA) =|-1 1 0
-1 0 1

_ 1

A—1
A

Solved Example 5 :

Find the adjoints of the matrices A and B

A WO DN
wWw W

1
where A= |1
y

(0 4 5
B=|-1 2 3|.
1 17

Verify the formula adj(AB) = (adj B ) (adj A)
Solution :

We can find that

-7 6 -1

adiA=|1 0 -1|,

1 2 1

17 -33 2
adjB=|10 -5 -5
-1 4 4
1 5 32
AB=|1 6 42
1 9 38

[-150 98 18]
(adjB) (adjA)=|-80 70 -10]|,
15 14 1
-150 98 18]
adj (AB)=| -80 70 -10
15 14 1

Hence we verify (adj B) (adj A) = adj (AB)

Solved Example 6 :
Find the inverse of the matrix finding its
2 1 3
adjointwhere A=|{3 1 2
1 2 3
Solution :
2 1 3
|A|=]3 1 2|=6%0.. A" exists
1 2 3

transpose of A = A’ =

W =N
N - W
W N =

The co—factors of the elements of A’ are
(2)=-1 , (3)=3 ;o (1)

]
|
—

M=-7 ; (1)=3 . (2)=-5
3)=5 , @=-3 ; @)=-1
-1 3 -1
adj(A)=|-7 3 5

5 -3 -1
a1
A _lAladJ(A)
-1 3 -
’
=5 -7 3 5
5 -3 -1




Solved Example 7 : Solved Example 8 :

Show that Show that
cosO sin0d -8 4 1
A= , ! is orthogonal 1 ,
—sin® cosH A=—-| 1 4 -8]| isorthogonal and
4 7 4
Solution :
. find A",
A = cosO -—sino )
~ | sind  cos6 Solution :
[ cos® sinb|[cosO® —sind 1_8 41 1_8 14
| —Si
AA’ = , , AA'=—|1 4 8| —| 4 4 7
—sin® cosf || sind coso 9 9
- 4 7 4 1 -8 4
B 2 )
_ cos e;sme -290 29} 1 81 0 0 100
: sin-©+cos =250 81 0|=0 1 0| =1
__1 O}—I 0O 0 81 0O 0 1
0 1 Similarly A"A =1
Similarly A”A =1 -. A'is orthogonal and therefore
Hence AA'=A'A=I 8 1 4
. A is orthogonal A—1=A'=% 4 4 7
1 -8 4

1.3 Rank of a Matrix

Sub-matrix
Any matrix obtained by omitting some rows and columns form a given m x n matrix A is

called a sub-matrix of A.

a, b1 C, .
For example: contains
a2 b2 CZ
a, b a, ¢ b, ¢
three 2 x 2 sub-matrices | ' ' o o
a2 b2 a2 C2 b2 CS

two 1 x 3 sub matrices namely [a; b; ¢4] and [a; b, ¢,] and
: a, | |by|]cy
three 2 x 1 sub matrix namely and so on
a2 b2 C2
The rank of a matrix is rif :
i) It has atleast one non-zero minor of order r

ii) Every minor of A of order higher than r is zero




The rank of a matrix in Row-Echelon form is equal to the number of non-zero rows.

The rank of a matrix is also given by the number of linearly independent rows.

Note :

r(l,) =n

If A is zero matrix, then r(A) =0
IF A is not a zero matrix, r(A) > 1

1
2
3. IF Ais anon-singular n x n matrix thenr(A)=n (- | A|#0)
4
5

If A is an m x n matrix then r(A) < minimum of m and n

Solved Example 9 :

4 2
Find the rank of the matrix |6 3
2 1

O K~
- N W

Solution :

This matrix contains four 3 x 3 matrices.

4 2 1 4 1 3
6 3 4 6 4 7
2 1 0 2 0 1
4 2 3] 2 1 3]
6 3 7 3 4 7
2 1 1 1.0 1

The determinants of all these are zero.

Then consider 2™ order sub matrices. It

2 1
can be seen that {3 4} has determinant

whose value is 5. i.e. not zero. Hence the

rank of the matrix is 2.

Solved Example 10 :

Find the rank of the matrix

3 2 -1 5
A=|5 1 4 -2
1 -4 11 -19

Solution :

The matrix contains four 3 x 3 matrices

(3 2 -1 '3 -1 5
5 1 4 5 4 -2
1 -4 11 111 -19
(3 2 5 2 -1 5
5 1 -2 1 4 -2
1 -4 -19] |-4 11 -19

The determinants of all these are zero.

Then consider 2™ order sub matrices.

3 2
It can be seen that {5 1} has a value -7

i.e. not zero.

Hence the rank of the matrix is 2.




1.4 System of Linear Equations

Consider a set of equations
a;X + by + ¢4z =d;
aX + by +Coz =d,

33X+b3y+C3Z =ds

The equations can be written in the matrix form as
a, b, ¢ |]|x d,
a, b, ¢, ||y|=|d,
a, by, c;||z d,

which is of the form AX =B

1 b1 C1 : d1

2 b2 CZ : d2

3 b3 CS : dS

Augmented matrix, [A : B] =

O O o

Consistency conditions

After reducing [A : B] to Row-Echelon form, find the ranks of A and [A : B]

Case1: r(A)=r (A : D), then the system is inconsistent.

i.e. it has no solution.

Case2: r(A:D)=r(A)then the system is consistent and if
(i) r(A : D) = r(A) = Number of unknowns then the system is consistent
and has unique solution.
(i) r(A : D) = r(A) < Number of unknowns then the system is consistent

and has infinitely many solutions.

Solution of Linear Equations

Cramer’s Rule

The solutions of the equations
a;X + by + ¢4z =d;
aX + by +Ccoz =d,

asX + b3y +C3Z =dj




X B y B z B 1
d b, c a, d, c a, b, d, a, b, c
d, b, c, a, d, c, a, b, d, a, b, c,
d, b, c, a, d; ¢, a;, b, d a, b, c,
X y z 1
—=—=—=— [A=0]
A, A, A A
ie.
x:ﬁ y:A_y z:ﬁ
A’ AT A

Method of Inversion

If the matrix form of the given equations is AX = B and if |A| = 0, then the solution can be

obtained as

X=A'B

Non Zero Solutions of Linear Homogenous Equation
The homogenous equation in x, y, z are
a;Xx+byy+ciz =0
aX +by+coz =0
azX +bgy+czz =0
A system of simultaneous linear equations is said to have zero or trivial solutions if all the
unknowns have zero values, and is said to have non-zero solution if at least one of the
unknowns has the non-zero value.
The necessary condition that the equations have non-zero solutions is
a, b, c
a, b, c,|=0
a3 b3 CS




Solved Example 11 :
Solve 3x+y=19

3x-y=23
Solution :
3 1
Here A= =—6
3 -1
By Cramer’s rule
19 1
Ax |23 -1
X= —=r——
A 3 1
3 1
_ ~19-23 _7
-3-3
‘3 19‘
2 _
and y=ﬂ: 3 23 :69 57=_
3 1 -3-3
3 1

Solved Example 12 :
Solve 3x -5z = -1
2X+7y =6
X+y+z=5
Solution :
-5

Here A = 0
1

= N W
- N O

=3(7-0)-0(2-0)-52-7)
=21-0+25=46
-1 0 -5
AX=|6 7 O
5 1 1
=-1(7-0) - 0(6 — 0) — 5(6 — 35)
=-7 -0+145=138

3 -1 -5
Ay=12 6 O
1 5 1

=3(6-0)+1(2-0) - 5(10 - 6)

=18+2-20=0
3 0 -1
Az=1|2 7 6

1 1 5

~3(35-6)-0(10-6)-1(2-7)

=87-0+5=92
Now x=&:@=3

A 46
y:ﬂzizo

A 46
Zzgz%zz

A 46

Solved Example 13 :

Test whether the following equations have
non-zero solution. If they have such
solution obtain the solutions.

X+y-3z=0, 3x-y-z=0,

2x+y-4z=0

Solution :
1 1 -3

Now 3 1 -1|=0
2 1 4

and hence the equations have non-zero
solution. Solving the first two equations

we get




so that x = -4\, y =— 8\, z=—4), where A
is a non-zero constant. These values
satisfy the third equation and hence they

are non-zero solutions.

Solved Example 14 :
Test whether the following equations have

non zero solution

2x+3y+4z=0
Xx -2y—-3z =0
3x+y—-8z =0
Solution :
2 3 4
Now |1 -2 -3| =63%#0
3 1 -8

Hence the equations have no non-zero
solution. The only solution is x = 0, y = 0,
z=0

Solved Example 15 :

Discuss the consistency of
X+y+z =1
2x+4y-3z=9
3x + 5y -2z=11

Solution :

In the matrix form

11 1

A= 1|2 4 -3| and
3 5 -2

11 1 1

[A,B]=|2 4 -3 9

3 5 -2 11

1 1 1

Rank (A)=2 since |2 4 -3|=0
3 5 -2
1 1
and =2 =0
2 4
Rank [A:B]=3

since 4 -3 9| =-7 = 0
5 -2 11

r(A)# r(A : B)

inconsistent i.e. it has no solution.

thus the system is

Solved Example 16 :

Examine for consistency

3X+y +2z=3

2x -3y -z=-3

X +2y+z =4
Solution :

In the matrix form

3 1 2]|x 3
2 3 -1)|y| = 1]-3
1.2 1]|z 4
3 1 2
A=|2 -3 -1

1 2 1

Rank of A=r(A)=3 since |A|=8=%0

31 2 3
[A:Bl =|2 -3 -1 -3
1 2 1 4

Similarly r(A : B) is also 3.
r(A) =r(A: B)
System is consistent and has unique

solution.




Solved Example 17 : 5 3 7 : 4

Examine the consistency of [A:B]l=|3 26 2 : 9
5x+ 3y+7z = 4 72 10 @ 5
3x+26y+2z =9 [A : B] contains four 3 x 3 sub matrices:
7Xx+2y+10z =5 5 3 7 5 7 4
Solution : 3 26 2 3 2 9
In the matrix form |7 2 10 7 10 5
5 83 7][x] [4 5 3 4 3 7 4
3 26 2||y|l=|9 3 26 9 26 2 9
7 2 10]|z| |5 7 2 5 2 10 5
5 8 7 All the above 4 sub matrices have
A=]3 26 2 determinant value 0
72 10 & r(A)=r(A:B)
Rank of A=r(A)=2 since|A| =0 =2 < 3 (number of unknowns)

and ‘5 3 ‘ 121 20 System is consistent and has infinitely
3 26 many solutions.
1.5 Eigen Values and Eigen Vectors

Characteristic Equation

Let A be an n x n square matrix. Then [A — Al] is characteristic matrix of A, where | is
identity matrix.
|A — Al| is characteristic polynomial.

|A — Al| = 0 is characteristic equation of A.

Eigen values

The roots of the characteristic equation of a matrix are called its Eigen values.

Eigen vectors

If A is an Eigen value of A, then a non-zero vector X such that

AX =X or [A-Al] [X] =0 is called the Eigen vector of A corresponding to Eigen value A.




Properties of Eigen values and Eigen vectors

Sum of Eigen values of a matrix is equal to the trace of the matrix.
Product of Eigen values of a matrix is equal to its determinant.
Eigen values of A and A" are same.

If A is a triangular or diagonal matrix, Eigen values are the diagonal elements.

If an Eigen value of A is A, then % is an Eigen value of A™".

If Eigen values of A are A4, As....., then Eigen values of AXare AK , klz‘ .........

Eigen vectors of a real symmetric matrix corresponding to different Eigen values are
orthogonal.
If X is an Eigen vector of A corresponding to an Eigen value, the kX is also an Eigen

vector of A corresponding to Eigen value X, where k is a non-zero scalar.

Cayley — Hamilton Theorem

Every square matrix satisfies its characteristic equation i.e.,
JA-All=0

SA"+a " ra"? +a,=0

is satisfied by A,

A AT gAML a,l =0
Solved Example 18 : Instead of evaluating the determinant
1. Find the eigen values of the matrix. directy we use the formula for its
2 1 1 expansion which is as follows :
2 3 2 A% — (sum of diagonal elements of A) ° +
3 3 4 (sum of minors of diagonal elements of A)
Solution : L—|Al=0
Characteristic equation of A in 1 is A2 —9AF+ 150 —7=0
|A-Al|=0 oo v=1)y-7Hy(r-1)=0
2-1 1 1 oM=T, ho=1, Ag=1
2 3-» 2 |=0
3 3 4-A




Solved Example 19 : 0
Find the eigen vectors for the matrix : s Xe=10
2 1 1 0
2 3 2 But by definition we want nor —zero X,. So
3 3 4 we proceed as follows,
Solution : Expanding R;
From example (1) we get X1+ Xo+X3=0
M=7, =1, Az3=1 We assure any element to be zero say x;
Matrix equation of Ain Lis (A—-Al) x=0 and give any convenient value say 1 to X,
2_ % 1 1 X, 0 and find xs.
2 3_) 2 X, |=]0 Letx;=0, Xo=1 ..X3=-1
3 3 4-L||xg 0 0

Xo = 1
1

Case (1) for A4 = 7, matrix equation is

5 1 17[x] [o
2 -4 2|Ix,|=|0 Case 3:for ks =1

3 3 -3||xg 0 11 1] 0
By Cramer’s rule 2 2 2|x,|=|0
3 3 3]|x,| |0
. ﬁ_ _Xz _X_3
6 12 18 By Cramer’s rule we get
o L .
T_?_? 0 0 0
1 0
Xy=12 Xz= 1|0
3 0

Case (2) for A, = 1 Matrix equation is Again consider x; + X2 + Xs =0

Now let x, =0 x4 =1 and xz = -1

1 1 1|x 0
2 2 2||x,|=|0 1
3 3 3||x 0 Xz=1{0

3
-1
By Cramer’s rule, we get

Yo X _ X5

0 0 0




Solved Example 20 : 1 1 8
1 2 141 Now A*=|5 5 2
Verify whether the matrix A= |-1 0 3 5 30
2 -11 16 -6 12
satisfies its characteristic equation. A’=14 8 -8
Solution : 2 10 14
1-A 2 1 0 0O
|[A-xl|=| -1 -» 3 o A—2A% +4A-181=[0 0 O
2 -1 1-x 0 0O
=22 -2)%+40-18
1.6 Vectors
An ordered set of n number is called an n—vector or a vector of order n.
For example: X = (X1, X, ..... X, ) is an n—vector.
The numbers x4, X, .....X, are called as the components of X.
The components Xy, X, ........ Xn of a vector may be written in a row or a column.
i.e. X=(Xqy, X2, X3, vevnenens Xn) and
_x1 -
X2
X=|: are n vectors
Xn

Operation on Vectors

Inner product of two vectors
Let X = (X1, Xo, «uvvnnne Xn) and
Y =(Y1. Y2y coenen Yn) be two n—vectors
Then the product XY = Xjy; + XoYo + ..... + X, Yn is called the inner product of two

n—-vectors

Length of a vector
Let X = (X1, Xo, ...... Xn ) be a vector. Then the length of a vector is the positive  square

root of the expression




Note : Length of the vector is also called as Norm of the vector

Normal vector

A vector whose length is 1 is called a normal vector

e if X=(X1, Xo...... X,) is a normal vector then x;°+ Xo° + ........ X2 = 1

If a vector is not a normal one, then it can be converted to a normal vector as follows.

Let X=(1, 3, — 7) be a 3—vector.

Letd= 1 +3%+(-7)> =/59

Then X = [lg_—?j is a normal vector.
dd d

Orthogonal vector

A vector X is said to be orthogonal to Y if the inner product of X and Y is zero i.e. XY =0

i.e. if X =(xq, Xo, ....... X,) and
Y = (Y1, Y2y ceeenees yn) and if X and Y are orthogonal then
X1Y1 + XoYo + cevnennnnn +XnYn =0

Linear dependence and independence of vectors

A system of n vectors Xy, Xo, ....X, Of the same order are said to be linearly dependent if
there exists n numbers K, K, ....K, (where all of them are not zero) such that
K1X1 + K2X2 + ...+ Kan =0

(where 0 is a null vector of the same order)

The vector are linearly independent only if Ky =Ko = ......... Kn=0
Solved Example 21 : 1 3 0]
Examine for linear dependence i.e. c|2|+¢c|7 | =10
X;i=(12 47, X =(37 10) 4 10 0]
Solution : c, +3c, 0]
We have 2c,+7¢c, | =10
1 3 4c, +10c, 0]
Xi=|2 Xo= |7 ci1+3c, =0
4 10 2¢, +7¢, =0
Let ciXs +Coxo =0 4ci +10c, =0
(Note 0 on R. H. S. is Zero Vector) Consider first two equations in Matrix form.




; 3}H{8}

system has zero solution

C1=CQ=O

X4, Xo are linear independent.

Solved Example 22 :
Show that
12 3|2 1 3|0 3 3
32 4|3 4 2|3 06
1 3 2|2 2 1|0 4 3
are linearly dependent.
Solution :
Consider
1 2 3 2 1 3
(3 2 4|+c,|3 4 2
1 3 2 2 2 1
0 3 3 0 0O
+c,|3 0 6|/=|0 0 O
0 4 3 0 0O

¢, +2¢, +0c,
3¢, +3c, + 3¢,
c, +2c, +0c,

2c, +C, +3C,
2c, +4c, +0c,
3c, +2¢c, +4c,
3¢, +3c, + 3¢, 0 0O
4c,+2¢c, +6¢c, |=|0 O O
2c, +C, +3C, 0 0O
Ci+2c,=0
2C1+C+3c3 =0
Ci+Cr+cC3 =0
Solving we get
Cy =—-2C, and Cc, =C3
Letco,=c3=1
Ci=-2

We see that x4 X, X3 are linearly dependent

1 2 3 2 1 3 0 3 3
2|3 2 4/+|3 4 2|+|3 0 6[=0
1 3 2 2 2 1 0 4 3
aaaaa




Assignment -1

Duration : 45 Min. Max. Marks : 30
Q 1 to Q 10 carry one mark each (B) All the eigen values are positive.
1. Given that the determinant of the (C) All the eigen values are distinct.
1 30 (D) Sum of all the eigenvalues is zero.
matrix | 2 6 4| is 12, the 5. With reference to the conventional
1oz Cartesian (x, y) coordinate system, the
2 6 0 vertices of a triangle have the following
determinant of the matrix | 4 12 8 coordinates: (x4, y1) = (1, 0); (Xs, V2)
2 0 4 = (2, 2); and (X3, y3) = (4, 3). The area
is [ME - 2014] of the triangle is equal to [CE — 2014]
(A) —96 (B) —24 3 3
(C) 24 (D) 96 A 3 ®)
2. Consider a 3 x 3 real symmetric matrix (C) % (D) g

S such that two of its eigen values are
a =0, b= 0 with respective eigen 6. At least one eigen value of a singular

x, 1Ty, matrix is [ME — 2015]
vectors | X, |,| Y, |. If a = b then xqy; + (A) positive (B) zero

X; || Y3 (C) negative (D) imaginary
X2Y2 + X3y equals [ME -2014] 7. We have a set of 3 linear equations in
(A) a (B) b 3 unknowns. 'X = Y' means X and Y
(C) ab (D) O are equivalent statements and 'X z Y’

3. A real (4 X 4) matrix A satisfies the means X and Y are not equivalent
equation A% = |, where | is the (4 X 4) statements. [EE - 2015]
identity matrix. The positive eigen P : There is a unique solution.
valueof Ais . [EC - 2014] Q: The equations are linearly
independent.

4. Which one of the following statements
) ] , R: All eigen values of the coefficient
is true for all real symmetric matrices?
[EE — 2014]

(A) All the eigen values are real.

matrix are nonzero.
S: The determinant of the coefficient

matrix is nonzero.




10.

Which one of the following is TRUE?

(A) P=Q=R=S

(B P=R#Q=S

(C)P=Q%£R=S

(D) P£EQ£R=£S

Consider a system of linear equations:
X—2y +3z=-1,
x—-3y+4z=1,and
—2X + 4y - 6z = k. [EC - 2015]

The value of k for which the system

has infinitely many solutions is

The larger of the two eigen values of

the matrix B ﬂ is [CS — 2015]

A real square matrix A is called skew-

symmetric if [ME - 2016]
(A) AT=A (B) AT=A"
(C) AT=-A (D) AT=A+A"

Q 11 to Q 20 carry two marks each

11.

The system of linear equations

2 1 3)(a 5
3 0 1||b|=|-4] has
1 2 5)lc 14
[EC - 2014]

(A) a unique solution
(B) infinitely many solutions
(C) no solution

(D) exactly two solutions

12.

13.

14.

15.

A system matrix is given as follows.

0o 1 -1
A=|-6 -11 6
6 -11 5

The absolute value of the ratio of the
maximum eigen value to the minimum

eigen value is [EE — 2014]

ta=|' 2landB=|> 7| ABTis
6 2 8 4
equal to [CE —2017]
38 28] 3 40]
(A) (B)
132 56 42 8 |
43 27 ] 38 32]
(C) (D)
134 50 |28 56 |
The value of x for which all the eigen

values of the matrix given below are

real is [EC - 2015]
10 5+) 4
x 20 2
4 2 -10

(A) 5+] (B) 5-j

(C) 1-5 (D) 1 +5j

The two Eigen values of the matrix

2 1
[1 } have a ratio of 3:1 for p = 2.
p

What is another value of p for which

the Eigen values have the same ratio

of 3:1? [CE — 2015]
(A) -2 (B) 1
(C) 7/3 (D) 14/3




16.

17.

18.

Let the eigen values of a 2 x 2 matrix
A be 1, -2 with eigen vectors x; and x,
respectively. Then the eigen values
and eigen vectors of the matrix
A? — 3A+ 41 would, respectively, be

(A) 2, 14; x4, X2 [EE - 2016]
(B) 2, 14; X1 + Xo, X1 — X2

(C) 2,0, x4, X2

(D) 2, 0; X1 + X2, X1 — X2

Consider the matrix

2 1 1
2 3
1 -

A= 4 |whose eigen values

-2

are 1, -1 and 3. Then Trace of

(A’ - 3A%) is . [IN - 2016]
Consider the following system of
equations:

2X1+X2+X3 = 0,

X2 — X3z = 0,
X;+Xo = 0.
This system has [ME - 2011]
(A) a unique solution
(B) no solution
(C) infinite number of solutions

(D) five solutions

19. Given that

20.

A= S 3 and |=1 0, the
2 0 0 1

[EC, EE, IN — 2012]
(B) 19 A +301
(D) 17 A +211

value of Adis
(A) 15 A+ 121
(C) 17 A+ 151

Consider the matrix

- _
— 0
J2
0 1
-1

7z °

Which one of the following statements
about P is INCORRECT? [ME - 2017]

(A) Determinant of P is equal to 1

Bl- o -

(B) P is orthogonal

(C) Inverse of P is equal to its
transpose

(D) All eigen values of P are real

numbers

auadaa




Assignment - 2

Duration : 45 Min. Max. Marks : 30

Which one of the following equations
is a correct identity for arbitrary 3 x 3
real matrices P, Q and R? [ME - 2014]
(A) P(Q+R)=PQ+RP

(B) (P-Q)*=P?-2PQ + Q°

(C) det (P+Q)=detP +detQ

(D) (P +Q)°=P?+ PQ+ QP + Q

The determinant of matrix A is 5 and
the determinant of matrix B is 40. The
determinant of matrix AB s

[EC - 2014]

Q 1 to Q 10 carry one mark each 3 2 1
The matrix form of the linear system Given the matrices J= |2 4 2| and
1 2 6
ax =3x - 5y and ay =4x + 8y is
dt dt 1
[ME - 2014] K = | 2], the product K' JK is
K {x}_‘s 5] {x} -
dtly/ |4 8]ly [CE - 2014]
B dx] [3 87](x
(8) atly[ |4 -5]|ly The determinant of matrix
d [x] [4 -5][x 0123
(C)Eyzss y 10300 [CE — 2014]
. ] 2 3 0 1 -
(D) d |x _ 4 8 ||x 3012
dt ly] |3 5]y

The lowest eigen value of the 2 x 2

4 2
matrix L 3} is . [ME - 2015]

For what value of p the following set of

equations will have no solution?
2x+3y =5 [CE - 2015]
3x+py=10

The value of p such that the vector

1
2| is an eigen vector of the matrix
3

(4 1 2
p 2 1]is . [EC - 2015]
14 -4 10




9. The solution to the system of

. 2 5]||x 2 |.
equations = is
IR

[ME - 2016]
(A) 6,2 (B) -6, 2
(C) -6, -2 (D) 6, -2

10. Let M* = |, (where | denotes the

identity matrix) and M = I, M? = | and

M® = I. Then, for any natural number Kk,

M~ equals: [EC — 2014]
(A) M4k+1 (B) M4k+2
(C) M4k+3 (D) M4k

Q 11 to Q 20 carry two marks each
11. The maximum value of the
determinant among all 2 x 2 real
symmetric matrices with trace 14 is
[EC - 2014]

12. The rank of the matrix [CE — 2014]

6 0 4 4
2 14 8 18| is
14 -14 0 -10

13. The smallest and largest eigen values

of the following matrix are:

3 2 2
4 -4 6 [CE — 2015]
2 35

(A) 1.5and 2.5 (B) 0.5and 2.5
(C) 1.0and 3.0 (D) 1.0and 2.0

14.

15.

16.

17.

Consider the following 2 x 2 matrix A
where two elements are unknown and
are marked by a and b. The eigen
values of this matrix are —1 and 7.
What are the values of a and b?

Az(1 4] [CS - 2015]
b a

(A) a=6,b=4 (B) a=4,b=6
(C)a=3,b=5 (D) a=5,b=3

The number of linearly independent

eigen vectors of matrix

2 10
A=/0 2 0Olis_____ .[ME-2016]
0 0 3
Let A be a 4 x 3 real matrix with rank
2. Which one of the following
statement is TRUE? [EE - 2016]
(A) Rank of A" A is less than 2.

(B) Rank of AT A is equal to 2.
(C) Rank of AT A is greater than 2.
(D) Rank of A" A can be any number

between 1 and 3.

The system of equations
X+y+z=6
X+ 4y +6z=20
X+4y+Az=p

has NO solution for values of A and p
given by [EC - 2011]
(A) ,=6,u=20 (B) A=6,u=#20
C)r#6,u=20 (D) AL=6,un=20

) 25 4



18. Let A be the 2 x 2 matrix with elements 0 x-y x?-y?
ayy = a = ax =+1and ax = —1. Then (C) |0 y-z y*-7°
the eigen values of the matrix A' are 1z z*
[CS -2012] 2 x+y xXP+y?
(A) 1024 and —1024 D) |2 y+z y?+7°
(B) 102442 and —1024+/2 oz 7
(C) 42 and —42
(D) 51242 and -51242 20. Consider the matrix A = Eg ;8}

) ) whose eigen vectors corresponding to
19. Which one of the following does NOT

eigen values A4 and A, are

equal [CS —2013]
70 %, — 80
1 x(x+1) x+1 Xy = and X, = :
%y — 50 70

(A) |1 y(y+1) y+1

1 z(z+1) z+1 respectively. The value of x| x, is

1 x+1 x2+1 . [ME — 2017]
B) |1 y+1 y*+1

1 z+1 2% +1

aaaaa




Assignment - 3
Duration : 45 Min. Max. Marks : 30

Q 1 to Q 10 carry one mark each 4. The sum of eigen values of the matrix,

solution for any values of by and b,

1. One of the eigen vectors of the matrix [M]is [CE - 2014]
-5 2
5 s [ME _ 2014] 215 650 795
-9 6 Where [M] = | 655 150 835
1 5 485 355 550
(A) (B)
1 9 (A) 915 (B) 1355
5 y (C) 1640 (D) 2180
offf o
B 5. If any two columns of a determinant
For matrices of same dimension M, N 4 7 8
and scalar ¢, which one of these P = (3 1 5| are interchanged,
properties DOES NOT ALWAYS hold? 9 6 2
(A) (M) =M [EC — 2014] which one of the following statements
(B) (cM)" = c(M)" regarding the value of the determinant
(C) M+N)" =M"+NT' is CORRECT? [ME — 2015]
(D) MN = NM (A) Absolute value remains
Given a system of equations: unchanged but sign will change
X+ 2y + 2z =b; (B) Both absolute value and sign will
5X+y +3z=b, change
Which of the following is true regarding (C) Absolute value will change but
its solutions? [EE — 2014] sign will not change
(A) The system has a unique solution (D) Both absolute value and sign will
for any given by and b, remain unchanged
(B) The system will have infinitely 6. The eigen value of the matrix
many solutions for any given b {1 15
and b, A=|0 5 6] are [IN — 2017]
(C) Whether or not a solution exists 0 -6 5
depends on the given by and b
P given by and be (A) -1, 5,6 (B) 1,-5+6
(D) The system would have no .
(C)1,5+j6 (D) 1,5,5




7.

10.

1 1 -1
LetP=|2 -3 4| and
3 2 3
-1 -2 -
Q=|6 12 6 | betwo matrices.
5 10 5

Then the rank of P + Q is

[CS - 2017]
1
For A = tanx , the
—tanx 1
determinant of A'TA"is  [EC — 2015]
(A) sec”® x (B) cos 4x
(C) 1 (D) O

Consider the following simultaneous

equations (with c¢; and c, being
constants):

3Xq + 2X» = C4

4%y + Xo = Co
The characteristic equation for these
simultaneous equations is [CE — 2017]
(A) A —41-5=0
(B) A —41+5=0
(C) A*+41-5=0

(D) A*+41+5=0

The value of x for which the matrix

3 2 4
A=|9 7 13 has zero as an
-6 -4 -9+x

eigen value is [EC - 2016]

Q 11 to Q 20 carry two marks each

11.

12.

Which one of the following statements
is NOT true for a square matrix A?
[EC — 2014]
(A) If A is upper triangular, the eigen
values of A are the diagonal
elements of it
(B) If A is real symmetric, the eigen
values of A are always real and
positive
(C) If A'is real, the eigen values of A
and A" are always the same
(D) If all the principal minors of A are
positive, all the eigen values of A
are also positive.
For given matrix P = FHTSi B }
[ 4 -3i

where i = \/—_1 the inverse of matrix P

is [ME - 2015]
1[4-3i i
(A) — .
24| - 4+3i]
1 i 4-3i]
B) — . .
25|4+3i |
1[4+3 - ]
C) —| . .
24| i 4-3i
1[4+3 - ]
(D) —| . .
25 | 4-3i|




13.

14.

15.

16.

If the characteristic polynomial of a
3 x 3 matrix M over R (the set of real
numbers) is A° - 427 + aA + 30, a € R,
and one eigen value of M is 2, then the
largest among the absolute values of
the eigen values of M is

[CS -2017]

Perform the following operations on

3 4 45
thematrix | 7 9 105].
13 2 195

(i) Add the third row to the second row.
(ii) Subtract the third column from the
first column.

The determinant of the resultant matrix

is . [CS - 2015]
a 0 3 7
The matrix A = 2513 has
0 0 2 4
0O 0 0D

det (A) = 100 and trace (A) = 14.
The value of [a—b|is __.[EC —2016]

Consider the following linear system.

X+2y—-3z=a
2x+3y+3z=Db
5x+9y-6z=cC

This system is consistent if a, b and ¢
satisfy the equation [CE - 2016]
(A) 7a-b-c=0
(B) 3a+b-c=0
(C)3a-b+c=0

(D) 7a-b+c=0

17.

18.

-1
Consider the matrix [i 1] Which

one of the following statements is TRUE
for the eigen values and eigen vectors of
[CE -2017]
(A) Eigen value 3 has a multiplicity of

this matrix?

2, and only one independent eigen
vector exists.

(B) Eigen value 3 has a multiplicity of
2, and two independent eigen
vectors exist.

(C) Eigenvalue 3 has a multiplicity of
2, and no independent eigen
vector exists.

(D) Eigenvalues are 3 and -3, and two

independent eigen vectors exist.

For the matrix A = ﬁ 2} ONE of the

normalized eigen vectors is given as

[ME - 2012]
1 1
(A) j§ B) ﬁ
2 V2
3 1
(©) Jf (D) f
Jio J5




19. The minimum eigen value of the

20. The eigen values of the matrix given

following matrix is belowoare1 0
3 5 2 0O 0 1 [EE — 2017]
5 12 7 [EC - 2013] 0 -3 -4
2 7 5 (A) (0, -1, -3) (B) (0,-2, -3)
(A) 0 (B) 1 (C) (0,2, 3) (D) (0,1, 3)
(C) 2 (D) 3
aaaaa




Assignment - 4

Duration : 45 Min.

Q1 to Q6 carry one mark each

1.

A square matrix each of whose
diagonal elements are ‘I’ and
non—diagonal elements are '0’ is called
(A) Null matrix

(B) Skew symmetric matrix

(C) Identity matrix

(D) row matrix

If product of two matrices AB exists —
does BA exists ?
(A) Always exist  (B) May exist

(C) Never exist (D) None of these

If a square matrix A is real and
symmetric, then the eigen values

(A) are always real

(B) are always real and positive

(C) are always real and non-negative

(D) occur in complex conjugate pairs

If A and B are two matrices such that
AB and A + B are both defined then A,
B are

(A) Scalar matrices of same order

(B) square matrices of same order

(C) matrices of different order

(D) cannot predict

Max. Marks : 30

5. A matrix A has x rows and x + 5

columns, matrix B has y rows and
11—y columns. Both AB and BA exists.

Then values of x and y respectively

are
(A) 3, -8 (B) -5, 11
(C) 5, -11 (D) 3, 8

For what values of x, the matrix

3-X 2 2

2 4-x 1 is singular
-2 -4 —1-x
(A) 0,3 (B) 0,-3
(C) 1,4 (D) 3,4
Q7 to Q18 carry two marks each
7. Evaluate
1 0 o
A=|lo o> 1| where o is one of

o 1 o

the imaginary cube root of unity
(A) O (B) 1
(C) 2 (D) None of these

If a given matrix [A] mxn has r linearly
independent vectors (rows or columns)
and the remaining vectors are
combination of these r vectors. Then
rank of matrix is

(A) m (B) n

C)r (D) m-n




9.

10.

11.

Are following vectors linearly dependent
xX1=(3,2,7) xo=(2,4,1)

x3=(1, -2, 6)
(A) dependent
(C) can’t say

(B) independent

(D) none of above

If A is non—zero column matrix and B

is @ non-zero row matrix then rank of

matrix AB is

(A) always 1

(B) always = No. of elements in row

(C) always = No. of elements in
column

(D) does not depends on rows &

columns
a h g
fA=[xy z,B=|h b f],
g f c
X
C=|y
z
Then ABC =

(A) ABC is not possible

(B) [ax® + by® + cz® + 2hxy + 2gzx
+ 2fyz]

(C) [a°x + b’y + ¢z + 2abc + 2xyz
+ 2fgh]

ax? +byz + fcz?
2hxy + 2gzx + 2fyz

12.

13.

8 7 9
The inverse ofamatrix |5 10 15| is
1 2 3
1 15 7 8
(A) > 10 5 3
5 2 1
[-15 7 8]
(B) |I-10 -5 3
5 2 1)
[—15 7 8]
(C) |10 -5 3
5 2 1)
(D) none of these
0O 2 2
Rankofmatrix | 7 4 8 |is
-7 0 -4
(A) 3 (B) 2
©) 1 (D) none of these
. Eigen values of matrix

100

A=|2 3 1

0 2 4
(A) 1,-2,4 B) 1,3, 4
(C)1,2,5 (D) -1,3,4




15. Whether the following equations are 17 1f A {cose sin® 2
inconsistent " 7 | -sind cos6
X+y+2z =-3 ing —
B sin c.ose then
3X+y-2z = -2 cosO sinB
2x+4y+7z =7 cos 0 (A) +sin 6 (B) =
(A) Yes A) 1 0 ®) 10
(B) No 0 -1 0 1
(C) Can’'t say 0 1 0 1
(D) Can’t be determined. (©) 10 (D) -1 0
> 4 1 6 3 3 -5
16.f A= |3 2| & B = | 18. If A = & A% = kA + 14l, then
-2 5 1 -4 2
-2 3
&A+B - X=0then X = -
4 -2 4 2 (A) 3 (B) 5
(A) |9 -7 (B) |19 -7
1 4 1 4 () 1 (D) -5
(4 2] 4 2
19 7 (D) |9 7
|1 -4 1 4
Qaaaaq




Assignment -5

Duration : 45 Min.

Q1 to Q6 carry one mark each

1.

If A be any matrix, then matrix B if it
exists such that AB = BA = |, then it is
called

(A) Transpose of A

(B) Inverse of A

(C) Cofactor matrix A

(D) Adjoint of A.

The eigen vector corresponding to an
eigen values are
(A) different (B) unique

(C) non-unique (D) none of these

Rank of matrix which is in echelon

form is equal to

(A) No. of non-zero rows in the matrix

(B) No. of columns in the matrix

(C) It is independent of No. of rows
and columns

(D) Can’'t say

Cayley Hamilton theorem is

(A) A matrix can be expressed as sum
of symmetric and skew-symmetric
matrices

(B) Every square matrix satisfies its
own characteristic equation.

(C) Inverse of a matrix exists if it is
singular

(D) None of these

5.

Max. Marks : 30

Inverse of a matrix

(A) exist if matrix is singular
(B) is unique

A

© adjA

(D) is not unique

Isz{p q]oz{r S},then
-q p s r
PQ is equal to
[ pr—qgs ps+qr
(A) }
—qr—ps -gs+pr
‘pg-rs pr—gs
®) | P pr—q }
gr+ps -qgs+pr
'pr+qgs ps-—qr
(C) }
gr+ps Qgs-pr
[ pg+rs —pr+qgs
(D) }
—gp-rs gs-—pr

Q7 to Q18 carry two marks each

7.

o 1 -1

Is the matrix |4 -3 4 |an involutory
3 -8 4

matrix ?

(A) No

(B) Yes

(C) Can’t say

(D) Cannot be determined




8. The inverse of the matrix

11.

-1 2 -3
2 1 O0|is
4 -2 5

(A) |10 -7 6

(B) |10 7 6 12,

(C)| 8 6 5

(D) |10 7 6

1 -2
9. The rank of the matrix 0 5
1 1

(ST \C I \V)

(A) 4 (B)

0
4
2
3
(C) 2 (D) 1

14.

10. The following equations have solutions
X+2y-z=3

2x -2y +3z=2
3X-y+2z =1
X -y+z =-1

(A) x=-1,y=4,z=4

B) x=4,y=1,z=1

(C) infinite solutions

(D) it is consistent

13.

4 2

For the matrix [2 4} the eigen value
corresponding to the eigen vector

101 .

is

[101}
(A) 2 (B) 4
(C) 6 (D) 8

Characteristic root of matrix

1 2 5
A=|0 3 5] are
0 0 2
(A) -1,-8,-2 (B) 1,8,2
(C) _1!_2!3 (D) _3,1,2
111
The eigen values of|1 1 1|are
111
(A) 0,0,0 (B) 0,0, 1
(C)0,0,3 (D) 1,1, 1
11 2 3
The rank of ma’[rix‘I 3 03 is
1 -2 -3 -3
11 2 3
(A) 3 (B) 4
(C) 2 (D) 1




15. The following equations have 1

17. If A =[ 3} then the value of k for

solutions. -
X +2y+32=6 which A2 =8A +klis. ...
3X-2y+z =2 (A) 5 (B) -5
dx+2y +z2=7 ) 7 (D) -7
(A) x=2,y=2,z=Y2
(B) x=y=z=1 18.|f\(={3 2}&Y—2X=[1 O]
(C) They are inconsistent 14 -3 2
(D) Infinite solutions then X =....
2 1] 1 2]
5 -1 -4 3 A B
16. If A= &B= then *) 1 1 B) 1 1
3 2 1 -2 - - -
. . - 1 1] 1 1]
the matrix X which satisfies the (C) o (D) 5 1

equation 3A + X =2B is given by X =

23 9 23 9
A |7 10} ® [—7 10}

-2
(©) 3 9 } (D) None of these
-7 10

aaaa




Assignment - 6

Duration : 45 Min. Max. Marks : 30

Q1 to Q6 carry one mark each 3. If a square matrix A be such that A% =|
, , 1 -2 then it is called as
1. Eigen values of Matrix are . .
-5 4 (A) nilpotent matrix
(A) -6, 1 (B) 6, —1 (B) idempotent matrix
(C) -6, 1 (D) 6, 1 (C) involutary matrix
(D) none of these
2. Given an orthogonal matrix

11 1 1 4. If A, Xo\ oenn.... An are the latent roots
A 1 1 -1 -1 of matrix A then A® has latent roots
/1t -1 0 0 (A) A ... o
o 0 1 -1
| -, ..t
[AAT s ot o
_ _ C) &% A, ... An
1/4 0 0 0 (©) 7 22
1 1 1
0O 1/4 0 0 (D) —, — —
A 3 T e 3
Ml o 12 o M A hn
0 0 o0 1/2
1/2 0 0 0] 5 2 ]
0 1/2 0 0 5. IfA= 3 1 , then A™" is equal to
(B)
0 0O 1/2 O _ . _
O 0 0 1/2 (A) 12 (B) 1l
- . -3 5] '3 -5
1 0 0 0 _ - _
0100 (C)_1_2 (D)12
(C) 00 10 -3 5] 3 5
|10 0 0 1
/4 0 0 0 6. If A = FX O} and A" = “ Z}
0O 1/4 0 0 X X -
(D)
O 0 1/4 0 then value of x is
0 0 0 1/4 (A) 1 (B) 2
(C) 12 (D) none of these




Q7 to Q18 carry two marks each

7.

10.

11.

A matrix ‘P’ which diagonalises ‘A’ is
called

(A) Spectral matrix (B) Modal matrix
(C) Square matrix (D) None of these

110

IfA =0 1 1|, thenAisequalto
0 0 1

(A) A? (B) A®—3A + 3,

(C) A (D) A%+ 2A — 2I,

If the rank of the matrix

A= {_11 7; ;J is 1, then the value of
Ais

(A) 1 (B) -1

(C) £1 (D) None of these

Rank of a unit matrix of order n is
(A) 1 (B) 2
(C) 0 (D) n

For what value of A, the system of

equations
3Xx-y+z=0
15x -6y +52=0
AX-2y+2z=0
has non — zero solution.
(A) 1 (B) 2
(C) 6 (D) None of these

12.

13.

14.

3 2
The eigen value of A = {6 5} are

(A) +34/33 (B) 3,1
(C) -1+ 247 (D) None of these
cosO sin6 O
Given A =|-sinO cos0 0], indicate
0 0 1

the statement which is not correct for A,
(A) Itis orthogonal

(B) Itis non singular

(C) ltis singular

(D) A" exists

The eigen values and the
corresponding eigen vectors of a 2 x 2

matrix are given by

Eigen value Eigen vector
A =8 Vi = :ﬂ
=4 Vo = :1_1}

The matrix is
Wiz el
o el




15.

16.

If A is orthogonal (A A" = 1= A" A) then

|Ais

(A) =0
(B) 1

(C) 1 or-1

(D) can be any value

Let A= 2 041 and
0 3

A {1 /2 a}
0 b
Then (a+b) =
(A) 7/20 (B) 3/20
(C) 19/60 (D) 11/20

17. For a second order matrix A if A2 = |

then A is equal to

i 0 -1 0
A) 0 —1} ®) 0 i}
i 0 -1 0
© 1o —i} © 10 —i}
-5 4 0
18. IfA=[1,2,3,B=|0 2 -1/, then
1 -8 2
AB =
-2
(A) | -1 (B) [—2 -1 4]
4
C) [4 -1 2] (D) None of these
aaaaq




Assignment - 7

Duration : 45 Min. Max. Marks : 30
Q1 to Q6 carry one mark each 6. Find the eigen values of the matrix and
1. Eigen value of an inverse of matrix is state that whether it is diagonal or not

(A) Same as the matrix 8 -8 -2

(B) Negative of matrix values A= 14 -3 -2

(C) Inverse of the matrix values 3 4 1

(D) No any relation between them (A) Eigen value 1, 2, 3 & diagonal

(B) Eigen value 1, 2, 3 and

2. Rank ‘n’ of non—zero matrix .
non diagonal

(A) mayben=0 (B) mayben>1 (C) Eigen value 1, 1, 3 and

(C) mayben=1 (D) mayben=>1 non diagonal
(D) Eigen value 1, 1, 3 and diagonal

1
3. The rank of matrix {O ﬂ is

Q7 to Q18 carry two marks each

(A) 3 (B) 2
(C) 1 (D) 0 7. The inverse of matrix
2 -1 3
4. For what value of A do the equations x A=11 1 1lis
+2y=1,3x+ly=3 RN
have unique solution -1 1 2
(A) L=6 (B) =6 (A) |0 1/2 -1/2
10 1
5. The formula for A" is given by | |1 -1/2 -1/2
(B) A" =AdjA—|adjA| 1 1 2
Al © |1 o -1/2
C) A" =——- 1 1/2 -3/2
adjA L
(D) None of these 1 1 2
D) | -1/2 1/2 -1/2
3/2 -1/2 -3/2




8. The eigen vectors of the matrix 11. The eigen values of a matrix

0 0 « 5 4
0 0 O|,a=0 is(are)] A={1 Z}are
000 (A) 5,2 (B) 1,6
(i) (a, 0, ) (ii) (a, 0, 0) (C) 4,5 (D) 1,5
(iii) (0, 0, 1) (iv) (0, a, 0)
(A) (), (ii) (B) (iii), (iv) 1230
(C) (i), (v) (D) (i, (i 12. The rank of matrix | © 7 = is
9. The rank of the following 6 8 7 5
(n + 1) x (n + 1) matrix, where a is a (A) 1 (B) 2
real number is (C) 3 (D) 4
1 a a . . . a"]
1a a2 . g 13. The following set of equations
3X+2y+z=4
X-y+z =2
' 2X+2z =5 have
1 a a® a’ (A) No solution
(A) 1 (B) Unique solution
(B) 2 (C) Multiple solution
C)n (D) An inconsistency

(D) Depends on the value of a

14. The matrix form of quadratic equations

10. The characteristic equation of matrix 6X{ + 3X,° + 14 x32 + 4XoX3 + 18XaXq +

0 hg 4X¢Xo ...IS

A=|h 0 f|is 6 2 9
g f 0 A |2 3 2

(A) M- (P+g°+h?)—2fgh=0 9 2 14

(B) M —A(P+g+h)—2fgh=0 ‘6 4 18

C) 22 +r(P+g°+h%) -2fgh=0 B) |4 3 4

(D) 2%+ % cf +g?+h%) —2fgh=0 (18 4 14




029 iz | VLY T 2T 2 then
C) |2 -3 -2 1 —y| |3 x 2 1

9 2 -14

- - (X’ y) =

6 4 18 (A) (1,0) B) (1,1)
b)|4 -3 4 (C) (0, 1) (D) (2, 1)

18 4 -14]

15. If P and Q are both unitary matrices 0 a
(A) non-unitary  (B) unitary o -¢ 0
(C) can't say (D) none of these (A) A =2abc (B) A=0
- (C) A =-abc (D) A= a® +b? +¢?
16. If A= ,thenadj Ais
2 1

(1 2] 2 1
A B
@) 2 1] ®) 2 1

1 2] 1
C D
©l, 4] O,

aaaan




Assignment - 8

Duration : 45 Min.

Q1 to Q6 carry one mark each

1.

Matrix A and B are square matrices of
order n. Then B is said to be similar to
A if there exists a non—singular matrix
P such that

(A) B = PAP™"
(C)B=P'AP

(B) P’ AP
(D) B = PAP'

For m number of equations, n number
of columns, let r be rank of m x n
coefficient matrix, then for r < n, the
solution of matrix is

(A) zero matrix

(B) unit matrix

(C) infinite number of solutions

(D) solution not possible

1 bc a(b+c)
A =|1 ca b(c+a)|isequalto

1 ab c(a+b)
(A) O (B) 1
(C)a+b+c (D) ab + bc + cd

The multiplication of matrix is

(A) always commutative

(B) may be commutative

(C) not always commutative

(D) can’t say

If the matrix A has inverse, then which
is wrong

(A) Ais non singular

(B) [A]#0

Max. Marks : 30

(C) Ais any matrix

(D) It's inverse is unique

3 4 5]
4 1 2
|f{053} -1 0 -2
3 4 7

the

_[8x+3y 6z 32 ]
| 4 12 26x-5y

values of x, y, z are
(A) x=3,y=4,z=1
(B) x=0,y=1,z=4
(C)x=1,y=8,z=4
(D) x=1,y=-3,z=-+4

Q7 to Q18 carry two marks each

7. Find the rank of matrix

1 3 4 3
A=|3 9 12 9
1 -3 -4 -3

(A)1 (B2 (C)3 (D)4

If the characteristic roots of matrix A
are Ay, Ao, Az, A4....hn, then the
characteristic roots of A” are

(A) Squares of eigen values of A

(B) Square roots of eigen values of A
(C) Reciprocal of eigen values of A

(D) Does not have any relation.

Are following vectors linearly
dependent
x1=(1,1,1,3),x.=(1, 2, 3, 4)
x3=1(2,8,4,9)




10.

11.

12.

13.

(A) Yes
(C) Can’t say

(B) No
(D) None of these

Consider the system of equations
X+2y+z =6
2X+Yy+22=06
X+y+z=5

This system has

(A) Unique solution

(B) Infinite no. of solution

(C) No solution

(D) exactly two solutions

The eigen value of a matrix

5 8 5

0O 7 12| are

0O 0 13
(A) 5,8,5 (B) -6,-7,-13
(C) 5,7,13 (D) 5,12,13

Determine the eigen values of the

matrix
A - { 2 | 1—21
1+21 -2
(A) -2, 2, (B) 1, -1
(C) 3,-3 (D) 1,3

Find the rank of matrix

2 206
A_|4 2 002
1 103
-1 2 1 2
(A) 1 (B) 2
(C) 3 (D) 4

14. The value of determinant of matrix
1 a a® a®-+bed]
1 b b® b®+cda "
1 ¢ ¢® c®+dab
1 d d® d®+abc]

15.

16.

17.

18.

(A) a°.b° .c®. d° - abcd
(B) a° b®c® d® — abed

(C) o
(D) 1
8 29 18
Eigenvaluesof matrix |0 7 29| are
0O 0 18

(A) -8,-7,29 (B) -8,-7,-18
(C) 18,7,8 (D) 29, 18, 29

1 1 1

4 3 2 |=.....

42 32 22
(A) 2 (B) -2
(C) 1 (D) O

1 1 1
a b o} =....

a’-bc b®-ca c®-ab
(A) 1 (B) 0
(C) 1 (D) None of these
The value of the determinant

1 2 3

0 secx tanx|is....

0 tanx secx
(A) 1 (B) O
(C) tan®x (D) sec®x

aaaaa




Assignment -9

Duration : 45 Min.

Q1 to Q6 carry one mark each

1. A square matrix U is called unitary if
(A) U=U" (B) U =U"
C)u=-u" (D) U =-U"

2. If A is Hermitian matrix, then IA is
(A) Symmetric
(B) Hermitian
(C) Skew — Hermitian
(D) None of these

3. IfAA =I,then|A]|isequalto
(A) +1 (B) -1
(C) £1 (D) O

4. The matrix A and B are given below :

A=1 ! ,B= 10 . The value of
11 -1 0

AB is

0 0 10
M)p J ®)p J
1 1 -1 0
(Q_1J (m_q J

5. Inverse of a matrix .
—sina.  cosa

cosa Sina | .
is

—sino.  cosa
cosa Ssina

—sina  sina
®) { }
cosa  Ccosa

©) {C(.)SOL
sina.

Max. Marks : 30

—Ssina
cosa

D) {sina sina

sina cosa

If A= -2
3
4
of A+ A’
(2 -2
2 -2
A
(A) s 8
7 -3
(2 -2
2 2
B
(B) s 8
7 -3
2 8
2 8
C
© 8 14
7
(2 2
2 2
D
()14 8
0 7

|

, then value

o
© a4 a w




Q7 to Q18 carry two marks each (A) x=y=z=1
ic -b+id (B) x=1,y=z=0
7. A= a +,IC +_| is unitary matrix if
b+id a-ic (C)x=y=z=0
(D) none of these

and only if
(A) a®+b*+c®=0

10. The matrix form of quadratic
(B) b>+c*+d*=0

s s s m expression
C b d° =1
( ) a+ e+ 2X12 + X22 — 3X32 — 8X2X3 —4X3X1
(D) a®+b®+c*+d?=0 .
+ 12X4X%5 is
8. The quadratic expression in matrix o 12 _4]
form are A) (12 1 -8
x>+ 4y® + 92° + £ — 12yz + 62x — 4xy 4 -8 -3
— 2xt — 6zt (2 6§ -2
1 2 3 -1] B)|6 1 -4
2 4 -6 0 -2 -4 -3
(A) i i
3 6 9 -3 "o g —4]
-1 0 -3 1| ©) |6 1 -a
1 4 6 2] -4 -4 -3
4 -4 12 0
® 1612 9 6 2 02
BN © | 1
= 2 -4 3
-1 2 -3 1
©) 2 4 6 0 11. Find the rank of matrix
-3 6 -9 3 1 1 -1
10 3 1 A=|2 -3 4
1 4 6 -2 8 2 3
D) -4 4 12 0 (A) 1 (B) 2
-2 0 -6 1
12. Find eigen value of the matrix
9. The solution of the equation 4 3
X+2y+32=0 {1 —2}
3x+4y+4z=0 (A) 1,5 (B) -1,5




13.

14.

15.

IfAz[3 ;} , the value

where A - square matrix,

L — lower triangular matrix

A% —5A + 71 U — Upper triangular matrix
[9 1] 19
W11 4 ® | 4} 16. T, T, T the p", " & ™ t f
L ] L . T, T, T, are the p, q r' terms o
[0 0] 1 0
(C) 0 0 (D) 0 J o Tg T
- - - anA.P.then | p q r | equals
1 1 1
If A = {co-Sa Sma}, then value of (A) 1 (B) -1
—sina  cosa
(C) 0 (D) p+q+r
A" is
(A) ncosa nsina 17. If 1, o, o are three cube roots of unity,
| -nsino ncosa
~ _ 1 2
(B) —c.osnoc —smna} then| ® 1 o°|isequalto
| sinna. —cosna 5
® o 1
cosno.  sinna |
< | (A) 1 (B) ®
| —sinna. cosna |
- - (C) o (D) zero
cosna —sinna
D) | .
sinna.  cosna 5 _
B - 18. If 1, ®, ®" are three cube roots of unity,
1 (On (02n
Which of the following statement is on .
then | ® 1  ® | hasthevalue....
wrong ? O o 1
(A) (ABC)" =C'B'A"" ,
(B) (ABC)" =CTATB' (A) 1 (B) o
1 ] ©C) o (D) zero
COA=—-A+A)+ —(A-A
(C) 2( ) 2( )
provided A is square matrix
(D) A=LU,
Qaaaa




Assignment - 10

Duration : 45 Min.

Q1 to Q6 carry one mark each

1.

2.

3 2 -9
Rank of matrix | 6 -4 18 | is
12 8 -36
(A) 2 (B) 3
(C) v2 (D) 1

The value of the determinant for an

upper triangular matrix is equal to

(A) sum of elements along principal
diagonal

(B) product of the elements along
principal diagonal

(C) sum of all elements

(D) product of all elements

The skew matrix always have rank ‘r

equal to
(A) r=1 B) r>1
C)r=0 (D) can’t say

The quadratic from of the symmetrical
matrix

diag. [A, A2, ... An ]S

(A) Aq+2o+ ... Ay

(B) MXq + ho™Xa 4+ Ao Xn

(C) )\,1X12 + }\.2X22 + ...+ 7\,an2

3 1

5. P=|2 -3

1 2

2
1
1

1 3 2
Q=3 2
2 1

(A) 8
(C) 16

-1
]

Max. Marks : 30

= 8 then

=7

(B) -8
(D) —16

6. The rank of matrix

(A) 1
C) 3

D W N =

o N A~

0

2| .
is

3

N = 0w

5
(B) 2
(D) 4

Q7 to Q18 carry two marks each

7. The matrix

ol = 1~

(A) orthogonal

(C) singular

5= v
&= G|l G-

1

6
(B) not orthogonal
(D

) none of these

8. The eigen values of matrix

2 3 4

0 2 1|are

0 0 1

(A) 2,2, 1
(C) 8,4, -1

(B) -2, -2, -1
(D) -3, 4,1




9.

10.

11.

Write quadratic equation in matrix form

2X12 + X22— 3X32 — 8X2X3 — 4X3X1 +

12X1X2
(2 6 -2]
A |6 1 -4
2 -4 -3
2 12 -4]
®) [12 1 -8
4 -8 -3
2 -6 2
©)|-6 -1 4
2 4 3
2 12 4
D) (-12 -1 8
4 8 3

The characteristic roots of the matrix

6 -2 2
A=|-2 3 -1 are

2 -1 3
(A) -2,0,8 (B) 2,2,8
©) 2,2,-8 (D) 0,2,8

The rank of the matrix

14 8 7
0 0 3 0],
IS
4 2 3 A
3 12 24 21
(A) 1 (B)
(C) 3 (D) 4

12. The inverse

13.

14.

of amatrix |-2 1 1

-6
~16 -13
~13 1

-6
~16 -13
~13 1

(B)

-6
~16 -13
13 1

\®)

16 13
6 13 -1

(D)

0O 2 3
-2 0 5| matrix which of
-3 50

For A =

following statement is false
(A) Ais square matrix
(B) A is skew symmetric matrix

(C) A is symmetric matrix

(D) [A]=0
1 2 3
Therank of matrix A = |4 5 8
3 2 1

(A) 1
C) 3

(B) 2
(D) 4




15. The value of the determinant 17. The roots of the equation

1 2 3 4 5 a-—-x b c
2 3 4 5 1 0O b-x a |=0are
1 2 3 4 5]is 0 0 c—X
45123 (A) a&b (B) b&c
51 2 3 4
(C)a&c (D) a,b&c
(A) 1, 00, 000 (B) 10,000
(C) 1,000 (D) O 1-x 2 3
18.If| O x O| =0, then its roots
16.If a + b + ¢ = 0, one root of the
0 0 x
a—x C b
are. ...
equaton| ¢ b-x a | =0
b a4 cox (A) 1 only (B) 0 only
_ (C)o&1 (D) 0,1 & -1
is .
(A) x=1 (B) x=2
(C) x=0 (D) x = a? +b? +c?

aaaaa




Assignment - 11

Duration : 45 Min.

Q1 to Q6 carry one mark each

1 1 1 17
1. If x{1|{+y|1|+z]0]| = |15],
1 0 1 13
]
then |y|=.....
Z_
4] 2
(A) (11 (B) | 4
| 2 | 11
o0
C) | 4 (D) None of these
2

2. If A & B are matrices such that A + B

and AB are both defined then :

(A) A & B can be any matrices

(B) A & B are square matrices, not
necessarily of the same order

(C) A & B are square matrices of the
same order

(D) No. of columns of A = no. of rows
of B.

3. If the matrix AB = 0, then we must
have
(A) Both A & B should be zero
(B) At least one of A & B should be
zero
(C) Neither A nor B may be zero
(D) A+B=0

Max. Marks : 30

4. If A & B are arbitrary square matrices
of the same order, then
(A) (AB)' = A'B’
(B) (A) (B) =B"A’
C) (A+B)y=A"-B
(D) (AB)' =B’ A’

5. Which of the following matrices is not

invertible
1 1 -1 -1
(A) 0 J B) -1 2}
2 3 2 -2
© 4 6} D) 1 1}

6. If Ais a square matrix, then AA" + A’A
is a
(A) Unit matrix
(B) Null matrix
(C) Symmetric matrix

(D) Skew—symmetric matrix

Q7 to Q18 carry two marks each
7. A = (a) is a 3 x 2 matrix, whose

elements are given by

aj=2i—j if i>]
=2j—i if i<]j
Then the matrix A is
1 0 1 3
(A) |3 2 B) |3 2
-1 1 -1 1




1 3 1 0 1 0 O

) |3 2 (D) |8 2 12 3 1
5 4 -1 1 -2 10
0 - (D) None of these
7
IfX+Y={ }&X—Y:{ }
2 5 0 3
p 00O
then the matrices X & Y are
> o - 11. The value of Z 2 ? 8 is .
®X=7 ,Y=L 4} de f s
5 0] 2 0 (A)p+a+r+s  (B) 1
(B) X= , Y =
1 1] 1 4 (C) ab + cd + ef (D) pars
(©) X 5 0] v 2 0 _
—_1 4_, =l 12. The determinant
_ _ a b ao+b
D) X =| 2 O,Y={5 0} b ¢ ba+c|=0 if
|14 1 ao+b ba+c 0
10 0 1 (A) a,b,carein A.P.

Ifl= ,dJd = & , .
0o 1 -1 0 (B) a, b, care in G.P. or (x — a) is a
cosO sin® factor of ax® +2bx +c¢

= , then B equals
—sin® coso (C) a, b, careinH.P.

(A) I cos 6 +Jsin @ (D) ais a root of ax® +2bx+¢ =0

(B) I'sin6+Jcosb

(C) lcosb6—-Jsin6 13. Ifay, ap, . ... forma G.P. & a; > O for

(D) -l cos 6 +Jsin6 alli>1, then

1 2 -3 -1 logam IOgamﬂ logam+2
01 2| = loga,., loga,,, loga,,s
00 1 loga,.; loga,., loga,.;
1 o 5 is equal to
(A) |0 0 -2 (A) loga,, s —loga,
0 0 1 (B) loga,, +loga,
1 -2 7 (C) zero
B) |0 1 -2 »
(D) loga,,,
0 0 1 9%ms




14. If a, B, y are real numbers, then

1 cos(B—a) cos(y—a)
cos(a - B) 1 cos(y—B) | is
cos(a -y) cos(B -v) 1

equal to

(A) 1

(B) cos o cos B cos vy

(C) cos a + cos B + cos y
(D) None of these

15. The characteristic equation of the

0 2 4
matrix A= 1 1 -2|is ...
-2 0 5

(A) x*+6x°+11x-6=0
(B) x*-6x*+11x-6=0

(C) x*+6x*+11x+6=0
(D) None of these

16. The characteristic equation of the

17.

18.

The eigen vector corresponding to this

eigenvalueis. ..

3 4
(A) | 2 B) |2
| -3 4
e
|2 (D) None of these
__5_
2 22 2° 12 4
fA,=|3 3 3| &A=|1 3 9],
4 42 4° 1 4 16
then
(A) A1 = 2A (B) A1 = 3A
(C) A1 = 4A (D) A1 = 24A
Let a, b, ¢, d u, v be integers. If the

system of equations ax + by = u,
cx + dy = v has a unique solution in

integers, then

3 10 5 (A) ad-bc=1
matrix A = |-2 -3 -4| has a (B) ad — bc = -1
3 5 7 (C) ad - bc = +1
repeated root. (D) ad — bc need not be equal to +1
aaauaa




Test Paper — 1

Duration : 30 Min.

Q1 to Q5 carry one mark each

1.

A square matrix having determinant
equal to zero is called

(A) scalar matrix

(B) singular matrix

(C) non-singular matrix

(D) skew symmetric matrix

The values of x, y, z and a which

satisfies the matrix equations

X+3 2y+X 0 -7
= are
z-1 4a-6 3 2a
(A) x=8,y=-2,z=4,a=3
(B) x=-3,y=-2,z=-4,a=1/3

(C)x=-3,y=-2,z=4,a=3
(D) x=8,y=2,z=4,a=-1/3

Transpose of the product of two

matrices is

(A) product of matrices in reverse
order

(B) product of transposes of matrices
in same order

(C) product of transpose of matrices in
reverse order

(D) product of matrices in same order

Any matrix is said to be orthogonal if
its determinant is

(A) O (B) +1

(C) 2 (D) None of these

Max. Marks : 25

4 1
For the matrix L 4} , the eigen

values are
(A) 3,-3 (B) -3, -5
(C) 3,5 (D) 5,0

Q6 to Q15 carry two marks each

6.

A = 0 —tana /2 then
tana /2 0

coso —sino |
sino. cosa |
(A) (1+A)? (B) (-A)
I+ A
C) 1-A2 D) ——
(C) (D) =4
The relationship between following

vectors
x1=(1,3,4,2),x2,=(3,-5,2,2),
x3=(2,-1,3,2) is

(A) 2x1 + X2 —2%x3=0

(B) X4 + X2 +Xx3=0

(C) Xy +x2—2x3 =0

(D) Xy —2X2 +x3=0

The points (X4, Y1), (X2, Y2), (X3, Y3) are
collinear if and only if the rank of
matrix

Xg oy 1

X, Yo 1]is

X3 Y3 1




10.

(A) equalto 3
(B) less than 3
(C) equal to or less than 3

(D) can’t say

Consider the following equation

X+Yy+z=9

2X +5y + 7z = 52

2x+y-z=0
(A) They have a unique solution
(B) They posses multiple solutions
(C) They have no solution
(D) The coefficient matrix is

orthogonal

B=|ab b?® bc| Then ABis

(A) |abc

(B) ab -2ac ab
ac ab -2ba
0O 0O

(C) |0 0 O
O 0O
0O ab ac

(D) |ab 0 bc
ac bc O

11.

12.

13.

Given that f(x) = X* - 5x + 6,

_ .
A= 3 then f(A) = ?
__1 2_
1 0] -1 0
A B
) 0 -1 B) 0 1}
10 -1 0
C D
© 0 1} () 0 —J
2 -2 4
Is the given matrix | -1 3 4
1 -2 -3

idempotent matrix ?
(A) Yes
(B) No
(C) Can’'t say
(D) Cannot be determined

cos o
sing
0 0

Inverse of a matrix

[cos® -sind 0
(A) | sin6 cos6 O
0 0 1

[ cos® sin6 O
(B) | —sin® cos6 O
0 0 1

cos® sin 0
(C) | sin@ cosO O
0 0 1

sind cos® 0
(D) |cos6 sin6 O
0 0o 1

-sin® O
cosO O

1




11 1 8 1 3 6

14. The eigen valuesof |1 1 1| are 15. The rank of matrix | 0 3 2 2
111 -8 -1 -3 4
(A) 0,0,0 (B) 0,0, 1 is
(C)0,0,3 (D) 1,1,1 (A) 1 (B) 2
(C) 3 (D) 4
aaaaa




Test Paper — 2

Duration : 30 Min.

Q1 to Q5 carry one mark each

Every square matrix can be

represented as

(A) sum of lower and upper triangular
matrix

(B) sum of symmetric and skew
symmetric matrix

(C) product of symmetric and skew
symmetric matrix.

(D) product of Hermitian & skew

hermitian matrix.

Sum of eigen values of a matrix is
equal to

(A) sum of all elements

(B) sum of principal elements

(C) sum of diagonal elements

(D) none of these

X 5 3 4 7 16
If 2 + -

7 y-3 1 2 15 14
then

(A) x=2,y=9
(C) x=4,y=6

IfA=2 3 4 and
1 2 5

(B) x=2,y=5
(D) None of these

0 —2
2 6

12]
8 28

B= , then 2A + 3B will be

N

©

(A)

(0¢]

Max. Marks : 25

(B)

4 9 12
8 -8 28

6 9 12}

© '8 8 28

(D)

4 9 8
'8 -8 28

Consider the following determinant

1 a bc
A=1{1 b ca| which of the following
1 ¢ ab

is a factor of A ?
(A) a+b
(C)a+b+c

(B) a-b
(D) abc

Q6 to Q15 carry two marks each

6. Consider the following equations

2x+6y+11=0
6x+20y-6z2+3=0
6y-18z+1 =0

(A) They have a unique solution

(B) No solution

(C) They have multiple solutions

(D) The coefficient matrix is idempotent

IfA{Cose sme}’

—sin® cos6
g | Cos? Sin"’] Then AB = ?
| —sing cos¢
A) [cos(0+¢) sin(0+¢)
| sin(@+¢) —cos(6+9)




10.

11.

(B)  cos(0-9) Si”(e—qﬂ (C) ltis singular

| —sin(0+¢) cos(0+¢) (D) A" exists

c [cos(0+¢) sin(0+ ) 1 3 5
©) | sin(6—¢) cos(6—¢) 12.If A=|0 2 -1|, the eigen values
0 0 3

(D)

[ cos(0+¢) sin(0+¢) }

—sin(0+¢) cos(0+¢) of the matrix | + A + A® are

(A) 1,2,3 (B) 3,7, 13
1 1 3
1,7,1 D) 1,1, 1
Given matrix 5 2 6| is a (C) 1,7.13 (D) 1,1,
2 -1 -3

13 The matrices {cose —sme}

nilpotent matrix of index . . . sin® cos6

(A) less than 3 a 0
and o b commute under

(B) 3
(C) higher than 3 multiplication
(D) can not be determined (A) if a=b6?, 6 = nx, in integer
1 -2 3 (B) always
The rank of the matrix | -2 4 -1]is (C) ifa=b
T2 7 (D) never
(A) 3 (B) 2 o ,
14. The rank of the matrix given below is
(C) 1 (D) O
_ o ) 1 4 8 7
Which of following is correct * 00 3 0
(A) (AB)" =A" B 4 2 3 f
(B) (AB)! = A'B!' 3 12 24 21
(C) (A=A (A) 3 (B) 1
(D) adj(AB) = (adj B) (adj A) (C) 2 (D) 4

cosO sind O
Given A =| -sin® cos® 0. Indicate
0 0 1

15. For a square matrix A, if A> = A then A
is called

(A) idempotent matrix

the statement which is not correct for A. , ,
(B) nilpotent matrix

(A) Itis orthogonal , _
(C) involuntary matrix
)

(B) Itis non singular
(D) none of above

aaaaa




Test Paper — 3

Duration : 30 Min.

Q1 to Q5 carry one mark each

1.

For triangular matrix eigen values are

(A) same as that of row elements

(B) same as of column elements

(C) same as of that principal diagonal
elements

(D) can not predict

Rank of a matrix A is said to be ‘r’ if

(A) atleast one square matrix of A of
order ‘r whose determinant is not
equal to zero.

(B) the matrix A contains any square
sub—matrix of order r + 1, then the
determinant of every square sub
matrix of order r + 1 should be
zero.

(C) both (A) and (B) true

(D) only (B) true

If Alis m x n matrix and Bis / x n
matrix, then product AB is

(A) m x n matrix

(B) nx ¢ matrix

(C) n x n matrix

(D) product not possible

The

inconsistent if

equations are said to be
(A) the equations have no solution

(B) the solution is zero vector

Max. Marks : 25

(C) there are infinite number of
solutions
(D) solution is possible is in the form

of complex number

Consider the following four possible
properties of a matrix A.

(i) Itis square matrix

(i) aj = +ay

(iii) aj=—a;(iv) All

elements are zero.

leading diagonal

If A is skew-symmetric, which of the
following is True ?
(A) (i), (i) (iv)

(C) (i), (iii), (iv)

(B) (iii) & (iv)
(D) None of these

Q6 to Q15 carry two marks each

6.

If aj =1foralli, jthenrank (A)is
(A) 1 (B) O
C)n (D) anything

| Adj A | is equal to

(A) [A]"
(C) |A™

(B) [A]™

(D) |A7]

where n is the order of the matrix

A and B are idempotent then AB is
also idempotent if

(A) A=B"

(B) A and B are non-singular

(C) AB is symmetric
(D) AB = BA




o.

10.

11.

12.

O 00O
The rank of A = 4230 is
1 00O
4 0 30
(A) O (B) 1
(C) 2 (D) 3

What are values of A and u so that the
equations have no solution

=9

7X+3y 2z =8

2x + 3y + 5z

2X+ 3y +AZ =p

(A pn=9,1=5 (B) A=5u=9

C) u=£9,A=5 (D) u#9,A=5
5 3 14 4

The rank of matrix {0 1 2 1]is
1 1 2 0

(A) 1 B) 2

(C) 3 (D) 4

The characteristic equation of the

1 0 2
0O 2 1]|is
2 0 3

matrix A =

(A) A° +6)1°-71-2 = 0
(B) A°—6A°+71L+2=0
(C) 223 +2% —6L+7=0
(D) 2A° - A2+ 61 -7 =0

13.

14.

15.

Consider system of equations

2X +y + 2z =1

x+y =0

X — Ky + 6z = 3 for the system to
have unique solution, the value of k is
(A) k=2 (B) k=2
(C) k=1 (D) k=0

The adjoint of matrix

-1 -2 3
A= |-2 1 1lis
4 -5 2
7 8 6
(A) |-11 -14 -13
|5 -5 -5
7 -4 -5
B)|-5 -14 6
-5 -11 8
7 -11 -5
(C) |8 -14 -5
6 -13 -5
7 -11 -13
D)|5 9 11
2 14 20

Find the value of x if

X+2 2x+3 3x+4
2X+3 3x+4 4x+5
3Xx+5 5x+8 10x+17

=0

(A) -1,
(C) 1,2

-1, -2 B)1,-1,2

(D) 1,1

Quaaaq




Test Paper - 4

Duration : 30 Min.

Q1 to Q5 carry one mark each

1.

The matrix A is said to be skew

Hermitian if
(A) A'=A (B) A'=—-A
(C) A =A" (D) A’ = Adj A

If X is eigen value of a matrix and also
1/) is eigen value of same matrix then
that matrix is

(A) Skew — Hermitian matrix

(B) Hermitian matrix

(C) Orthogonal matrix

(D) None of these

If matrix A has rank ‘r, then A’
(transpose of A) will have rank

(A) r+1 (B) r—1

C)r (D) can’t say

A square matrix A be such that A€=0
then it is called

(A) Hermitian matrix

(B) idempotent matrix for index K

(C) nilpotent for index K

(D) singular matrix for index K

For x;% — 18X, + 5%,° quadratic form,

matrix is
1 -9 1 -9
® | 5} ® | 5}
-1 18 1 -18
© 118 —5} ) -18 5 }

Max. Marks : 25

Q6 to Q15 carry two marks each

6. Find the rank of matrix

-1 -2 -1

A=|6 12 6

5 10 5
(A) 1 (B) 2
(C) 3 (D) 4

If A & B are 3 x 3 matrices then AB =0
implies :

(A) BothA=0andB=0

(B) |A|=0and|B|=0

(C) Either|A|=0o0r|B|=0

(D) EitherA=00orB=0

The characteristic equation of the

matrix

1 -1 2

(A) 62° + 9% —4r+1 =0
(B) A +60°-91 -4 =0
(C)A°-6A2+90-4=0
(D) 61° + 9% + 41 -1 =0

If 1, is the identity matrix of order n,

then (I,)”"

(A) does not exist (B) =1,
(C) =0 (D) =nl,




10. If A’ is the transpose of a square

11.

matrix A, then

(A) [A"|=]A]

(B) [A"[=]A]
C)|A]|+[A"]|=0

(D) | A”|=|Alonly when Ais

symmetric

0O 1 1
Inverse of matrix |1 0 1] is
110

D21 -1 1

12.

13.

14.

15.

If a matrix is singular then the
characteristic root of the matrix is

(A) O

(B) diagonal matrix

(C) can’t say

(D) not possible

Find the rank of matrix

1 3 4 3

3 9 12 9

1 3 4 1
(A) 1 (B) 2
(C) 3 (D) 4
If A= 36 ,then A'is

2 4
(A) Singular (B) Non-singular
1 2

C) 1 D) 6
(C) (D) L 2}
If Ais 3 x 4 matrix and B is a matrix

such that both A'B & BA’ are defined,
thenBisa. ..

(A) 4 x 3 matrix
(C) 3 x 3 matrix

(B) 3 x 4 matrix
(D) 4 x 4 matrix

aaaaa




Test Paper — 5

Duration : 30 Min.

Q1 to Q5 carry one mark each

1.

¥

If for a square matrix A, A' = A, then
the matrix A is

(A) Symmetric

(B) Orthogonal

(C) Hermitian

(D) Skew symmetric

The values of ‘@’, & ‘b’ from the matrix

equation

a+3 b?+2 2a+1 3b
{o —2}:{0 bZ—Sb}
are

(A)a=1,b=1 (B)a=2,b=1
(C)a=2,b=-2 (D)a=1,b=2

Find the index for which the matrix
ab b% |. .
is nilpotent
—a® -ab
(A) 3
(B) 2
(C) 1
(D) It is not nil potent

A is characteristic root of matrix A if
and only if these exists a non-zero
vector X such that
(A) A7 x A =X
(C) XA =X

(B) AX = AX
(D) Ax A" =XX

5.

Max. Marks : 25

If the eigen values of an n x n matrix
are all distinct then it is always similar
to a

(A) square matrix

(B) triangular matrix

(C
(D

) diagonal matrix
)

none of these

Q6 to Q15 carry two marks each

6.

If A & B are square matrices of order 3
such that| A|=-1,| B |=3then
determinant of 3AB is equal to

(A) -9 (B) 27

(C) -81 (D) 81

Find the rank of matrix

12 3
A=|2 4 7
3 6 10
(A) 1 (B) 2
(C) 3 (D) 4

Eigen values of the matrix

a h g
A=/0 b 0] are

0 0 c
(A) a,b,c (B) 0,a,b
(C) b,a, g (D) h,b, g




9.

10.

11.

If following vectors are linearly 3 4 2
dependent then what is relation 12. Is the given matrix |4 -3 1
between x; Xo, X3, X4 ? 2 1 3
x1=(1,2,4); x2=(2,-1,3); idempotent ?
Xs=(0,1,2); x4=(-3,7,2) (A) No
(A) 9%; + 12X + 15 X3 + X4 = 0 (B) Yes
(B) 9%; — 12X, + 5X3 — 54 = 0 (C) Can’t say
(C) 9%y + 12X, + 5x3+ 5x4 = 0 (D) Insufficient Data
(C) None of these
13. The rank of the matrix
If A is a non—singular matrix & A’ is the 11 1
transpose of A then A=]0 -2 -5]is
0 2 5
(A) |A.A = | A?]
(B)|A'A|¢|A'|2 (A)1 (B)2
) |Al+|A|=0 ©)3 (D) 4
(D) [Al=|A"]
14. The determinant of the matrix
The inverse of the matrix 6 000
_ _ -8 2 0 O s
{aHPd C+!ﬂ if a® + b® +¢° + d° = 1 1 4 4 0
—c+id a-i 1 6 8 -1
is
(A) 11 (B) 24
A) a+ib c+id (C) —48 (D) 0
c—id a-ib
(B) la-ib —c-id 15. If a = b = ¢, one value of x which
c—id a+ib . ,
satisfies the equation
©) a+.ib c+id} 0 x-a x-b
[c+id a+ib x+a 0 x-c|=0isgiven by
D) fa+ib —c+id} x+b x+c 0
|c+id a-ib (A) x=a (B) x =
(C) x=c (D) x=0
aaaanan




Test Paper — 6

Duration : 30 Min. Max. Marks : 25
Q1 to Q5 carry one mark each 1= 1 2+3i
1. The value of the determinant of matrix (C) |2+ 21 1-i
a hg f 3 0 3+4i
a_|0 P Ce i [1-i -1 2+3]
0 0 dk (D) |-2+i -2i 1-i
000/ | 3 0 3-4i
(A) —abd/ (B) abd/
(C) abck — abde (D) abd ¢ —abge 312
4. IfA=|6 2 4| Then rank of matrix A
012 1 -2 312
2. fA=|1 2 3|,B=|-1 0 |, then is
2 3 4 2 -1 (A) 1 (B) 2
the product BA is (C) 3 (D) O
(3 -2 -2 3
(A 15 -5 B) |5 8 5. Eigen value of matrix > 3 are
|7 -8 -8 7 3 -3
0 0 (A) 6,4 (B) 5,3
(C) |0 O (D) does not exist. (C) -3,5 (D) -4, -6
10 0
Q6 to Q15 carry two marks each
14i 1 2-3; 6. The value of determinant
3. Let A=|-2+i 2 1+i |, then the -3 1 1 1
-3i 0 3+4i 1 -3 1 1 s
B 1 1 -3 1
matrix A is given by 1 1 1 -3
(A) [-2—i 2i 1+i o) 0 D) 4
| -3i 0 3-4i (€) (D)
[ 1-i 1 2+3i
B) [2—-i -2i 1-i
| +38i 0 3-4i




7. The rank of matrix 10. Determine eigen values of matrix

2 3 -1 - a hg
A=|1 -1 2 4] A=|0 b 0] are
3 1 3 -2 0 0 c
6 3 0 -7
A) g,b,c B) g,h,c
(A) 1 (B) 2 (A) g B) g
(C) a,b, g (D) b, a, c
(C) 3 (D) 4
{0 3 11. If A+ B + C = &, then the value of
8. Adjointofmatrix A = |0 5 0] is sin(A+B+C) sinB  cosC
2 4 3 —sinB 0 tanA | is

cos(A+B) —tanA 0

15 0 -10
A |6 3 o equal to
15 6 5 (A) O
15 6 -15 (B) 1
B)| o -3 0 (C) 2sinBtan Acos C
-10 0 5 (D) None of these
15 -3 5
12 1 2
(C)|-10 6 0 i3 1o
| 0 15 0 12. The rank of matrix A =
2 4 3 4
15 -10 0 3 7 4 6
(D) |-3 6 15 _
5 0 0 1S
(A) 1 (B) 2
- . (C) 3 (D) 4
9. The characteristic roots of the matrix
0 1 2 13. If au® +bp® +cpu+d
1 0 -1 are
2 1 0 3u p+1 p-1
=|u-383 —-2u up+2| be anidentity
(A) 1,23 (B) 3,1+ 2 u+3 p—4 By
(C) 2,-1+4/3 (D) None of these in u, where a, b, ¢, d are constants,
then the value of d is
(A) 5 (B) -6
) 9 (D) O




3 4
14. IfA= |1 1| &
2 0
AB= B A’
(A) Yes
(B) No

(C) Can’t say
(D) Insufficient Data

15. If the system of equations

Xx+ay+az=0,bx+y+bz=0,
cx +cy + z=0where a, b, c are
non zero & non unity has a non trivial

solution then the value of

a b c .
+ + is
i-a 1-b 1-c
(A) O (B) 1
abc
C) -1 D
€ ) a? +b? +¢c?

aaaa




Chapter - 2 : Calculus

2.1 Function of single variable

A real valued function y = f(x) of a real variable x is a mapping whose domain S and

co-domain R are sets of real numbers. The range of the function is the set {y =f(x):x e R} ,

which is a subset of R.

2.2 Limit of a function

The function f is said to tend to the limit /as x — a, if for a given positive real number
¢ > 0 we can find a real number & > 0 such that

f(x)-¢|<e  whenever O<|x-a|<3

Symbolically we write limf(x) = ¢

Left Hand and Right Hand Limits
Let x < a and x — a from the left hand side.

If |f(x)- ¢,|]<e, a-d<x<a or Ilimf(x)=¢,

Xx—a~

then ¢, is called the left hand limit.

Let x > a and x — a from the right hand side.

If [f(x)- ¢, |<e, a<x<a+d or limf(x)=/,

x—a’

then /7, is called the right hand limit.

If £, =/, then limf(x) exists. If the limit exists then it is unique.
X—a

Properties of Limits

Let f and g be two functions defined over S and let a be any point, not necessarily in S

Andif Ilimf(x)=¢, and limg(x) =/, exist, then

X—a

e lim[Cf(x)] = Climf(x) = C¢, C a real constant.

X—a X—a

. !(in;[f(x) +g(x)] = )I(irr;f(x) +lim gx)=1¢,%¢,

o Im[f(x)g(x)] = Dig; f(x)}[lim g(x)} — 0.0,

X—a




f(x) | | limf(x) /
lim| —= |=|x»a . =1 )
* Ha{g XJ { limg(x) |~ v, °
o Iim[f() ] = (1)
Standard Formulae
A X
lim3"X _1 . xinradians | lim2 -1 /na (a>0)
x>0 X x>0 X
X
im 21X _q . xin radians | lim < i 1
x>0 X x>0 X
li =1 X
Jmcosx = lim(1+x)x =e
x—0
n n
lim X —2 _pa tim 00+ _
x—»>a X-—a x—0 X
Solved Example 1 : Solution :

Show that Iin(w)sin(lj does not exist.
X—> X

Solution :

For different values of x in the interval

0 <| x| < & the function sin(lj takes
X

values between -1 and 1.

Since lim sin(lj is not unique limit does

x—0

X

not exist.

Solved Example 2 :

Show that lim [x2 + 1] does not exist,

x—4

where [ | is the greatest integer function.

Let h > 0, we have

lim f(x + h) = [(4+h)2 +1}

h—0

=[17+h(h+8)]
=17 if h(h+8)<1
(h+42 <17 = h<17-4

and limf(x—h) = [(4_h)2 +1]

= [17 +h(h-8)]

=16 if h(h-8)>-1
h>4—\/ﬁ

lim f(x) =17 and Iim f(x) =16

x—4* x—4~

or (h—-4?*>15  or

The limit does not exist.




2.3 Continuity

Let f be a real valued function of the real variable x. Let xo be a point in the domain of f
and let f be defined in some neighbourhood of the point xo. The function f is said to be
continuous at x = X if

i) lim f(x)=¢ exists and

X—>Xg

i) lim f(x) = f(x,)

X—>Xo

Types of discontinuity

A point at which f is not continuous is called a point of discontinuity.

If lim f(x) = ¢ exists, but lim f(x) = f(x,)
X—Xg

X—>Xg

then X, is called the point of removable discontinuity.

In this case we can redefine f(x), such that f(xo) =/, so that the new function is

continuous at x = Xo.

For example :

The function, f(x) = {(sinx)/x ! x#0
4 ; x=0

has a removable discontinuity at x = 0, since Iirrgf(x) =/ and a new function can be

defined as
() = (sinx)/x ; X #0
1 ; x=0
If lim f(x) does not exist, then X, is called the point of irremovable discontinuity.
X—>Xo
For Example :

f(x)=l atx=0
X

Here Iing) f(x) does not exist. Also f(0) is not defined.

oo f(x) = 1 has an irremovable discontinuity at x = 0.
X

Note : In case of an irremovable discontinuity, it does not matter whether or

how the function is defined of the point of discontinuity.




Properties of continuous functions

Let the functions f and g be continuous at a point x = X, Then,
i) cf, f£gandf.gare continuous at x = xo, where c is any constant.
ii) f/gis continuous at x = Xy, if g(Xo) = 0
If f is continuous at x = xo and g is continuous at f(xo), then the composite function
g(f(g)) is continuous at x = Xo.
A function f is continuous in a closed interval [a, b] if it is continuous at every point in
(a, b)
lim f(x)=f(a) and lim f(x)=f(b)

x—at x—b~
If f is continuous at an interior point ¢ of a closed interval [a, b] and f(c) = 0, then there
exists a neighbourhood of ¢, throughout which f(x) has the same sign as f(c).
If f is continuous in a closed interval [a, b] then it is bounded there and attains its
bounds at least once in [a, b].
If f is continuous in a closed interval [a, b], and if f(a) f(b) are of opposite signs, then
there exists at least one point ¢ € [a, b] such that f(c) = 0.
If f is continuous in a closed interval [a, b] and f(a) = f(b) then it assumes every value
between f(a) and f(b).

Solved Example 3 :
P The function f(x) = X s discontinuous
Determine the point of discontinuity of the |X|
function f(x) = ~ atx=0.
X Note: |x] = x when x > 0 and |x| = —x
Solution : when x < 0.
Forx <0, X Solved Example 4 :

Forx >0, == +1

X
| | Find the limit if it exists, as x approaches

zero for the function f(x) given by

X it x<0, f(x)=x
f(-0) = -1 x=0, f(x)=1
and f(+0) = +1 x>0, f(x)=x
Also the function is not defined at x =0 Solution :

lfx <0, f(-0) = lim f(x) = lim x=0

x—0" x—>0"




If x>0, f(+0) = lim f(x) = lim x* =0

x—0* x—0*
Thus f(-0) = f(+0) each being zero.
Since the limit on the left = the limit on the
right at x = 0 the function f(x) has limit O at
x=0.
Note : The limit at x = 0 is not equal to
f(0) = 1, and hence the function is

discontinuous at x = 0.

Solved Example 5 :
x® +x2 -16x+20 ,
Let f(x) = (x-2)
k if x=2
if x =2

Find k if f(x) is continuous at x = 2.
Solution :

For x # 2 we have

x® +x% —16x + 20
(x—2)°

f(x) =

_ (x—2)2(x+5) a5
(x-2)

limf(x) =lim(x+5)=7

X—2 X—2
We have f(2) = k
f(x) is continuous at x = 2.

Now Ixiinzf(x) =f(2)

i.e. 7=k

Solved Example 6 :

For the function f(x) = x+ﬂ find the
x+2|

point of discontinuity and determine the

jump of the function at this point.

Solution :
lim f(x)=-2+(-1)=-3

X—>-2"

forx < -2,

X+ 2

|x+2|__

lim f(x) = -2+ (+1) = -1

x—>-2%

for x > -2,

X+2

|x+2|

The one sided limits do not coincide.
Thus the function is not defined at x = —2.
x = -2 is the only point of discontinuity.

The jump at this point=-1 - (-3) =2
Solved Example 7 :

x+2 for X<2 .
Show that f(x) = | is
x< -1 for X>2

discontinuous at x = 2 and determine the
jump of the function at this point.

Solution :

lim(x+2)=4

X—>2"

lim (x* -1)=3

e
The limit on the left = the limit on the right.
The function has discontinuity at the
point x = 2
The jump of the function atx =2 is

fe+0)—f(2-0)=3-4=-1

Note : If f(xo — 0) = f(xo + 0), then

f(xo + 0) — f(xo — 0) is called a jump

discontinuity of the function f(x) at x,.




2.4 Differentiability

Let a real valued function f(x) be defined on an | and let xo be a point in I. Then, if

im f(x)-f(x,) or lim f(xo +AX)—f(X,)
X—>Xg X =X, Ax—0 AX

exists and is equal to/, then f(x) is said to be differentiable at x, and ¢ is called the
derivative of f(x) at x = Xo.
If f(x) is differentiable at every point in the interval (a, b) then f(x) is said to be

differentiable in (a, b).

Properties of differentiation

e Let the functions f and g be differentiable at a point xo. Then
i) (cf') xo = cf'(Xo), C any constant.
i) (f£g)'%0 = f'(Xo) £ g'(Xo)
iii)  (fg)'(xo) = f'(X0) 9(Xo) + f(Xo0) G'(Xo)
iv) (ij’ (%) = g(XO)f'(on)_f(xo)g'(xo)
g g° (%o)

o If fis differentiable at x, and g is differentiable at f(x,) then the composite function

, 9(x)#0

h = g(f(x)) is differentiable at x, and
h'(xo) = g'(f(xo)) f'(xo)

e If the function y = f(x) is represented in the parametric form as
x = ¢(t) and y = y(t), and if ¢'(t), y'() exist, then

_ dy/dt_v'(1)
Codx/dt ¢'(1)

f'(x) d)’(t) =0

Note : If a function is differentiable at x = x,, then it is continuous at x = x,.

However the converse need not be true.




Standard formulae

Function Derivative Function Derivative
. 1 X 1
k(constant) 0 sin”' =2 —
a a“—x
1 X -1
x" nx"™" cos = .
a a?-x
X a
logx 1/x tan' = ——
a a’+x
11X —a
e e cot ' = —
a a +x
a
a* a*loga sec X ————
a XVx©-a
—a
sin x cos X cosec ' = —
xVx? -a
COS X —sin x sin h x cos h x
tan x sec’x cos h x sin h x
2 . -1 1
cot x — cosec” X sin h™ x 5
X +1
1
sec X sec x tan x cos h™' x :
x -1
1
cosec X — cosec x cot x tan h™' x 7
x —
Solved Example 8 : f(x) is continuous at x =0

Show that the function

2
f(x) = x“ cos(1/ x), x#0
0 x=0

is differentiable at x = 0 but f(x) is not
continuous at x = 0.
Solution :

We have limf(x) =0 =f(0)

x—0

Now f(0) = lim 1) =10

x—0 X

]

Hence f(x) is differentiable at
x=0 andf’(0)=0

for x # 0 we have




f'(x) = 2xcos (1J + X2 {—sin(lﬂ{—%}
X X X
= 2XC0S {lj + sin[lj
X X
Now lim f’(x) does not exist as lim sin(1]
x—0 x—0 X

does not exist. Therefore, f'(x) is not

continuous at x = 0.

Solved Example 9 :
y = ¥x is defined and continuous for all x

investigate whether this function has a
derivative at x = 0.

Solution :

Ay = x+Ax-¥x atx=0
Ay = JAX
Ay Uax A

AX  AX S(AX)Z

tim &Y fim

Ax—0 AX Ax—0 3'(AX)2

There is no finite derivative.

= 400

Solved Example 10 :
Investigate the function f(x) = | x | for

differentiability at the point x = 0
Solution :

y =f(x) =] x|
Ay =| X+ Ax | — | AX |

At x =0, we have Ay = | Ax |

Ay _[ax
AX  AX
lim &Y _ _4
ax—0" AX
jim &Y _ 4
Ax—0t AX

Since the right and the left side derivative
are not equal, the function f(x) = |x| is not

differentiable at the point zero.

Solved Example 11 :

Show that i(x”) = nx™"’
dx

Solution :
Lety = x"
Let x receive a small increment Ax and let
the corresponding increment in y be Ay
then

Y + Ay = (X + Ax)"

By subtraction, Ay = (x + Ax)" — X"

Ay (x+Ax)" =x"  (x+Ax)" -x"

AX AX X+ AX — X
n
A ) X+ Ax) —x"
im2Y = lim ( ) =nx"’
Ax—>0 AX X+AX—>X X + AX — X
dy _

o nx"" or %(x”):nx”‘1




2.5 Mean Value Theorems

Rolle's Theorem

The theorem states that

— if f(x) is continuous in the closed interval [a, b] and
— if f'(x) exists in open interval (a, b) and

- iff(a) = f(b)

Then there exists at least one value c in (a, b) such that f'(c) =0

Geometric Interpretation

y/\

f(a) = f(b)

|
|
|
|
|
|
|
|
:
a

XV

b

There exists at last one point at which slope of the tangent is O or the tangent is parallel

to x-axis

Lagrange's Mean Value Theorem

The theorem states that

— if f(x) is continuous in the closed interval [a, b] and
— if f'(x) exists in open interval (a, b)

Then there exists one value ¢ such that

f(b) - f(a)

F(e)= b-a




Geometric Interpretation

A

_ f(b)-f(a)

a c b
There exists at last one point at which the tangent is parallel to the secant through the

end points.

Cauchy's Mean Value Theorem

The theorem states that
— if f(x) and g(x) are both continuous in closed interval [a, b] and
— if f'(x) and g(x) both exist in open interval (a, b)
Then there exists at least one value ¢ such that
f'(c) _ f(b)—f(a)
g(c)  g(b)-ga)

2.6 Maxima and Minima

A function f(x) is said to have a maximum value at x = a if f(a) is larger than any other
values of f(x) in the immediate neighbourhood of ‘a’. It has a minimum value if f(a) is less

than any other value of f(x) sufficiently near ‘a’.

Finding Maximum and Minimum values of y = f(x)

2
e Get d_y andﬂ. Solve d_y = 0 and consider its roots. These are the values of x

dx dx? dx
which make ﬂ= 0.
dx

e For each of these values of x, calculate the corresponding value of y and examine

2
the sign ofd—xz.

e |If the sign is —ve the corresponding value of y is a maximum.

If the sign is +ve, the corresponding value of y is minimum.

) c0 4



gaps)

Note : Maximum and minimum values of a function occur alternately in a

continuous function. (The graph of a continuous function has no break

A maximum is not necessarily the greater value and a minimum is not

necessarily the least value of the function.

Stationary Points and Turning Points

dy dy

A stationary point on a graph is any point at which proi 0. A value of x for which —=0

X dx

does not necessarily give either a maximum or minimum. A turning point is a maximum or

minimum point.

Solved Example 12 :

Find the maximum and minimum points on
the curve y = 2x° + 5x° — 4x + 7

Solution :

Differentiating the equation we have

Y _6x? +10x-4
dx

d?y

7 =12x+10
X

Now

ﬂ:o if 6x>+10x-4=0
dx

or 3x2+5x-2=0
ie. Bx-1)(x +2)=0

i.e. ﬂ:o, when x=l or -2
dx 3
2
for x = 1, d—Z =14 and .. is positive
3 dx
d’y
for x = -2, d_2 =-14 and .. is negative
X

1 . -
Hence x = 3 gives a minimum value of y

and X = -2 gives a maximum value of y

1 8
for x=—, y=6—; for x=-2, y=19
3 y 27 y

1 8 ). - .
—, 6— | is @ minimum point
(3 27)

(-2, 19) is a maximum point.

Solved Example 13 :

Find the maximum and minimum values of

X2 —2x + 4

X2 +2x +4

the function

Solution :

x2 — 2x+4

Let =
y X2 +2x+4

(X2 +2x +4)(2x - 2)
Then dy _ —(x* —2x +4)(2x +2)

dx (X® +2x +4)°

dy _ 0 when x2=4
dx

or X= 12




In this case it is much more convenient to

dy

find the changes of sign of s than to
X

2
work out the value of d_y .

dx?
The denominator must be positive and
therefore only the sign of the numerator
need be examined.
Near x = 2
If x is slightly less than 2, x* < 4;

d_y is —ve

dx

If x is slightly greater than 2, xX° > 4;

d_y is +ve
dx

Here % changes from —ve to +ve
X

Near x = -2
If x is slightly less than -2, x* > 4;

d_y is +ve
dx

If x is slightly greater than -2, x* < 4;

d_y is —ve
dx

Here % changes from +ve to —ve
X

X = 2 gives a minimum value of v,

and x = -2 gives a maximum value of y,
y=3

This the maximum value is 3 and the

- -1
minimum is —.

Note : If the :_y sign changes from
X

+ to — the point is a maximum point; if
the sign changes from — to +, the point

is a minimum point.

Solved Example 14 :
Find the maximum and minimum values of

the function 4 cos x — 3 sin x.

Solution:

Let y =4 cosx —3sinx

Then d_y = -4 sin X — 3 cos x
dx

d’y

F=—4COSX+3SinX
X

g—y=0 when —4sinx-3cosx=0
X

or tan x = —
4

and then (i) sinx = % COSX = —
(ii)y sinx = _—3 COSX = hd
5 5
tan 0 is negative.
2
In the first case, d—Zz E + g =5
dx 5
and . is +ve
2 R
In the second case, d—Z = ﬁ—g =-5
dx 5 5

and c.is —ve

. The minimum value

ROROR

) o2 4



and the maximum value
= 4(£j —3 (_—Sj = 5
5 5

Solved Example 15 :

Find the maximum and minimum values of
f(x, y) = 7x* + 8xy + y* where x, y are
connected by the relation x*+ y*=1.
Solution :

Since x®+y® =1,

we can put x = cos6, y = sind

f(x, y) =7 cos® 0 + 8cos0sind + sin® 6 = F(0)

1+c0s20 1-cos 20

F(6)=7 + 4sin20 +

=4 + 3c0s20 + 4sin20
=4 + 5sinx cos20 + 5cos x sin20
=4 +5sin (20 + a)
Since sine functions takes its maximum
and minimum value as +1 and -1

respectively.
Fox =4+5; F

Solved Example 16 :

A rectangular sheet of a metal is 8 meters
by 3 meters; equal squares are cut out at
each of the corners and the flaps are then
folded upto form an open rectangular box.

Find its maximum volume.

Solution: p c
L L]
X 3m
[ []
A am B

Let ABCD by rectangular sheet and let a
square of edge x m be cut from each
corner.

When the flaps are folded up, the
dimensions of the rectangular box
obtained are 8 — 2x, 3 — 2x and x meters.
Let V cubic meters be the volume of the

box then

V= (8-2x)(3-2x)x

=4x® —22x2 + 24x;

ﬂ=12x2 —44x + 24
dx
2
and \2/ =24x—-44
dx
av

:Oif4(3x2—11x+6)=0
dx

Bx-2)(x-2)=0

i.e. whenx=2/3 or 3

2
for x = gd—\zl =-28 and
3 dx
.. iIs negative

2 . :
Hence x = 3 gives a maximum value of V

v=711
27

For x =g ,
3
. . 11
Thus the maximum volume is 75 cm.

X = 3 is inadmissible, since the breadth

itself of the sheet is 3m.




2.7 Integration

Integrand and element of integration

The function under the sign of integration is called integrand. For e.g. inJ‘x3 dx; x° is

called integrand. In the integraIJ'f(x) dx , dx is known as the element of integration and it

indicates the variable with respect to which the given function is to be integrated.

Constant of integration :
We know that

d
—(x*) = 2x 2xdx =x?
5 ) |
Also di(x2 +C) = 2x . j2x dx =x® + ¢, where c is any constant
X

So we notice that x®is an integral of 2x, then x* + ¢ is also an integral of 2x. In general if

j f(x) dx
J. f(x)dx

d(x) then

d(x) + C

Standard formulae

Ix"dx= X" +c, (nz-1) _[ —sinX4c
nel \/7
_[1d I cos” x+c
—dx =logx+c J' —_ 2
X Ja® - x2
dx 1 14X
_[e"dx=e"+c J' 5 - —tan'Z+c
a2+x> a a
a X -1 X
_[a"dx= +C J' 2d = —cot'Z+c
log.a a’+x? a a
| d i dx lsecX ¢
cosxdx = sinx+c _[— =L 2
xVyx?-a2 @ a
[ txd dx “lcosec' X + ¢
cosecxcotxdx = —cosecx + ¢ _[— - 2
xVx? —a a a
Isinxdx= —COSX+C _[sinhxdx = coshx+c




Isecxtanxdx= secx+c

_[coshxdx: sinhx+c

dx . !
Iseczxdx=tanx+c I ——=sinh" x+c

x“+1

2 _[ X _ cosh'x+e

jcosec xdx =-cotx+c \/ﬁ

dx -
Icotxdx =log sinx +c Ix2—1 =tanh x+c
jtanxdx =logsecx+c Itanxdx =—log (cos x) + ¢

Isec xdx = log(secx + tanx) + ¢

Isecxdx=logtan E+5 +C
4 2

Icosec x dx = —log(cosecx + cotx) + ¢

Icosec xdx= Iog(tang] +C

Important Trigonometric Identities

sin® A + cos® A =1
sin (A+B)=sin AcosB +cos AsinB
cos (A+B)=cos AcosB-sinAsinB

tanA +tanB

tan(A+B) = ———
1—tanAtanB

sin (A-B) =sin AcosB-cos AsinB

cos (A—-B) =cos AcosB +sin AsinB

tanA —tanB

tan(A-B) = ——
1+tanAtanB

sin® A—sin®B = sin (A + B) sin (A — B)
cos® A —sin°B = cos (A + B) cos (A — B)
2 sin A cos B =sin (A + B) + sin (A-B)

2cos AsinB = sin (A +B)-sin (A-B)

2cos AcosB = cos (A +B)+cos(A-B)




e 2sinAsinB = cos(A-B)-cos(A+B)

e 2sin C;D cosC_D =sinC +sinD
e 2cos C+D sin %:sinC—sinD

C+D C-D
e 2co0Ss 5 cos

. C+D . D-C
e 2sin 5 sin

e CcOos2A=cos’A—sinPA=1-2sinA=2cos’A—-1=

° sin2A=23inAcosA=ﬂ
1+tan A
° tan 2A = %
1—tan“ A

e sin3A=3sinA-4sin°A

e cos3A= 4cos’A-3cosA

3tanA - 4tan®* A
1-3tan’ A

e tan3A =

=cos C+cosD

=cosC-cosD

1-tan® A
1+tan® A

Note : Integration of Isinm xcos" xdx where m and n are positive integers

(i) If m be odd and n be even, for integration put t = cos x
(ii) If m be even and n be odd, for integration put t = sin x
(iii) If m and n are odd, for integration put either t = cos x or sin x

(iv) If m and n are even, for integration put either t = cos x or sin x

Solved Example 17 :
Evaluate J’sin3 x dx
Solution :

sin 3x = 3 sin x — 4 sin®x

4 sinx = 3 sin x — sin 3x

4 Isinsxdx = j(Ssinx—sinSx)dx

= S'fsinxdx — IsinSx dx

.fsin3 xdx = %{—3003x+ COS3X}+c

) &5 4




Solved Example 18 :

Evaluate jsin 3xcos2xdx

Solution :

jsin3x cos2xdx = %I(sin 5x + sinx)dx

1 1
= —CO0S5X ——Co0sX
10 2

Solved Example 19 :

Evaluate jsin2x sin3xdx

Solution :

jsin2x sin3x dx = %J'cosx —cosb5x dx

1. 1 .
= —SinX ——sin5x
2 10

Solved Example 20 :

dx
Integrate J.ﬁ
COS” XSsin“ X
Solution :
1 _ cos® x +sin® x
2 L2, 2 . 2
COS” XSin“ X COS~ Xsin® x
1 N 1
sinx  cos? x

Now,

= cosec® X + secx
[+ 1 =sin®x + cos® X]
. J- dx
" J cos? xsin? x
= I(cos ec®x + sec? x)dx
= jcoseczxdx+jsecz x dx

=—cotx+tanx+c

Solved Example 21 :
Evaluate .[sin3 x cos® xdx
Solution :

We have

sin® x cos® x = (sin x cos x)*

1 (2 sin x cos x)°
8
= L sin®2x

1 1 : :
= —xZ (8 sin 2x — sin 6x)
[+ 4 sin® = 3 sin x — sin 3]

= 1 (8 sin 2x — sin 6x)
32

Isins xcos® xdx

= 3—12'[(3 sin2x — sin6x)dx

ijsiandx — iJhsih 6xdx
32 32

i —C0S 2X _i —COS6X ‘e
32 2 32 6

Hence Isin3 xcos® x dx

= _—Scos2x +Lcos6x +C
64 92

Solved Example 22 :

Evaluate J' dx

1+ sinx
Solution :

1 1
1+sinx 1+sinx

1-sinx
X .
1-sinx

1-sinx
1-sin® x




_1—sinx_ 1 sinx
cos®x cos®’x cos®x

or

= sec®x — tan x sec x
1+ sinx

I1_ dx
1+ sinXx

= J‘(sec2 X —tanx sec x)dx

= Isec2 xdx—jtanxsecx dx

=tanx—-secx+c

Solved Example 23 :

Evaluate J'sin7 xcos® x dx

Solution :

J’sin7 x cos® x dx

_ ) 6 .

= Ism X C0S” X sinxdx

= I(1 —cos?x)® cos® x sinx dx

= j(1 —3c0s® x +3cos” x — cos® x)

cos® x sinxdx

[ (cos® x—3cos® x +3cos™® x — cos™ x)
sinxdx
= —j(t6 — 3t + 3t — ') dt

by putting t = cos x

= —lcos7 X +lcos9 X —Ecos11 X
7 3 11

+icos13x
13

Solved Example 24 :

Evaluate .[sin‘; x cos® xdx

Solution :

_[sin6 xcos® x dx = J‘sin6 x(1- sin® x) cos xdx

= J‘(sin6 x —sin® x) cos x dx
= j (t° —t°) dit
“* by putting

sinx=t= lt7 —lt9 = lsin7x—1sin9x
7 9 7 9

Solved Example 25 :

Evaluate '[sin“ xcos? x dx

Solution :

sin*x cos?x

= % (2 sin®x)? (1+cos2x)

(1-cos2x — cos?2x + cos’ 2x)

0| =

1+ cos4x

o=

(1—cos2x—

+cosz+BCos2xj
4

= 1 l—10032x—1cos4x+10036x
8\2 4 2 4

= i 1—10032x—cos4x+10036x
16 2 2

_[ sin* x cos? xdx

i[1 —%cost —Ccos4x +%cos€x}dx

16

l X —lsin2x —lsin4x +lsin6x
16 4 4 12




Solved Example 26 : = I t2(1-12) dt

Evaluate jsins xcos® x dx by putting sin x =t
Solution : = j (t® —2t° +17) dt
Isin3 xcos® x dx #oef8

"4 3 8

= Isin3 X (cos* x)cos x dx
sin*x sin®x  sin®x

= J'sin3 x(1-sin® x)? cos x dx 4 3 @

Integration by Substitution

Some of the general substitutions are

Type Substitution

2 2 .

a —x X=asinboracos0

a’+x° x=atan®oracotfborasinho

x° - a® Xx=asecOoracosecOoracoshd

By means of above substitution some standard integrals are

. 1 X 1 X
=S8SIh — or —Ccos —+¢C

J- dx
Va? - x? a a

Id—x = sinh™ (5) or log(x++vx%?+a?)+c
va? + x? g

Id—x cosh™ (5) or log(x++vx?-a?)+c
Vx? —a? a

dx 1, 4(Xx -1 . 4(Xx
I ;5 = _tan"'| —| or —cot" | —+cC
a‘+x a a a a

j\/az —x? dx = %x\/a2 — x? +%a2 sin™’ (5)+c

a

_[ a2 +x2 dx = %x\/a2 +x2 + %az sinh™’ (5)+ c

a




_[ x2 _—a? dx = %x\/x2 —a’® - %az cosh™ (£j+c

a
J- dx llog a+x tec
a2 - x? 2a a—-Xx
_[ dx __ lIog “8.c
x2_-a2 2a “x+a
Solved Example 27 : o
| = J' /1 S!ne.2sinecosed6
COS X — SinXx 1+sind
Integrate I+dx
1+ sin2x 1_sino
. J' .2sin6cos0do
Solution : cos0
We know that = [(2sin6+ cos20 - 1)do
1 + sin 2x = sin® X + cos? x + 2 sin X cos X
. 2 sin20
= (Sin X + cos X) =-2C0S0 + 5 -0 +c¢
Le”:jwsx—w =—2cos0O+SiN0CcosO—0+c
1+sin2x

COS X — SiNX =-2 1-sin?0 + sin0y1-sin?0 — 0 + C
= : dx
Fine s cosr7 =2 VIox + X - sin Vv

Letcos x+sinx =u

= (Vx -2) J1-x —-sin"Vx +¢

. (cos x —sin x) dx = du

Then | = du_- +Cc= 7 +c Solved Example 29 :
v u COS X + Sinx _ .
Find the value of the integral
COS X —Sinx -1 _
I : dx = —+C sinx cos x dx
1+ sin2x COS X + SinXx J. > > 5
a“ sin“ x + b cos” x
Solution :
/ Example 28 :
Solved|Exampie2s Put a® sin®x + b® cos’x =t
Evaluate I 1- &dx 2(a® sin x cos x) dx + 2b” cos x (~sin x) dx = dit
1++/x ot
. sinxcos xdx= ——————
Solution : 2(a® —b?)
Put \/; =sin® or x= sin29 ) j sin X cos xdx
dx = 2 sin 6 cos 0 do ~ Ja’sin®x+b?®cos®x

) o0 4



dit
- 2(a? —b2)t

1 dt 1

2(a® -b?)

Solved Example 30 :

do
sin*0+cos*0

Evaluate I

Solution :

|‘j _ J~ sec“G
sin* 0+ cos* 0 tan* e+1

Dividing numerator and denominator by

cos’0

2 2
sec” 0sec ede

| =
1+tan*0

2 2
_ (1+tan 6)4390 ede
1+tan™ 0

Put tan = x so that sec®0 do = dx

2 7+1
|=J-(1+x dezj X : dx
1+ X X2+
X
1+i2
X
:J. 5 dx
1
(x— +2
X
1 1
Putx- — =1, (1+—2jdx = dt
X X

2@2-b%)? t  2(a2-b?)

log (a® sin®x + b® cos®x) +

dt 1.t

o= Im = ﬁtan E+C

1

x |+cC

—itan X
2R

—1t tan® 0 — 1 ‘e
V2 \/_tane

Solved Example 31 :
COS X
Integrate | ————dx
g I 1+ sin? x
Solution :
Letsinx =12z .. Ccos X dx =dz
COS X
Now | ———
I 1+ sin? x I 1+ 22
—tan'z +¢
=tan™" (sin x) + c
Solved Example 32 :

-1
n
Integrate IS X

i
dx
V1-x2

Solution :
Letx =sin 6 .. dx=cos 6do
Jsm x Ism (sme)coseOle
J1-sin?0
2
= [6do = e
2
i1 ,\2
_ (sin"" x) e

2




Integration by parts

Integral of the product of two functions

Iuvdx ujvdx I( Ivdxjdx

Rule to choose the factor of differentiation or the 1*' function

Of the two functions the first function u is selected based on the following preference
order

1. Inverse function

Logarithmic function

Algebraic function

Trigonometric function

o &~ 0D

Exponential function

Solved Example 33 :

_fsin’1 xdx = xsin™ x—'[ X —dx
Integrate Ixcosxdx V1-X

2 . _ _
Solution : Put1-x"=2z, .. 2x dx =dz

Here F. D. =x F.l. =cosx Isin‘1 xdx = xsin~' x +1J’£
2

Applying the rules of integration by parts.

= xsin 'x++/z

J‘sin’1 xdx = xsin"'x ++v/1-x2

Ixcosxdx

xj cos xdx — f[ '[ cos xdx} dx

, _ Solved Example 35 :
=XSin X — I1.S|nxdx
Find Ilog xdx
=XSinX+COSX+C
Solution :

Solved Example 34 : We have I logxdx = I1 -logxdx

P
Integrate fsm xdx Integrating by parts,

Solution :

logxdx = logx | 1dx — Io x 1dx |dx
Here F.1. =1 andF.D. =sin' x '[ d J I I[ J j }

Now I1 .sin"'x = sin™ x(j1 dx)

- j [%sim X) j 1 .dx}dx

xlogx—jl-xdx
X

xlogx —x+c¢ =x(logx—1)+c




= x(logx —loge)+c

(- 1=loge)

Solved Example 36 :

Evaluate J'ea" sin

Solution :

ax

sinbx —
a

e® sinbx
a

e® sinbx
a

2.8 Definite Integration

bx dx

Ieax sinbx dx

e®bcosbx
—

dx

9 J' e® cosbxdx
a

ax

aj a

cosbx + Ejeax sinbxdx}
a

e sinbx
a

b ax b2 ax H
-—e cosbx——zje sinbx dx
a a

e™ (asinbx —bcosbx) b2

a? a2

a2

2 e (asinbx —bcosbx
" I(1+b—] ( )

e™ (asinbx —bcosbx)
a® +b?

b
The integral J'f(x)dx is called definite integral and is defined to be ¢(b)—¢(a) where ¢(x)

is the indefinite integral of jf(x)dx . It is read as integral from a to b of f(x), a is called the

lower limit and b is called the upper limit.

This is also called the theorem of calculus.

Properties of definite integral

Jro0ax = o) = 6(6) - (a)

o Tf(x)dx = .Tf(t)dt

. Tf(x)dx =— Tf(x)dx

(o]

. Tf(x)dx = If(x)dx + Tf(x)dx

a




. jlf(x)dx = Tf(a —X)dx

. _T f(x)dx = 2j.f(x)dx

f(—x) = f(x) i.e. it is an even function

=0 f(—x) = —f(x) i.e. it is an odd function

. 2J'af(x)dx = 2Tf(x)dx

0

=0 f(2a — x) = —f(x)

Solved Example 37 :

n/2
Integrate j COS xdx
0
Solution :
We know that jcos XdX = sinXx+c¢

/2

. /2 . 1T .
J' cosxdx = |S|nx|g = smE—smO =1
0

Solved Example 38 :

]
dx

Integrate I >
o 1+X

Solution :

=tan'x+c

We know that j dX2
X

1+

todx » 1
I > = ‘tan X + c‘
o 1+ X 0

= [tan’1 1+ c] - [tan’1 0+ c]

_ T _o-T
4 4
Solved Example 39 :

b
Evaluate I 1dx
J X

f(2a — x) = f(x)

Solution :

We know that Id—x =logx
X

b
.[d_X:“OgXE =logb -loga = IogE
X a

a

Solved Example 40 :

n/2
Evaluate J' (1-cos 2x)1/2 dx
0

Solution :
n/2
Let | = j (1—<:os2x)1/2 dx
0
/2
= I \/1—(1—23in2 x)dx
0
n/2 n/2
= J- x/§sinxdx = \/EI sinXx
0 0
= \/§|—cosxg/2

= \/E(COSO—COSg]
—J2(1-0)=+2




Solved Example 41 : 1 3
= Z‘Iog(3 +4y)|2

n/3

Evaluate the integral f ﬂdx
5 3+4sinx 1 J3
=—<log3+4—-1log3

Solution : 4 2
Put sin x =y then cos x dx = dy 1 34243
when x = 0, then y = 0 and - Zlog( 3 j
when x = /3 then y = g

/3 J3/2
let | = J- cosxéx _ .[ dy

o 3+4sinx o 3+4y

Improper Integrals

b
e The integral If(x)dx is said to be an improper integral of the first kind, if one or both

the limits of integration are infinite.

b
e The integral _[f(x)dx is said to be improper integral of second kind, if f(x) becomes

unbounded at one or more points in the interval of integration [a, b].

Limit comparison Test for Convergence and Divergence of Improper Integrals :

If f(x) and g(x) are positive functions and if

f 0
lim % L, 0 <L < oo, then jf x)dx and jg(x)dx both converge or both diverge.
X—>00 g 3
Note : 1. I > converges because > <— and I—zdx converges.
11+ X 1+x* x 1 X

2Xx

T 1 1 1 1
2. J' > dXx converges because — < —- and _[—dx converges.
- e e X

3. Id—x diverges because 1 > 1 for x> 1 and Ildx diverges
4 NS 1 X
1

X \x x?

4, I(l+—)dx diverges because 1 < (1 +—j and jldx diverges.
X X
1 1

) o5 4



Solved Example 42 :

]
Solve J“/H—de
5 1-x

Solution :

The integrand becomes infinite at x = 1.

1+ X

The area under the curve y = f(x) = ]
- X
between the lines x = 0 and x = 1 is not
well defined since the curve extends to
infinity as x tends to 1 from the left.
Nevertheless, we can define the area from
x=0tox=twhere0O<t<1.
Then the integral If x)dx = lim If

t->1"

We also say that the improper integral

converges.

dx
2

i -
lim [sin%—ﬂ}t
[ 1

t->1" 0

lim|sin"t—y1-12 +1}

t>17

sin"1-0+1="2+1
2
Solved Example 43 :
1
Solve J'd—x :
5 X

Solution :

For some positive number

dx
X

t<1, [énx]

t

= /n1—/nt = znGj

:
lim d—X = lim (Zn%} = 400

t—0" A X t—>0"

The given integral diverges.

Solved Example 44 :

dx

Solve _
(X _ 1)2/3

O ey W

Solution :

The function f(x) = becomes

(X _ 1)2/3
infinite at x = 1 which lies between the
limits of integration.

For the integral to exist, we must have the

convergence of the following integrals.
3

A I 2/3
_ 1 1

o'—._‘

It can be easily verified the convergence of

these two integrals are +3 and 3(3/5 )

respectively.
Hence the given improper integral

converges.

Solved Example 45 :

Compare j— and j with limit

1+ %%

comparison test.

Solution :

f(x) = iz and g(x) =
X + X




2 14 xP

lim —%— = lim —

X—x© 1 X—x© X
1+ x2

1
= lim| —+1
im [ +1]

= 1 a positive finite limit.

0

“dx
Hence J._z converges, therefore 5
) X T 1+ X

converges.

Solved Example 46 :

dx

SolveJ‘ X3
1€ +95

Solution :

o0

3
J.e"+5

1

1
dx converges because I —dx
e
/

converges

Now lim ”
xor@" +9

= 3 a positive finite limit.

2.9 Double Integrals

Solved Example 47 :
T 1
1 e” —10e

Solution :

ﬁdx converges because
e —10e

—=—38

o0

[ %dx converges and

1 e

lim i(e2X —10ex)

X—>0 eZX

= lim (1 —gj =1, a positive finite limit

X—>0 e

Solved Example 48 :

—dx
Jx

Solution :

Solve T 1
/

.[idx diverges because Ildx diverges
1 \/; 1 X

and i>l forx > 1

Ix X

The double integral of a function f(x, y) over a region D is denoted by Hf(x,y)dxdy .
D

Let f(x, y) be a continuous function defined on a closed rectangle

R={(x,y)/a<x<band c<y<d}

For continuous functions f(x, y) we have
b

R a

c

[[1(xy)dxdy = zﬁf(x,y)dy}dx = J{J‘f(x,y)dx}dy




Note : 1. _” dxdy represent the area of the region S.
s

2. In an iterated integral the limits in the first integral are constants and
if the limits in the second integral are functions of x then we must
first integrate w.r.t. y and the integrand will become a function of x
alone. This is integrated w.r.t. x.

3. If R cannot be written in neither of the above two forms we divide R
into finite number of subregions such that each of the subregions
can be represented in one of the above forms and we get the double

integral over R by adding the integrals over these subregions.

Solved Example 49 :

1
O —_—
T 1

12
Evaluate | =J‘J' X + 2)dydx
00 1 3
. =I 2 1 Xy
Solution : : 3 3
;
”xy+2y f2x+4 _ x3+x x4
° 3 3 3]
2x2 1
{ } J _1,11 1
3 3 3 3
1
Solved Example 51 :
Solved Example 50 :

11 Evaluate ﬁdxdy
Evaluate ”(x2 +y?)dydx 27 X
0 x

) Solution :

So1ll1,ltlon : ﬁdxdy ) T_yj-%

”x+y dydx 2 2 Y 1 X

0 x

171 = Tﬂ[logXL
= I I(x2 +y2)dy}dx 2 Y

0L x

] o 1 IogZ Iog1 T—y
— J 2
= ! Xy + 3 l( dx .

- = log2[logy],




= log2[log3 -log2]

3
=log 2 log—
g 92

Solved Example 52 :

Evaluate the double integral _Ue"zdxdy
R

where the region R is given by
R:2y<x<2and0<y<1.

Solution :

Integrating with respect to y first, we get

2fxi2 2 e~
I j“ e dy}dx = j[yex } dx
0 0 0

0

2

14 2|1 e 1
E!xe dy—[ze } _Z(e4—1)

0

Solved Example 53 :

Evaluate the integral

T I*dxdy
0

It would be easier to integrate it first with

respect to y.

The region of integration 0 <y <2 and 0 <

2
X < y? can also be written as

0<x<2 and +2x <y<2

_2
Y dyl|dx
| Jx x? +y% +1

2

2 2 1:|
VXS Y+ @dx
\/x2+5—(x+1)de

1l
O —y v

1]
Oy N

]
Oy N

2

[y 2
= [M+glog(x+\/x2 +5)

2

—%(x+1)1

0
= 3+§(I095—Iog\/§)—1(9—1)
2 2

5
= —log5-1
4 g

Solved Example 54 :

The cylinder x*+2z*=1 is cut by the
planes y =0, z =0 and x = y. Find the
volume of the region in the first octant.
Solution :

In the first octant we have z = W . The
projection of the surface in the x — y plane

is bounded by x=0,x=1,y=0andy =x.

V = szdxdy:iﬁﬁdy}dx

= jﬂ [y]} dx




1
Ix\/1—x2dx
0

Solved Example 55 :

T acoso

Evaluate | =

O

0

Solution :

2 acos6
Isme{ } do
2

0

lj a2 cos? 0sinodo
22 0

2

—a J'c ed cose
:2 0

[d(cos 0) = sin 6 db]
_ _g2 . a2
= ?[cos e]o =3

Solved Example 56 :

_ 1
—1[(1—x2 )3/1 _ 1 cubic units.
3 o 3

I rsin0drdo

Evaluate | = j j xydydx where D is the
D

region bounded by the curve x = y?,

x=2-y,y=0andy=1.

Solution :

(1,1)

\W#ﬁz

(1,0)

(2,0)

In this region x varies from 0 to 2 when
0 <x <1 for fixed x, y varies from 0 to NS
When 1 < x <2, y varies from 0 to 2— x.

The region D can be subdivided into

2 regions Dy and D, as shown.

H xydydx = ” xydydx + ” xydydx
D D, D,

In the region D, for fixed x, y varies from
y=0toy= Jx and for fixed y, X varies
fromx=0tox=1.

Similarly for D, the limit of integration for

yisy=0toy=2-x
nydydx
D

2 2-Xx

1x
I I xydydx + I I xydydx
00

1]

N | —
O t—— )
x

N
(@]
X
+
N —
A —_
X
—
N
|
X
~
N
(@]
X

_ %%{2(4%?—4?}%[2%_%}

_1,4.11_9
"6 6 24 24
Solved Example 57 :

Change the order of integration in the

4y
integral | = [ [ f(xy)dxdy

1y/2

oy



Solution :

The region of integration D is bounded by

X =y/2
X=y
y=1
y=4
A
y=4 (2,4) (4, 4)
y = 2X V=X
(0.5,1) - 2, 2)
y=1
(1.1)
>
(0,0)

Here, x varies from 0.5 to 4
when % <x <2,y varies from 1 to 2x

when 1 <x <2, y varies from x to 2x
when 2 < x < 4, y varies from x to 4
For changing the order of integration we

must divide D into sub regions D4, D,, Ds.

| = ”f(x,y)dxdy
= ”f(x,y)dxdy+”f(X,y)dXdy

+”f(x,y)dxdy

1 2x 2 2x

= II X,y dydx+J'If X,y )dydx

172 1 1

Solved Example 58 :
xdxdy

X% +y?

aa
Evaluate ”
Oy

by changing the order of integration.

Solution :
A
y=a
(a, @)
y=X
X=a
(0, 0) (a, 0) >

Region R of integration

is bounded by

X=y
X=a
y=0
y=a

We have to change the order of integration
as dy dx.
Here in the region R, x varies from O to a

and for fixed x, y varies from 0 to x.
j“j xdxdy j‘-j X
0yX2+y2 00x2+y2
= I x{ltan‘1 (XH dx
0 X X 0
- (Xj X dx
X 0

tan"'1—tan™' O] dx

dydx

]

O ey
I — 1
QO
=}

1]
O ey

=gjdx:£




Solved Example 59 :
4 2

Evaluate II(X2 +y*)dxdy by changing
Ty

the order of integration.

Solution :
A
(2, 4)

y=X2 X=2

(1,1)

(0,0)
The region of integration is bounded by
y=1
y=4
X2 =y
Xx=2
We change the order of integration as dy
dx. In the region x varies from 1 to 2 and

for fixed x, y varies from 1 to x°.

4 2
j..[(x2 +y*)dxdy
1

_|%2,128 8 2 11 1 1 1
|5 21 3 3| |5 21 3 3
1006
105

Solved Example 60 :

34~y
Evaluate_[ J' (x+y)dxdy by changing

0 1
the order of integration.
Solution :

The region is bounded by

y=0
y=3
x=1
f=4—y

A

(1’3) y=3
X =1 y=4-x°
= >

(0,0) (1,0) (2,0)

We have to change the order of integration
as dydx.

In this region x varies from 1 to 2

and vy varies from 0 to 4 — xX°

34y
IJ. X +y)dxdy
0 1

4ox2

f x+y dydx
0

L S N




1

L —_—
<
j

dx R, and R,

_ _U xydydx = ” xydydx + H xydydx
R R R2

- 2}“2 We divide the region into two subregions

2
= I x(4—x2)+ dx

1 2 We have to change the order of integration

2: as dxdy in R; and R,.

4

= I X?_x3 —4x° +4x+8}dx In region Ry, y varies from a to 2a for a

" fixed y, x varies from0to2a -y

5 4 3 2 . .
_ [:_O_XZ_%JFQX +8x} In the region Ry, y varies from 0 to a and
1 for a fixed y, x varies from 0 to \/5 .
—_ E a 2a-x
"~ 60 _[ j xydydx
0 x%/a
Solved Example 61 : = I xydydx + ” xydydx
Ry R,
a 2a-x
Evaluate I I xydydx by changing the 2a2a y aday
0x*/a = I I xydxdy+f J. xydxdy
order of integration a0
Solution : 22l 2y 2a-y 2l x2y Jay
= I — dy+j —| dy
A 2 ol 2 |,

(0, 2a)

2a a 2
_ Yy 2 ay
= ;!;E(Za—y) dy+£7dy

(O’ a) %“Ff_]-\."l-::"-\.

2a yS aa
= (| 2a%y +2--2ay? |dy + — | v?d
I[ v+ yj y 2£y y

2a 3 2a
(0,0) (a, 0) (2a, 0) a
_5al a9
The region R is bounded by 24 6 24
x=0
X =a Solved Example 62 :
y=2a-x 1V _ _
Evaluate f j ydydx by interchanging the
X2 0 0
y=—
a order of integration.

) 103 4



Solution :

The region is bounded by

y = 0 (x — axis)
y=v1-x* or x®+y? =1
x =0 (y — axis)
x=1
Here y varies from 0 to 1 and for fixed y

x varies from 0 to /1-y?

14152
ijzdde=
0 0

1—y2

_[ y2dxdy
0

O t—

2.10 Triple Integrals

= [y oy

1
[y*J1-y*dy
0

n/2

J' sin® 0cos 6do
0

Putting y = sin 6
wheny=0 6=0

y=1 0=n/2
again putt=sin 6
dt=cos 6 do
When 6=0 t=0
0 =m/2 t=1

A triple integral of a function defined over a region R is denoted by

j.F[Jf(x,y,z)dxdydz or m'f(x,y,z)dv or Iﬂf(x,y,z)d(x,y,z)

Evaluation of Triple Integrals :
If the region R can be described by

X SX <X, ¥, (X) Sy <y, (x), z,(xy)<z2<2,(xY)

then we evaluate triple integral as

X Y2(X) Z2(%.Y) X | Y2(x)
I I j f(x,y,z)dzdydx =j
X1 y1(x) z1(xy) x1| y1(x)

j f(x, y,z)dz} dy}dx

) 10 4



Note : There are six possible ways in which a triple integral can be evaluated

(order of variables of integration). We choose the one which is simple to

use.
Solved Example 63 : _ 1 TIXydedX 1 T i de
T 2 200 2() 4
Evaluate I j J. xy°zdzdydx 0
o 12 . 1[x*] a°
Solution : = glx dx = g{gl ~ 28
232 23
2 _ Xy z
! ! _1[ Xy*zdzdydx = ! .!. { 5 } dydx Solved Example 65 :
]
nn/21
...(Integrating w.r.t. z keeping x, y constants)  Eyaluate : J’ J' I r? sin0drdodd
23 Xy2 000
- 2 XY
a ! .1[ {ZXV 2 }dydx Solution :
31 | ”2 erd
— 2 = sin®| — | dod¢
= ZQ{X dde o1 3 .
) . 3 11r n/2 n /2
_ gj XY 1 gy = —f jsmededd) = EI[—COSG]O o)
250 3 |, 0
. . . n 1 - 0D
...(integrating w.r.t. y keeping x constant) — _J‘d¢ - _[¢] -
2 35 3% 3
= —|(27x —x)dx
2(7x-x)
» Solved Example 66 :
= 13IXdX loga x Xx+y
0 Evaluate | = jjjex*y*zdzdydr
0 0O
x2 |
= 13[?} =26 Solution :
0
loga x
x+y+z
Solved Example 64 : '= I I [ ] dydx

loga x

.[ J‘(eZ(x+y) _ex+y)dydx
0 0

Evaluate | = j‘ﬁxyzdzdydx
000

Solution :

loga X
- [ 1 e o
= ”{ y } dydx 0

00 2 0




loga
.f (le“ —Eez" +e"]dx
5 2 2

loga
— |:le4x _§62x +exj|
8 4 0

1l
|
©
|
|
©
+
©
|
|

Solved Example 67 :
Find the volume of the solid in the first

octant bounded by the paraboloid.
z =36 —4x* —9y?
Solution :

We have |I= Iﬂdzdydx
R

The projection of the paraboloid (in the first
octant) in the x — y plane is the region in

the first quadrant of the ellipse
4x® +9y® =36
The region R is

0<z<36-4x>-9y?

O<y S%\/36—4x2
0<x<3

2,4/9——
3

[ (36—4x*—9y*)dy |dx

Il
O =y W

Il
O ey W

Il
O =y
w | oo
—_
©
|
N
~—
w
~
|
©| 0
—_—
|
x
[\o}
N —
@
N
I
o
x

Substituting x = 3 sin 6 we get

1671/2 s
I =5 ! (27003 e)(scose)de

n/2

= 144 j cos” 0d0
0

= 144(315] = 277 cubic units

2.11 Change of Variables in Double and Triple Integrals

and Jacobians

Consider the transformation given by the equation

X =Xx(u, v, w) ;

y=y(u,v,w);
z=2z(u, Vv, w)

Where the functions x, y, z have continuous first order partial derivatives.




The Jacobian J of the transformation is defined by

oX OX OX

u ovoow

Jo |y Y Oy

ou ov ow

0z 0z oz

o ovoow
. o(x,Y,2)
The Jacobian is also denoted by J = ———=
o(uv,w)

For a transformation in two variables x = x(u, v) and y = y(u, v) the Jacobian is given by a

o(x.y)

o(uv)

determinant of order two. Hence J =

Solved Example 68 :
The transformation from cartesian

coordinates (x, y) to polar co—ordinates (r, 0)

is given by
X =rcos 0 y=rsin0
Solution :
x ox
Jo or 00| |cos® -rsin@|
oy oy| |sin® rcos@|
or 00
and

Hf(x, y)dxdy = ”f (rcos6,rsin6)rdrdd
R R’

Solved Example 69 :

The transformation from Cartesian
co—ordinates (x, y, z) to spherical polar
co—ordinates

(r, 6, ¢) is given by

X=rsin 0 cos ¢

y =rsin 0 sin ¢

Z=rcos o0

Solution :
Here 0<0<m and 0<¢<2n
_3(xy.2)
~0(r,6,0)

sinbcos¢d rcosOcosp -rsindsing
=| sinfsing rcosOsing rsinBcosd

cos6 —rsin® 0

=r*sin 0

and _mf(x y,z)dxdydz
R
= I”f(rsinecos¢,rsinesin¢,rsine)
2

r? sing dr do d¢

Solved Example 70 :

The transformation from Cartesian
coordinates (X, y, z) to cylindrical
co—ordinates

(r,0,2)is:

X=rcos6,y=sinf,z=z




Solution :
cosO -rsin® O
a(x,y,2) _
J=———2=|sin®@ rcos Of=r
o(r,6,2)

0 0 1

and _[_Uf(x y,z)dxdydz

= ij(rcos 6,rsin6,z)rdr do dz
e

Solved Example 71 :
lfu=x*-y® and v =2xy
Prove that

x o
o(xy) _[ou av| _|2x -2y
o(uv) |oy oy 2y 2x

ou ov

= 4(x2 +y2)

Solution :

We have (x2 + y2) = (X2 —y2)+(2XY)2

d(x,y)

a(uv) 1

O(XY) 4?4+ v2
Solved Example 72 :

Evaluate the integral

U(X - Y)2 cos® (x + y)dxdy , Where R is the
R

parallelogram with successive vertices at

(w, 0), (2w, n), (n, 27) and (0, =)

Solution :

The equations are

AB=x-y=n
BC=x+y=3n
CD=x-y=-n
DA=x+y=n
D(0, m) C(r, 2n)
X—-y=-1
X+y=m X+y=3n
X—-y=mn
A(x,0) B(2n,n)

Substitute y—-x=u and y+x=v
Then —t<u<m and n<v<3n

vV—-u V+u
X=——andy=
2 2

x o
_3(xy) lou v
o(uv) |dy oy

ou ov

3n =n

% j I u? cos? vdudv

TCS 3n
= I cos? vdv
3 T

3 3n 4

%J'(Hcost)dv :%

) 102 4



Solved Example 73 :
Evaluate | = _U«/x2 +y?dxdy by changing
R

to polar co-ordinates, where R is the
region in the x — y plane bounded by the
circles X* + y* =4 and x* + y* = 9.
Solution :
Using x=rcos 6

y=rsin0
We getdxdy =rdrd6 and

3 3
{r—} do
3 2

2n

= [
0
g2n

?lde

r rdrde

N —) o
O'—.

—

Solved Example 74 :

Evaluate the improper integral
| = I e dx
0

Solution :
P=1-1

- LTeXZdXJLTeV2dyJ - TTe Jax xdy
0 0 00
Put x =rcos 6
y=rsin0
Henced =r
The region of integration is the entire first

quadrant. Hence r varies from 0 to o and 0

varies from 0 to ©/2.

o /2

= I j e rdedr
00

K 7I’2 T 1 —r
=—£e rdr=g'c|)‘—§e d( )
n{ 1 _rzr n(1j s
= —|——8 = | — | = —

2| 2 o 2\2 4
|- Y
2

Solved Example 75 :
Evaluate the integral .[ ” zdxdydz , where T is
T

the hemisphere of radius a, X* + y* + Z° = a°,
z>0.
Solution :
Changing to spherical co—ordinates
substitute
X =rsingcos0, y =rsingsind, z=rcos¢
0<0<2nr and 0<¢<n/2
We get,
dx dy dz = r* sing dr d® d¢

2nn/2a

| = I “‘ rcos<|>r singdrddpdo

4 2n /4

= —I J. singcos ¢dpdo

4 2n /2

== j j sin2¢pd$do

4 21 n/2
=a_j _cos2¢ do
8 2




Solved Example 76 :

Using triple integral find the volume of the
sphere X* + y* + 2 = a°

Solution :

V = 8m'dxdydz where D is the region
D

bounded by the sphere x° + y* + z° = a° in
the first quadrant.

Substitute x = r sin 6 cos ¢, y = r sin 0 sin
$d,Z=rcos 9

Jacobian | J | = r*sin 6

0<6<m/2
0<p<n/2

and the limits r = 0 to a;

an/2n/2
= 8[ [ [|J|deddr
00 O

||
o'—.m
o'—.\

n/2
j r? sin0dodedr
0

a
~
N

n/2

= STJ r?[-cos 6]~ dodr
00
a /2

= _H 2d¢ dr = 8.|'r ”/zdr
00

a

(3
4nIr dr = 4n{ }
3

47a®
3

0

Solved Example 77 :
Find by triple integral the volume of the

tetrahedron bounded by the planes x = 0,

y=0,z=0and £+X+E=1
a b c

Solution :

The projection of the given region on the
— y plane is the triangle bounded by the

lines

X =0;

y =0 and XY _q
a b

0<x<a
In this region x varies from O to a.

For fixed x, y varies from 0 to (1 —5) b.
a

ie. Osys(1—ijb
a

For fixed z varies from 0 to

X, ),

=TI I dzdydx
0 O 0
(5k

=c£ ! [—g—% dydx

ay



Solved Example 78 :
Evaluate | = j j j xyzdxdydz where D is the
R

positive octant of the ellipsoid
2 2 2
y [ Z _
P + oF + P 1
Solution :

Substitute x = au,

y =bv
Z =CW
a 0o
sz()(’ﬂ: 0 b 0|=abc
(Wvw) 1o o o

Let R be the positive octant of the sphere
W+ v +w =1

| = jﬁfj(abc)(uvw)(abc)dudvdw

2.12 Application of Integration

Solved Example 79 :

Calculate the area bounded by the
parabola y® = 4ax and its latus rectum.
Solution :

0 (a’ 0) X

= a’b?c? j j f uvwdudvdw
2

Now substitute
u=rsin 0 cos ¢

v =rsin 0 sin ¢

W=rcos 0
Then J=r’sin0
1n/2n/2

| = azbzczj j j r® sin® @cos 6 cos ¢psin dh do dr
00 O

n/2 n/2

1
= agbzczjr5drj' sin® ecosedej' singcos ¢d¢
0 0 0

1 1 1 /2 1 /2
a’b®c? {—re} {—sin4 6} {—sin2 ¢}
6 0 4 0 2 0

a’b?c?
48

The latus rectum of the parabola y* = 4ax
is a line parallel to y — axis. The shaded
portion is the desired area. As the
parabola is symmetric about the x—axis,
therefore area

OLL’' =2 x Area OSL.

= 2Tydx = ZT@dx = 4\/5]i.x”2dx
0 0 0

PRE!
X3/

3/2

‘4@

~ _ %\/g‘asm —0‘
8a®
3




Solved Example 80 :

Find the area of the region bounded by the
graph of y = sin x and y = cos x between
x =0 and x = /4.

Solution :

B

/IS
AN

Y graph of y = cos x

n/4

. Required area = J'
0

(cosx —sinx)dx

= ‘(sinx+cosx)‘ /4

= £+£—(0+1)
2 2

= («/5—1) SQ. units.

Solved Example 81 :

Find the area above the x—axis bounded

by y*=4xandthe linex +y =3

= i+2 = 10 SQ. units.
3 3

Solved Example 82 :
Find the area of the region bounded by the

two parabolas y = x°* and x = y*.

Solution :
Ay
~ .2
A
(3,0)
0 C B

Required area = area OCA + area ACB

Solution :
Let us first find the points of intersection

solving y = x* and x = y°

y=y"
y(y’-1)=0
y=0 = x=0
y=1 = x=1

For the curve x = y?

1 1
Now the area OBPM = Iydx = j\/;dx
0 0

{Xs/z ]
3/2 o

= gsq units
5 59

1124



For the curve y = X°

1
Area OAPM = j ydx
0

| —1sq units
5 59 :

I
O t—_—
>
N
a
=
I
1
w|*,

The required area = 21 = 1 SQ. units.
3 3 8

Solved Example 83 :
Find the area bounded by the cardioid
r=a(1 + cos 0)

Solution :

A cardioid is symmetrical about the initial

line.

Hence the required area = 2j'%r2de since
0

0 varies from O to & for the upper part.

a’(1+cos 6)2 do

]
O 3

n/2

432 j cos* gde — 432 j cos* t2dt
0 0

, 0
utting — =1t
(putting 5 )

2 31n
8a? _[ cos*tdt =8a°=——
) 422

3na’®
2

Solved Example 84 :
Find

archimedan spiral r = a®.

the area of one turn of the

Solution :

i

2n 2n
The areais A= j 2d = 1 a? j 02do
2] 2% )

a(2x) 4,
2 3 3

Solved Example 85 :
Find the area bounded by the curves :

y=2x+3 and y=32x+3

Solution :
y
C
(0’ 3) y=3
Aﬁ;‘“ B
X H:._“‘-E__‘-..
A
y=32x+3
y!

Two curves will intersect when

2x5+3=32x+3:>2x[x4—16]:0

In the interval (-2, 0) ; 2x° +3 > 32x + 3

1134



0 2

and in the interval (0, 2) ; 32x + 3> 2x°+ 3

+

6
[X——16x2J
3

6
(16x2 X ]
3
128 128 256
—+ =

A =T(2x5+3—32x—3)dx =3 3 3 Sg. units.
-2

Thus the required area is given by -2 x=0

+_T(32x +3-2x° - 3)dx

0

2.13 Partial and Total Derivatives

Functions of two variables

If three variables x, y, z are so related that the value of z depends upon the values of x

and y, then z is called the function of two variables x and y and this is denoted by z = f(x, y)

Partial derivatives of first order

Let z = f(x, y) be a function of two independent variables x and y. If y is kept constant and
x alone is allowed to vary then z becomes a function of x only. The derivative of z with

respect to x, treating y as constant, is called partial derivative of z with respect to x and is

denoted by
0z of
— or —orfy
OX X

OX h—0
Similarly the derivative of z with respect to y, treating x as constant, is called partial
derivative of z with respect to y and is denoted by
0z

of
— or —orf,
o oy

Thus §: lim f(X’y+k)_f(X:y)
oy k-0 k
0z z

x and % are called first order partial derivatives of z
X




Note : (i)Ifz=u + v whereu=1(x,y),v=¢(X,Yy), then zis a function of x and y.

_ou v ez _ou v
oX ox ox S 9y oy oy

(ii) If z=uv, where u =f(x,y), v = ¢(x, y)

then §=i(uv)= ua_v+v6_u
ox 15).4 oX
oz 0 ov ou
— =—(uv) =u—+v—
oy oy 0 oy

(i) If z =% , Where u = f(x, y), v =¢(x, y)

v
then a_z — i E — M
dx ox\v v2
ou ual
oz _ i(gj oy oy
oy oy\v v2
(iv) If z=f(u) where u=¢(x,y)
0z dz du 0z dz ou
then — = —.— ; = = = ,==
0X du ox oy du oy

Partial derivatives of higher order

0 (oz 0%z
—| — | = — or fi
ox \ ox x>
0 ( oz 0%z
—|—|= 5 or fy
oy\oy) oy
o ( oz 0%z
—| = = or fy
ox\ oy oxoy
0 (oz 0%z
—| = = or fyx
oy \ ox 0yoX
0%z 0%z
In general = or fyy =fyx
oxoy  0yox




Solved Example 86 :

First order partial derivative of u = y* is
Solution :

u=y

Treating y as constant

ou

pvint/ logy

treating x as constant

@ =X yx71
oy

Solved Example 87 :

Find first order partial derivative of

1 Xz-i-y2
X+y

u=tan

Solution :
au _ 1 6(x2+y2]
ox 2 2)2 ox

1+(x +yJ

(x+Yy)?
(x+y)? +(x* +y?)

(x+y>§<x2 £y2)— (¢ +y2) O (x+y)
X OX

X

(x+y)*
_ (x+y)2x—(x* +y*).1
(X+y)° + (< +y*)

ou_ x*+2xy-y®
OX  (X+Y)? + (X* +y?)°

2 2
Similarly M = Y F2Xy-x"
o  (x+y) + (X +y7)

Solved Example 88 :
If u =log (tan x + tan y) show that
sin 2x a + sin 2y8—u =2
oX oy
Solution :
u = log(tan x + tan y) [ u is symmetrical
with respect to x and y]

ou 1 0
— = ——— . —(tanx +tany)
ox tanx+tany ox

sec” x
tanx +tany

Similarly a
oy

_ sec’y
tanx +tany

= sin 2x a + sin 2y@

OX oy

3 1 , 2 . 2
= ———— [sin 2x sec™x + sin 2y sec”y]

tanx +tany
_ 1

tanx +tany

{Zsinxcosx. >— +2sinycosy—; }

COs“ X cos“y
_» (tanx +tany) _o
tanx + tany
Solved Example 89 :
%y o’y

If u=x" show that

ox2oy | oxdyox

Solution :
u=x
N _y log x
oy




2 2
ox _ 9 (@) = yx'~ Iogx+xyl oy Q(@y] =x""+yx" logx
X

oxdy  ox\ oy oyox oyl ox
=Xy—1 (ylogx+1) =Xy_1 (legX+1)
%y o [ 8°x 0\ yr o°u o ( &u O oyt
=— = — I 1 =— =—|X logx +1
ox>oy 8x[axayj 6x[ (ylogx+ ] OXOYyOX  OX | 0yox ax[ (ylog )]
(1) +(2)
3 3
u_ y x! from (1) and (2) a2u __ou
OX“0y  OX0yoX

ox

Euler’s theorem on Homogenous functions

If uis a homogenous function of degree n in x and y then

ou ou
X— +y—
oX oy

= nu

Since u is a homogenous function of degree n in x and y it can be expressed as

u=x"f
3 -oe (o2}
OX X X ) \ X
x@ =nx”f(xj—x”‘1yf'(x) ..(1)
OX X X
Also Y =x”f'(xj.1 = x"f ’(X]
oy X) X X
ou .
Ly—=x yf [Xj ..(2)
oy X

Adding (1) and (2) we get

x@ +ya—u = nx”f(xj =nu
OX oy X

Note : Euler’'s theorem can be extended to a homogenous function of any
number of variables. Thus if u is a homogenous function of degree n in x,
y and z then

ou ou ou
X—+y —+Z— =nu
oX oy 0z




Solved Example 90 : Solved Example 91 :

1 1 logx —lo 2y?
IF1(x, y) = —5 + — + —9x %Y it u= Y show that
X Xy X" +y X+y
of of o°u % ou
show that x —+y—+2f(x,y) =0 X— + - 2=
ox "oy ox? yaxay OX
Solution : Solution :
1 1 logx/y 2,2
f(x, = —+ — + _ Xy . .
(x, ) ey u= oy is a homogenous function of
1 1 IOgIX degree 3inx,y
f(tx, ty) = + y .. By Euler’s theorem we have
( y) t2 2 t2Xy t2X2 +t2y2 y
ou ou
X X—+y— =3u
1 ] log= ox oy
=3 y : - : :
2| —+ — +
2 xy X1y Differentiating (1) partially with respect to x
o°u , ou &%y ou
=t? X—+1.—+y—2— = 3—
i) e ax Y axay ox

f (x, y) is a homogenous function of degree
2 d or x@+y o —2@
—einxandy o2 oxoy | ox

By Euler’s theorem, we have

of o
X—+y— =-2f(x,
™ yay (x,y)

Composite functions

(i) Nfu=f(x,y)wherex=¢(t),y=wy(t)

then u is called a composite function of (the single variable) t and we can find%.

(i) If z="1(x, y) where x = ¢(u, v), y = y(u, v)
then z is called a composite function of (2 variables) u & v so that we can find
e
ou ov

Total derivative of composite functions

If uis a composite function of t, defined by the relations
u="f(x,y);x=¢(), y=wy(t)then
du _ou dx ou dy

dt  ox dt oy dt

) 112 4



Note : 1.

function of t and

dt ox dt oy dt

0z _ 0z ox oz dy
du 0x du 8y du
0z 0z 0x 0z oy

v ox ov 6y "oV
3. lfu=f(x,y)wherey = ¢(x)

du _du dx ou dy
dx  ox dx ay dx

du _ou ou dy
dx ox oy dx
X

partial derivative 6_u
0X

du ou dx ou dy oJu dz

oz dt

If u="f(x,y, z) and x, y, z are functions of t then u is a composite

2. Ifz=1f(x,y)and x, y are functions of u and v, then

then since x = y(x), u is a composite function of x

% is called the total differential co—efficient of u, to distinguish it from its

Solved Example 92 :

Find % when u = x when u = xy® + x°y,

x = at®, y = 2at.

Solution :

The given equations define u as a
composite function of t.

du ou dx ou dy
dt ox dt 6y dt

= (y* + 2xy). 2at + (2xy + X°) . 2a
= (4a°F + 2at’. 2at) 2at

+ (2at’ 2at + a° t*).2a
=82’ + 8a°t" + 8a%°+ 2a° t*

= 2a°*(5t + 8)
Also u=xy* + X%y = at’
=42%" +2a°t°

. 42%% + a® t*. 2at

% =16a°t* + 102’ t* = 2a° t* (5t + 8)
Solved Example 93 :

If u=sin"'(x - y), x = 3t, y = 4t> show that
du 3

dt g

Solution :
du_du dx ou dy
dt  ox dt ay dt




-1 3

—_— (-1).121t2

V1-(x=y)
_ 3(1-4t) _ 3(1-41)
VI-(-y? 1= (@t-42)

B 3(1-4t?)
J1- 9t + 24t* —16t°

_ 3(1-41%)
JA-12)(1-8t +16t)

_ . 3(1-4) 3
Ja-)(1-4p  J1-

Solved Example 94 :

If z is a function of x and y

\"
’

wherex=e"+e 'andy=e"-e
show that

0z 0z 0z 0z

ou ov  ox oy

Solution :

Here zis a composite function of u and v

0z 0z OX Qa_y

— = +—.
ou OXx ou oy ou
oz , 0z, _,

= —e'+—(-e™")
oX oy

and %:%G_X +%Q

oV X v oy ov

oz, _,, 0z,
= (") +—(-e")
OX oy
subtracting
%z_z _ (e" +e‘V)a—Z—(e‘u —e‘V)Q
ou ov oX oy

0z 0z

oX oy

Solved Example 95 :
If ¢ (x,y,z) = 0show that

FE)E)

Solution :
The given relation defines y as a function
of x and z. Treating x as constant.
—0b
| _ oz
0z), %
oy
The given relation defines z as a function

of x and y. Treating y as constant.

—0d
(2) _ X
ox ), o
0z
—09
_ OX oy
Similarly | —| = ——
miary (&) -
OX

Multiplying we get the desired result.

Solved Example 96 :

Ifu= f(y-2z z-Xx, x-y) prove that
ou ou ou

—+—+—=0
oXx oy oz
Solution :
Hereu=1(X,Y, 2)

where X=y-z, Y=z-X, Z=Xx-y

.. uis a composite function of X, Y and Z
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ou_ ou oX ou oY ou oZ ou_ ou oX ou oY ou oZ

—_— - —— . — —_— = —— —
OX OX ox 0Y ox 0Z ox 0z 0OX 0z OY 0z 0Z oz
ou ou ou ou ou ou
= —0)+—-)+=01 = —(-N)+—1)+—=(

ax() 6Y( ) az() ax( ) aY() az()
u_ou X ou oY ou oz Adding
oy oX oy oY oy 0Z oy ou ou  au
@_+@_+3_ =O
ou ou ou X oy oz
= )+ 0+
oX oY oz

2.14 Taylor's Series and Maclaurin's Series

Taylor's series is a representation of a function as an infinite sum of terms that are

calculated from the values of the functions derivatives at a single point.

iy (X—2)° = 1V (a) (x-a)"
+f (a).T+ ..... = z; o

f(x) = f(a) + -2 (X=2) g"‘ —a)

Note : Putting x = a + h, Taylor’s series becomes

f(a+h)= f(a)+hf’(a)+g—if’(a)+...+:—:f“(a)+

If the Taylor's series is centered at zero, that series is also called Maclaurin’s series.

If a = 0in Taylor series of f(a + h), then the series becomes
’ h n
f(h) =f(0)+hf'(0)+ 2—f (0)+...+ —!fn (0)+...

This is called as Maclaurin’s series about a = 0.

Taylor's series expansion of some functions

« x x2 x®
e e =1+—+—+—+
11 2! 3l
1 1
e e=1+—+—+—+...=2.7182
1 20 3l

_n
o sinx=x——4X X o Zix%”
31 5l 71 A2+ 1)!




2 4 6 © (_q\n
o cosx=1—X—+X——X—+....Zﬂx2n
ol 4l Bl & (2n)!

3

X 5
e tanX=X+—+—X" +....
3 15

Tavylor's series in two variables

Taylor's series of a function in two variables, f(x, y) about (a, b) is

f(X, y) = f(a! b) + (X - a) fx (a! b) + (y - b) fv (a5 b)
+ l[(x —a)*f,(a,b) + 2(x - a) (y - b) £, (a,b) + (y ~b)° f,y (a,b) | + ...

2!
Solved Example 97 : Solved Example 98 :
Expand cos z in a Taylor's series about Obtain the Taylor’s series for sin x.
z=n/4 Solution :
Solution : f(x) = sinx
f(z)=cosz f'(x) = cos x

f(x) = —sinz

f'(z) = —sinz %) = - cos 2

f"(z) =—cosz . _
By Maclaurin’s series

f'(z) = sinz
[ X2 n
f(ﬁ 1 () = (0) + xF'(0) + =-£(0)
4 2 ]
X n
,(nj 1 +...+—1"(0) +...
[ — !
4 2
3 5 _1k 2k+1
pfm)__ 1 sinx=x—X—l+X—'+...+()—X|+
) > 3! 5! (2k +1)!
f”’[zj—i Solved Example 99 :
1)~ T olved Example 99 :

. , Obtain the Taylor’s series for cos hx.
By using Taylor’s series

Solution :
f(z):f(zj+(z—ﬁjf’(ﬂj 2 U3
4 4 4 e® =1+x+x—+x—+
21 3l
-n/4
+(Z TC' ) f”(ﬁj'i' . _ 2 X3
2 4 e’ = —x+§—a




Solved Example 100 : 2 h®

h
f(x)=f(2)+hf'(2)+—f"(2)+—f""(2
Find the Taylor's series expansion for the (x)=1(2) 2) 2! 2) 3! 2)

function f(x)=1-2x+2x*+3x*about the _294h. 42+§(40)+%(18)
point x = 2.

Solution : f(x) =29 + 42h+ 20h* + 3h°

f(x) =1-2x+2x® + 3x° f(2)=29  whereh=x-2

f'(x) = -2+ 4x + 9x* f'(2) =42

f"(x) = 4 +18x f"(2) =40

f(x)=18

2.15 Fourier Series

Periodic function :
A function f(x) is said to be periodic if f(x + T) = f(x) for all values of x where T is the same
positive number.
For Example:
1. sin x = sin (X + 2n)
= sin (X + 4x) and so on.
sin x is periodic in x with period 2.

2. The period of tan x is .

Fourier series (General form)

Let f(x) be defined in (—L, L) then Fourier series is given by

f(x)=a, + Z(an cos an +b,, si nn%xj

n=1




Similarly if f(x) is defined in (0, 2L) then Fourier series is given by
f(x) =a, +Z(a cos—+b s'nn%xj

2L

]
8= j f(x)dx

1 nmXx
a, =— | f(x)cos——dx
L-[ x) L

1 nmx
b =—|f(x)sin——dx
LI %) L

Odd and Even Functions :
Let f(x) be defined in (-C, C)
1. If f(—x) = f(x), for all x in (-C, C) then f(x) is even function.

2. Iff(—x) = —f(x), for all x in (-C, C) then f(x) is an odd function.

Note : Unless ‘0’ is midpoint of the given interval, we cannot talk of the function
being even or odd.

For Example: f(x) = x* in (0, 3) is neither even nor odd, since if x < (0, 3)

then —x ¢ (0, 3) and hence f(-x) is not defined.

But if, f(x) = x* in (-3, 3) then f(x) is even function.

Graphical representation of even and odd function :

i) If f(x) is even, then its graph is symmetrical about f(x) axis

For Example: If f(x) =—-x, -m<x<0

=X O<x<m

then,
en Af(X)




ii) If f(x) is odd then its graph is symmetrical about origin. A f(x)

For Example: if f(x)=—-a ,if-t<x<0 (0, a)

=a ,if0<x<m

—T 1S

(0! _a)

Fourier expansion of an even function

Let f(x) be defined in (—x, ©t) and let f(x) be even function. Fourier series is given by

f(x)=a, + i(an cosnx + by, sinnx)

n=1

where, a, = 1 J' f(x)dx = lJ'f(x)dx f(x) is even
2m 7 Ty
a, = 1 J' f(x)cosnxdx = EIf(x)cos nxadx [ f(x) and cos nx are even functions]
n - T 0
b, = 1 I f(x)sinnxdx =0 [f(x) sin nx is odd]
n -7
f(x)=a, + Zan cosnx [Half range cosine series in (0, )]

n=1

Fourier expansion of an odd function

Let f(x) be an odd function in (-, n)

f(x) =a, + Y _a, cosnx +b, sinnx

n=1

a, = Ll '[ f(x)dx =0 f(x) is odd function
2m 7

a, = 1 j f(x)cosnx dx =0 f(x) cos nx is odd
TE —T

b, = [ f(x)sinnxdx = 2 [f(x)sinnxdx
n -7 n 0

f(x) = an sinnx dx {Half range sine series in (0, )}

n=1




Solved Example 101 :
Find the Fourier series representing
f(x) = X, 0 < X < 21 and draw its graph from

X =-41 to X = 4.

Solution :
a, < .
f(x)=x= >t Y (a, cosnx+b, sinnx)
n=1
where
2n 2n 2
1 4r
aO:—If(x)dx=—Ide:— =2n
Ty Ty 2
1 271?
an= — f X cosnxdx
To
. 27 on
1] | xsinnx 1.
= — - j—smnxdx
T n o on
2n
1 . cosnx
= —| Xsinnx + =0
nnl: n }o
2n
b, = —_[xsinnxdx
To
. 2n
1| —xcosnx sinnx
= — =+ >
n{ n n l
1 2n -2
= —X = —
T N n
1 [} [}
[} [} [}
} } }
[} [} [}
} } }
—Ar 27 0 27 47

] sin2x sin3x
Hence x=n—-2| sinx + + +...

3

Solved Example 102 :
Find Fourier Series for f(x) = x* in (~/,¢)

and show that

L O I
©? 22 32 77 12
Solution :

We have f(x) = x? is an even function in
(=67)

f(x)=a,+ > a, cosn%x

n=1

l 2
i) a0=%Ix2dx:%
0

, 2 nnx
i) a, =—'[x2 cos— dx
Iz ‘

Integrating by parts

Il
~| N
1

X

N
VR
S
:1|“

@,

S

>
~ | a

E
N—

(
-2X icos% +2 __gssin%
n®r? / n®r® /

0




2 42 & (1)
f(x)=§+ 2 ( 2

T 1= N

nmX
cos( J j...(1)

putting x = 0 in equation (1) we get

2 2 » (1)
oL, 405 ()

3 TC2 n=1 n2

Solved Example 103 :
Find a Fourier series to represent

f(x) = —xfor0 < x < 2.

Solution :
127: 2n
=~ [f(x)dx == [ (r—x)d
a, n(]; (x)dx n!(n x)dx
B 2n
2n X2
27 }
= —|2n’ -2n’ | =0
L

a, = % ! f(x)cosnxdx

2n

= — J. (m—x)cosnxdx
To

. . 2
1{ sinnx  xsinnx cosnx]‘
LY B B

T n n n®

Integrating by parts.

=1XO:0
IS

2
b, = ;E[(n—x)sinnxdx

27

1 {—ncosnx | Xcosnx sinnx}

m n n n® |

n

1 (2n0032nnj 2
T n

Solved Example 104 :

Find a Fourier expansion for
f(x)=x® for -m<x<n
Solution :

x? is an even function

b1 T 2
aoz—szdx: Ixzdx:in?’:n_
T Ty 37 3

17 ., 2% 5,
a, :—_[x cosnxdx :—jx cosnxdx
thn TCO

The indefinite integral

T n

.2 . .
2| X smnx_J-smnszdX}
n

n n n 2

2| x®sinnx 2x cosnx cosnx
_c Ml — j . 2dx
n

n n2 n®

x? sinnx . 2X CcoS NX 2sinnx}

almn

2 3

n n n

. . b1
2| x2sinnx 2xcosnx 2sinnx
a =— + -

T

0

4 4
= ——[rcosnn]=—-cosnn

nn n
4 4 4
a1 1—2, 3.222—2, 3.3:3—2 etC
Hence
2
X2 :n———2cosx+i20032x—izcos3x+...
3 1 2 3

) 127 4



Solved Example 105:

Find the Fourier series for f(x) = sin h ax in
(-m, m)

Solution :

Clearly f(x) is an odd function of x

f(—x) = sin h a(—x) = — sin h ax = — f(x)

Let, sinhax = )b, sinnx

n=1

where, b, = gIsinhax-sinnxdx
To

27e™ —e™ |
= —J'—smnxdx
o

= erax sinnxdx — jfea" sin nxdx}

0 0

a

e (asinnx —ncosnx
e )

1

a2 +n?

al=

T

e * (—asinnx-ncos nx)}
0

S — | (e (-n)(~1)" +ne = (1)

n(a2 +n?

_ ﬂ(ean _e—an)

n<a2 +n2)

—2n(-1)"sinhan [ _ e _g ]
= wsinhanr = ———
n(a®+n?)

2n(—1)n*1 sinharn

n(a2 +n2)

Solved Example 106 :

Find the Fourier series for

e x?
fx) = ——— in -1 < X < n and show
12 4
1 1 1 I
that — ——+ —....=—
* o223 12
Solution :

Note that f(x) is an even function of x

2 2 2
v (X)X f(2)
12 4

i) 12 4

Let f(x) = a, + ) _a, cosnx

n=1

T 2 2
2= (’f_ﬁ_ dx

ny\12 4
=l ﬁx_ﬁ n=0
| 12 12_0
2n TEZ 2
a,=—|| ——— |cosnxdx
ny\12 4

Integrating by parts

- 2[5 2o
)G

- —(=1)" _ (=)
= —| —=cosnm | = =
T {an } n? n°
2 2 n-1
n° X & (—1)
E - T = Z n2 cosnx
n=1




List of Formulae

e Limits d _, x
—a” =a’'log, a
sin x dx
lim—— =1 ...X in radians
x=>0 X d .
— sin X = cos X
. tanx . . dx
lim =1 ...Xinradians
x>0 X d
— COSecC X = — COSec X cot X
lim cos x = 1 dx
d .
X" _a" . —CO0S X = — sin X
lim =na dx
X—a X —a
d
. a¥—1 —Sec X = sec X tan x
lim = /na (a>0) dx
x=>0 X
d
e 1 — tan x = sec’x
lim =1 dx
x>0 X
d 2
1 — cot x = — cosec“x
lim (1+x)* =e dx
d . ;X 1
iim NC+%) d—sm1—:ﬁ
x—0 X a X a a —X
d 4 X -1
d—cos ~ =
e Continuity X a a —X
The function f is said to be continuous dX__ 2
at x = X, if dx a a?+x?
) lim f(x) = ¢ exists and 9 ot X 2—3 i
0 dx a a“+x
i lim 1= () o x__ a
2 2
e Derivatives dx a  xyx“-a
d, 0 cosec X = 2
—k(constant) = o P
dX ( ) dX a X X2 _a2
d .
— X" =nx"" icos hx = sin hx
dx dx
d 1 .
—logx =— ism hx = cos hx
dx X dx




¢ Integration

n+1

Ix”dx: X +c, (n=-1)

n+1
1
J'—dx:logx+c
X

je"dx=e"+c

X

jaxdx =

+C
log, a

_[cosxdx =sinx+c

ICOS ecxcotxdx = —-cosecx+cC

Isinxdx= —COSX+C
jsecxtanxdx:secx+c
_[seczx dx =tanx +c¢
jcoseozxdx =—cotx+c¢C
J'cotxdx =logsinx+c

Itanxdx =logsecx+cC

jsec xdx =log(secx +tanx)+c

I cosec x dx = —log(cosecx + cot x) +

. 4 X
sin" =+c

|

1 X
—cos ' =+c

[ =-oos

J~ dx
aZ +x?

J- dx
a® +x?

1 4 X
—tan"'Z+c
a a

-1 4 X
—cot'Z+c
a a

1 4 X
=—sec —+¢C

dx
I xVx?-a® a a

J' dx
xvVx? —a?

1 »
= —030seCc —

Isinhxdx = coshx+c

_[coshxdx: sinhx+c

J‘dX

J dx
d
Ix2i1

'[tan xadx

jsecxdx = log tan(ﬁ+ij+c
4 2

J'cosec xdx = Iog[tangj +C

d
IZ—X

=sinh'x+¢

= cosh'x+c

= tanh ' x+c¢

=—log (cos x) + C

or log(x++vx%®+a®)+c

j\/i—cosh ( j+c

or log(x

+Vx? —a%)+c

.4 X »
=sin"'— or —cos

+C

X
=+c

&Y



j * __Tan (5j
a?+x® a a
or _—1cot‘1 (ijﬂz
a a
jx/az —x%dx = %x\/a2 - x?
+la2 sin” (i}rc
2 a
J‘\/a2 +x%dx :%x\/a2 + x2
+la2 sinh™ (£j+c
2 a

J'\/x2 —a?dx = %x\/x2 —a?

—la2 cosh™ (5] +c
2

a
I dx —iloga+x+c
a?-x®> 2a “a-x
| dx —llogx_a+c
x>-a® 2a “x+a

Integration by parts

du
juvdx:ujvdx—j(&Jvdxjdx
Of the two functions the first function u
is selected based on the following
preference order
1. Inverse function
Logarithmic function
Algebraic function

Trigonometric function

o~ b

Exponential function

Some Important Substitutions In
Integration

Rule 1: If the numerator is equal to or
a multiple of the derivative of the
denominator, then put the denominator
equal to some other variable say z. It
is then reduced to standard form after

simplification.

Rule 2: If there are two factors in the
integrand one of which is of the type
¢ [f(x)] and other of the type f '(x) then
put f(x) = z.

Rule 3: If the integrand is of the

typeva® —x? , then put x = a sin  or

X = a coso

Rule 4: If the integrand is of the type
x° + a° or some power of it then put

X =atan 0 or x = a cotd

Rule 5: If the integrand is of the

typev/x® —a® , then put x = a sec 0 or
X = a cosec 0
Rule 6: If the integrand is of the

a—Xx
a+X

a2 — x2
if it is of the type ,|——— , then put
a® +x

x* = a® cos 20

type , then put x = a cos 26 and

Rule 7: The presence of +a+x

suggests the substitution of a + x = t*

or x = a tan®0 or x = a cos 20.

) 131 4



) 132 4

Rule 8: The presence of +/2ax—x?
suggests the substitution

x=a (1 - cosb)

Important Trigonometric Identities
sin® A + cos® A =1
sin (A + B) =sin A cos B + cos Asin B

cos (A+B)=cos AcosB-sinAsinB

tanA +tanB

tan(A+B) = ———
1-tanAtanB

sin(A-B) =sinAcosB-cos AsinB
cos (A—B) =cosAcosB +sinAsinB

tanA —tanB
1+tanAtanB

tan (A-B) =
sin A—sin°B = sin (A + B) sin (A— B)
cos® A—sin®B = cos (A + B) cos (A—B)
2 sin A cos B =sin (A + B) + sin (A—B)

2cos AsinB = sin (A + B)—sin (A—B)
cos (A + B) + cos (A—-B)
2sinAsinB = cos (A-B)-cos (A+B)
C+D c SC—D

2cos AcosB

2 sin o] =sinC+sinD
2c0s 232 6in E=P _ginc-sinD
205 CP 005 €= _cos C + cos D
2sin SXP 6in P=C _ cos - cos D

cos 2A =cos’ A —sin?A=1-2sin’ A

1—tan’ A

=2cos’A-1= -
1+tan“ A

2tanA

sin2A =2sinAcosA= ———
1+tan” A

2tanA
1-tan® A

sin 3A = 3 sin A — 4 sin®A

cos 3A = 4 cos®A -3 cos A

tan 2A =

3tanA —4tan® A

tan 3A = >
1-3tan“ A

Definite Integration

b

J.f(x)dx = ‘d)(x)

a

" =¢(b)-9(a)

Properties of definite integral

b

'b[f(x)dx = j f(t)dt

a

b

[H0x)dx =~ Tf(x)dx

a

]J.f(x)dx = j.f(x)dx + Tf(x)dx

a a Cc

jlf(x)dx = j'f(a — X)dx

b—»

f(x)dx = ZTf(x)dx . f(—x) = (%)

=0 - (=x) = —f(x)

2ff(x)dx = ZTf(x)dx ..f(2a - x) = f(x)

0

=0 ...f(2a — x) = —f(x)

Euler’s theorem on Homogenous

functions

ou ou
X— +y— =nu
oX oy




Total derivative of composite
functions

du _oudx oudy

dt  ox dt oy dt

Taylor's series

«m=ﬂm+ffﬂ%:32

+f”(a).(X;;a)2 +....

_ 5@ x-ay

e n!
f(x, y) =f(a, b) + (x — a) fy(a, b)
+(y-b) 1, (a, b)
1 (x —a)*f_(a,b)
t o +2(x—a)(y-b)f (ab) r+...
+(y—b)* £, (a,b)

Maclaurin's Series

()= 1(0)+1'(0)+ 1-17(0) ..
+:—r;f” (0)+...

Fourier Series

f(x)=a, + i(an cosn%x +b, sinn%xj

n=1

auadaa




Assignment -1

Duration : 45 Min.

Q 1 to Q 10 carry one mark each

1.

) 13 4

Lt XZSINX s [ME — 2014]
x—>01—-CO0S X

(A) O (B) 1

(C) 3 (D) not defined

If a function is continuous at a point,

(A) the limit of the function may not
exist at the point

(B) the function must be derivable at
the point

(C) the limit of the function at the point
tends to infinity

(D) the limit must exist at the point and
the value of limit should be same
as the value of the function at that
point [ME - 2014]

X—0

The value of lim [1 +lj is [EC —2014]
X

oo

(A) /n2 (B) 1.0
(C) e (D)

: o 1
The series Zn_o—' converges to
=nl

[ME - 2014]
(A) 21n2 (B) 2
(C) 2 (D) e
The value of lim,_, 1_020—:4()(2) is

[ME - 2015]

Max. Marks : 30

(A) O B 3

(®) % (D) undefined

If a continuous function f(x) does not
have a root in the interval [a, b], then
which one of the following statements
is TRUE? [EE - 2015]
(A) f(a)-f(b) =0 (B) f(a)-f(b) <O

(C) f(a)-f(b) >0 (D) f(a)/f(b) < O

The double integral '[:onf(x, y)dxdy is
equivalent to

(A) [ ].f0cy)dxdy

[IN — 2015]

B) [ [ f(xy)dxdy
(©) [ [ f(xy)dydx

(D) [ [ f(xy)dxdy

The value of Zn(%) is

n=0

[EC - 2015]
Lt w is equal to

x—0 eSX _

[ME — 2016]




10.

The value of lim,_, w is

[ME - 2017]
(A) O (B) 3
(C) 1 (D) -1

Q 11 to Q 20 carry two marks each

11.

12.

13.

14. |

15.

16.

The minimum value of the function
f(x) = %x(x2 —3) in the interval

—-100 < x < 100 occurs at

X = [EC - 2017]

The maximum value of

f(x) = 2x° — 9x® + 12x — 3 in the interval
0<x<3is [EC - 2014]
Consider a spatial curve in three-

dimensional space given in parametric

form by [ME — 2015]
X(t) = cos t, y(t) = sin t,
2= 2t,0<t< X
yis 2

The length of the curve is
2/n

cos(1/x) gy — .[CS - 2015]
1n X
The region specified by

T T

,0,2):3<p<b5 —<p< —,

{(p, ¢, 2) p g<°<7

3 < z < 4.5} in cylindrical coordinates

17.

18.

19.

20.

A political party orders an arch for the
entrance to the ground in which the
annual convention is being held. The
profile of the arch follows the equation
y =2x - 0.1, where y is the height of
the arch in meters. The maximum
possible height of the arch is

[CS, ME-2012]
(B) 10 meters
(D) 14 meters

(A) 8 meters
(C) 12 meters
Consider the function f (x) = |x| in the
interval -1 <x < 1. At the point x = 0,
f(x)is [ME - 2012]
(A) Continuous and differentiable

(B) Non-continuous and differentiable
(C)
)

(D) Neither continuous nor

Continuous and non-differentiable

differentiable

The maximum value of

f(x) = x* — 9x® + 24x + 5 in the interval

[1, 6]is [EE - 2012]
(A) 21 (B) 25
(C) 41 (D) 46
A parametric curve defined by

7 NE A
X = cos|— |, y = sinf— | in the
(2j (2j

range 0 < u < 1 is rotated about the

has volume of [EC —2016] X-axis by 360 degrees. Area of the
The area between the parabola x* = 8y surface generated is [ME - 2017]
and the straight line y = 8 is a) X (B) n
2
[CE —2016] (C) 2n (D) 4=
Qaaaaaq




Assignment - 2

Duration : 45 Min.

Q 1 to Q 10 carry one mark each

2x
Lt e -1
x-0| sin (4x)

(A) 0

JIS equal to [ME - 2014]

()05 (C)1 (D)2

2. The value of the integral

JZ- )? sin(x — 1)
(x— 1) +cos (x—1)

dx is

(A) 3 (B) 0 [ME — 2014]
(C) —1 (D) -2

3. The maximum value of the function
f(x) = In(1 + x) — x (where x > —1)

occurs at x = . [EC - 2014]

4. Let f(x) = x €. The maximum value of

the function in the interval (0,) is

(A) e (B) e [EE —2014]
(C) 1-e" (D) 1+ e

5. Atx =0, the function f(x) = |x| has
(A) a minimum [ME - 2015]

(B) a maximum
(C) a point of inflexion

(D) neither a maximum nor minimum

6. While minimizing the function f(x),
necessary and sufficient conditions for

a point, X, to be a minima are:
[CE — 2015]
(A) f'(xo) >0 and f'(xo) =

0
(B) f'(xo) <0andf’(xq) =0

8. Consider the function f(x)

Max. Marks : 30

(C) f'(xo) =
(D) f'(xo) =

0 and f"(xp) <

0
0 and f'(xg) > 0

7. A function f(x) = 1 — x* + x° is defined

in the closed interval [-1, 1]. The value
1, 1) for
which the mean value theorem is
satisfied, is [EC - 2015]
(A) -1/2 (B)-1/3 (C)1/3 (D) 1/2

of x, in the open interval (-

=2x° - 3%
in the domain [-1, 2]. The global

minimum of f(x) is [ME - 2016]

9. Given the following statements about a

function f: R —> R, select the right
[EC - 2016]

P: If f(x) is continuous at x = Xq, then

option:

it is also differentiable at x = x,.

Q: If f(x) is continuous at x = X, then it
may not be differentiable at x = Xo.

R: If f(x) is differentiable at x = X,
then it is also continuous at x = x,.

(A) Pistrue, Qis false, R is false

(B) Pisfalse, Qis true, R is true

(C) Pisfalse, Qis true, R is false

(

D) P is true, Q is false, R is true

10. The integral _[ is equal to

[

[EC — 2016]
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Q 11 to Q 20 carry two marks each

11.

12.

13.

14.

15.

16.

The value of the integral is

ﬁe“ydy dx is [ME — 2014]
A Le-1) B L -1y
2 2

1 1( 1Y
© 36 -e @ 4[]
The minimum value of the function
f(x) = x> — 3x* — 24x + 100 in the
interval [-3, 3] is [EE — 2014]
(A)20 (B)28 (C)16 (D)32
Consider an ant crawling along the
curve (x — 2)° + y* = 4, where x and y are
in meters. The ant starts at the point
(4, 0) and moves counter-clockwise with
a speed of 1.57 meters per second. The
time taken by the ant to reach the point
(2,2)is (inseconds) _____ [ME - 2015]

lim,_, Vx?+x—-1-xis [ME —2016]
(A) O (B) « (C)1/2 (D) -
The area of the region bounded by the

parabola y = x* + 1 and the straight

linex+y=3is [CE - 2016]
59 9 10 7
(A) 5 (B) > (C) 3 (D) 3

Let f:[-1,1]> R,
where f(x) = 2x° — x* — 10. The minimum

value of f(x) is [IN —2016]

17. At x = 0, the function f (x) = x° + 1 has

18.

19.

20.

(A) A maximum value [ME - 2012]
(B) A minimum value
(C) A singularity

(D) A point of inflection

. (1-cosx ) .
lim > is
x—0 X

(A) 174 (B)1/2

[ME — 2012]

(€)1 (D)2

Which one of the following functions is
continuous at x = 3? [CS - 2013]

2, if x=3

(A) f(x) =< x-1, if x>3

X+3

, If x<3

4, if x=3
8-x if x#3
Xx+3, if x<3
x—4, if x>3

1
x®-27’
Let | = ¢ ijyz dxdy, where R is the

(B) f(x) = {
(C) f(x) = {

if x#3

(D) f(x) =

region shown in the figure and

c = 6 x 10™. The value of | equals
. (Give the answer up to two

decimal places) [EE - 2017]

A
10

wY

aaaa




Assignment - 3

Duration : 45 Min.

Q 1 to Q 10 carry one mark each
1. Consider a function f(x,y,z) given by
f(x,y,2) = (X + y* — 22°) (y* + Z°)
The partial derivative of this function
with respect to x at the point, x = 2,
y=1andz=3is_____. [EE-2017]

2. For 0 £t < o, the maximum value of
-2t

the function f(t) = e — 2 e occurs at
(A) t=1loge 4 (B) t=1loge 2
(C)t=0 (D) t=log. 8

[EC — 2014]

3. Ifz=xyIn (xy), then [EC - 2014]

0z 0z

—+y— =0
oX y&y

(A) x

0z 0z
—=X—
oX oy
0z oz
— = y -
oX oy

0z 0z
D) y—+x—
( )yax Y

B) vy

(C) x

=0

4. lim (”S'”XJ equalsto [CE — 2014]
X

X—>00

(A) — oo (B) 0
(C) 1 (D)

. —sinXx
5. The value of Ilmxﬁo( . j
2sinX + Xcosx

is [ME — 2015]

Max. Marks : 30

6. Given, i = \/—_1, the value of the
/2 . .
definite integral, | = I de
5 COsSX—isinx
is: [CE - 2015]
(A) 1 (B) -1
C) i (D) —i

The contour on the x-y plane, where
the partial derivative of x* + y* with
respect to y is equal to the partial

derivative of 6y + 4x with respect to x,

is [EC — 2015]
(A)y=2 (B) x=2
C)x+y=4 (D) x-y=0

The values of x for which the function

f(x) :)(2_3—)(_4 is NOT continuous
X +3x—-4

are [ME - 2016]

(A) 4 and 1 (B) 4and 1

(C) 4 and 1 (D) -4 and -1

As x varies from -1 to + 3, which one
of the following describes the
behaviour of the function

f(x) = x> - 3x° + 1?2 [EC — 2016]
(A) f(x) increases monotonically.

(B) f(x) increases, then decreases and

increases again.
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(C) f(x) decreases, then increases and
decreases again.

(D) f(x) increases and then decreases.

10. The maximum value attained by the
function f(x) = x(x — 1) (x — 2) in the

interval [1, 2] is [EE — 2016]

Q 11 to Q 20 carry two marks each

11. The Taylor series expansion of

3sinx+2cos xis [EC - 2014]
3
(A) 2+3x—-X— — + ...
3
(B) 2-3x+x°— = +.....
2 x®
(C) 2+3x+x"+ 5 + e
X3
(D) 2-3x—x"+ =— + ...
2
12. The expression lim__, -1 is equal
(0
to [CE - 2014]
(A) log x (B) 0
(C) x log x (D) oo

13. The maximum area (in square units) of
a rectangle whose vertices lie on the
ellipse X* + 4y° = 1 is

[EC — 2015]

. 1
14. The integral 2_n”D (x+y+10)dxdy,

where D denotes the disc: X* + y® < 4,

evaluates to [EC - 2014]

15. The angle of intersection of the curves

x° = 4y and y® = 4x at point (0, 0) is

[CE - 2016]
(A) 0° (B) 30°
(C) 45° (D) 90°

16. The cost function for a product in a
firm is given by 5g° where q is the
amount of production. The firm can
sell the product at a market price of
Rs. 50 per unit. The number of units to
be produced by the firm such that the
profit is maximized is [CS, ME - 2012]
(A) 5 (B) 10
(C) 15 (D) 25

17. The area enclosed between the
straight line y = x and the parabola
y = x%in the x — y plane is [ME — 2012]
(A) 1/6 (B) 1/4
(C) 1/3 (D) 1/2

18. Consider the function f(x) = sin(x) in
the interval xe[n/4, 7n/4]. The number
and location (s) of the local minima of
this function are [CS - 2012]

(A) One, at n/2

(B) One, at 3n/2

(C) Two, at n/2 and 3n/2

(D) Two, at n/4 and 3n/2




19. The value of the definite integral 20. Consider the following definite integral:

[*VxIn(x)dx is [ME — 2013] . j(si:“ :32 dx [CE - 2017]
N
(A) g\/973+§ (B) g e’ —g The value of the integral is
2 5.4 45 2 ) = | ~
© Net+o (D) Ve o 24 12
TCS TE3
(©) 18 (D) rv)
noooao




Assignment - 4

Duration : 45 Min.

Q1 to Q6 carry one mark each

1-

. COS X
Lim ———— equals to

x—0 X
1 1
A) 3 B 3
1 1
(C) 2 (D) =

What is lim3"% equal to?
050 0

(A) 6 (B) sin 6
(C) o (D) 1
The value of lim " is
Xx—8 (X_8)
1 1
(A) 16 (B) 12
1 1
(C) 8 (D) 2
Lim 2X*P 4
X>® X
(A) O (B) a
a a
(C) 5 (D) -

The discontinuity of the function

e’ -1
X

f(x)

at the point x = 0 is known

as

(A) first kind of discontinuity
(B) second kind of discontinuity
(C) mixed discontinuity

(D) removable discontinuity

6.

Max. Marks : 30

2
ex—(1+x+xj
2

lim =
x—0 XS

(A) 1/2
(C) 1/3

Q7 to Q18 carry two marks each

7. Which of the following is incorrect

8.

statement ?

(A) A stationary value is always an
extreme value

(B) A maximum value is always a
stationary value

(C) A minimum value is always a
stationary value

(D) A minimum value may be greater

than maximum value

Which of the following is correct
statement ?

(A) A stationary point on a graph is

any point at which dy =0

dx

(B) A stationary point on a graph is

any point at which dy =00

dx
(C) A stationary point on a graph is
any point at which there are gaps
or breaks
(D) None of these




9.

10.

11.

) 1424

First rule for maximum and minimum

values of y = f(x) are as follows

2
Get ﬂ and d_z Solve j_y =0 and

X dx X

consider its roots. These are the value

of x which make j_y = 0. For each of
X

these values of x, calculate the

corresponding value of y, and examine

d’y

the sign of Pk Now pick the correct
X

statement from the following

alternatives.

(A) If the sign is +, the corresponding
value of y is a maximum

(B) If the sign is —, the corresponding
value of y is a minimum

(C) If the sign is —, the corresponding
value of y is a maximum

(D) None of these

Let f(x)=x®—-6x*+24x+4. Then f(x)

has

(A) a maximum value at x =2

(B) a maximum value at x =5

(C) a minimum value at x =5

(D) neither maximum nor minimum at

any point

Let a number 30 be divided into two
parts such that cube of one multiplied

with the other is maximum, then the

parts are
(A) 12.4,17.6 (B) 13,17
(C) 10.5, 19.5 (D) 22.5,7.5

12.

13.

14.

15.

16.

f(x) = (x-2)° is

(A) maximum atx =2

(B) minimum at x =2

(C) neither maximum nor minimum at
x=2

(D) none of these

The function sin x (1 + cos x) is

maximum in the interval (0, «), when

T T
(A)X=Z (B)X=§

.= _2n
(C) x= (D)x_—3

The absolute minimum of
f(x)=4x®-8x°+1in[-1,1]is at
(A) 1 (B) -3

(C) -1 (D) -8

A spherical snowball is melting at rate
of 4 cubic centimeter per hour. How
fast is the diameter changing when it is
20 centimeters ?
(A) 0.1 cm/hr
(C) 0.04 cm /hr

(B) 0.02 cm/hr
(D) 0.01 cm/hr

If a mothball evaporates at a rate
proportional to its surface area 4nr®,
then its radius

(A) decreases at constant rate

(B) decreases logarithmically

(C) decreases exponentially

(D) None of these




17. The absolute maximum of 18. The absolute minimum of

f(x) = x* - 2x® — x¥* — 4x + 3 on the X3 , ,
X) = on the interval [ -1, 1] is
interval [0, 4] is. (x+2)
(A) 80 (B) 16 at
(C) 28 (D) None of these (A) O (B) -1
(C) 1/3 (D) None of these
aaaaaa




Assignment -5

Duration : 45 Min. Max. Marks : 30
1 to Q6 carry one mark each
01 to Q6 carry 6. The value of Lim %ee is
1. Lim (yx*®+1 - x+1) equals to (r/2)-
“°° (A) 1 (B) 2
(A) 0 (B) e 1
(©) 1 (D) = © 0 ®) 3
Itis given that Q7 to Q18 carry two marks each
f(x) = ax+b,Lim f(x) = 2 and 7. Ify=7x - x® and x increase at rate of
1 x-0
X 4 units/sec how fast is slope of graph
I;LT f(x)=1, then value of f (— 2) is changing when x = 3 to
(A) 0 (B) 1 (A) -72 (B) —-80
(C) e (D) o (C) -64 (D) 64
The limiting value of 8. An object moves on the parabola
£ 02 g 2 3y = x*when x = 3, the x coordinate of
B T oo the object is increasing at the rate of
is 1 foot/min. How fast is y coordinate
y increasing of the moment
A) 1 B) —
A ® 3 (A) 1 ®) 2
’ 1 €)3 (D) 4
(C) = (D) — . -
3 4 9. A snowball is increasing in volume of
1)2" the rate of 10 cm*h. How fast is the
What is the value of Im|1——| ? :
N n surface area growing at the moment
(A) 0 (B) e where radius of snowball is 5 cm ?
(C) e (D) 1 (A) 4 (B) 2
(C) 12 (D) 16
The value of Lim 1+ cos2x is
x>(x/2) (r—2X)? 10. The height h and radius r of cylinder of
1 1 greatest volume that can be cut from a
(A) 4 (B) 3 sphere of radius b is
1 2b 2
0 - D) 0 (A) h= "= r=b,/>
©) - (D) 7 3




11.

12.

13.

B) h= 2 r=p/2
3 3
(C)h=L,r=£
2.3 6
ob 1
D) h=—,r=b,|—
(D) 7 3

A pipe with length 3m and radius of
10cm has an outer layer of ice that is
melting at the rate of 2rcm® /min. How
fast is the thickness of ice decreasing

when ice is 2cm thick?

(A) Lcm/min
200
1 :
(B) ——cm/min
800

(©) cm/min

1800

cm/ min

®) 3600

The maximum area of any rectangle

which may be inscribed in a circle of

radius 1 is
(A) 1 (B) 2
(C) 3 (D) 4

A point on a curve is said to be an
extremum if it is a local minimum or a
local maximum. The number of distinct

extrema for the curve

n/4

14. j (1-tanx)/(1+tanx) dx evaluates to
0

(A) 0
(C) In2

(B) 1
(D) ¥%2In2

15. The following plot shows a function y

which varies linearly with x. The value

of the integral | = _[12 ydx is

(A) 1.0
(C) 4.0

(B) 2.5
(D) 5.0

16. The value of the quantity P, where

]
P= Ixexdx, is equal to
0

(A) O
(C) e

(B) 1
(D) 1/e

17. The sum of the infinite series,

1 1 .
1+ —+—+—+...is

(A) =

(C) 4

(B) infinity

TCZ
®) o

18. The value of the integral '[ I eXe
0 0

3x* —16x° +24x* +37 is dx dy is

(A) O (B) 1 T

(A) \|=

C) 2 (D) 3 2
Qaaaaq

(C)n (D)

Y
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Assignment - 6

Duration : 45 Min. Max. Marks : 30
Q1 to Q6 carry one mark each 4. The maximum value of
1. The discontinuity of the function f(x)=2|x-1+3|x-2]|

f(x)= U,x¢o forallx e Ris

X (A) 2 (B) 4
=0, x=0 (C) 1 (D) None of these

at the origin is known as

(A) Discontinuity of 1% kind 5. Pick out the correct statement

(B) Discontinuity of 2™ kind (A) logarithmic function is decreasing

(C) Mixed discontinuity wherever it is defined

(D) None of these (B) logarithmic function is increasing
whenever it is defined
2. The value of the coefficients ‘@’ such (C) logarithmic function is neither
f(x)= ax*-2 x < 1 (D) None of these
= -1 X > 1

6. f(x) = logsin x. This function is

continuous is -
(A) increasing on [0, E} and

(A)a =1 (B) a = 2
(C)a=0 (D)a = 3 i
decreasing on [E, n}
3. Iff(x)=1, ifx<3
—ax+b, if3<x<5 (B) increasing on En} and
=7 if 5<x
Determine the value of ‘@’ and ‘b’ so decreasing on [0, %}

that f (x) is continuous.
(A) a=4,b=-7
(B)a=3,b=-8
(C)a=1,b=-9
(D)a=2,b=3

(C) increasing on [0, 0] and
decreasing on [x, 7]
(D) increasing on [r, 2rt] and

decreasing on [0, 0]




Q7 to Q18 carry two marks each

7.

10.

11.

12.

The series 1—%+i—i+

22 28
(A) convergent (B) divergent

(C) oscillatory (D) None of these

Theseries 1+2+3+...... is
(A) convergent (B) divergent

(C) oscillatory (D) None of these

The series1-2+3-4+5-6+....

is
(A) convergent (B) divergent

(C) oscillatory (D) None of these

The series 1—l+l—l+
2 3 4

(A) convergent (B) divergent

(C) oscillatory (D) None of these

2 3

The series —+ —+ -+
1+2 1+2 1+2

is
(A) convergent (B) divergent

(C) oscillatory (D) None of these

Which of the following to true?

13.

14.

15.

16.

17.

18.

The series 1—%+l—l+ ......... is

9 27

(A) convergent (B) divergent

(C) oscillatory (D) None of these

The series whose n'" term is

Jn 11-n® is
(A) convergent (B) divergent

(C) oscillatory (D) None of these

The series whose n'" term is sin 1 is
n
(A) convergent (B) divergent

(C) oscillatory (D) None of these

The series

2 3 4 5 n+1 .
—t — 4+ —+—+ +o IS
1 4 9 16 n?

(A) convergent (B) divergent

(C) oscillatory (D) none of these

The
theorem is applicable for function
f(x) =1/xis
(A) [-3, 3]
(C) [2, 3]

interval in which Lagrange’s

(B) [-2, 2]
(D) [-1, 1]

For f(x) = x° suppose

A 1 1 1 .
(A) 1+ S + 5 + s 1S convergent f(b) — f(a) = (b — a) ' (c) holds then ¢ is
1 2 2 a+b

(B) 1+%+%+%+is convergent (A) Sva +b B) =

a® +b” +ab /a2+b2—ab
(©) 1+2i2+3i2+4i2 is convergent (®) - 3 (D) 3
(D) 1_;T+3_1+;T+ is divergent

Qaaaag




Assignment - 7

Duration : 45 Min.

Q1 to Q6 carry one mark each
1. Functionf(x) = e”;x>0isa

(A) increasing function

(B) decreasing function

(C) neither increasing nor decreasing

(D) none of these

2. f(x) = x+l is

X
(A) maximum atx =1
(B) maximum at x =2
(C) maximum atx =-1

(D) maximum atx=-2

3. f(x) = —x® +2x+1is
(A) maximum at x = 1
(B) maximum at x = 2
(C) maximum at x = — 1

(D) maximum at x = —2

4. The maximum value of 5 cos 6 + 3 cos

(eﬂ] +3is

3

(A) 5 (B) 10
(C) 11 (D) — 1

5. f(x) = x*-12x*+45x+11is
(A) minimumatx=>5

(B) minimumatx=-5

(C) minimum atx =4

(D) minimum atx=-4

Max. Marks : 30

6. The maximum of f(x) = (x + 2)/(x — 1) is
(A) 4 (B) 1

(C) 2 (D) does not exist

Q7 to Q18 carry two marks each

7. Use Lagrange’s mean value theorem
for f(x) = € . Which of the following is

true?

(A) 1+x<e*<1+xe”

(B) 1 +xe*<e‘<1+x

(C)e*<1+xe"<1+x

)

(D) none of these

8. x"*is decreasing function if
(A) x<e (B) x>e
(C) x=e (D) x> 1/e

9. The Maclaurin series of €*is

(D) none of these

10. Taylor series for sin x about /4 is

1 m(x—n/4)n
(A) B
\/Ei_ X n/4)
(C)i1+(x—n/4) (X—n/4)2m

J2 1l 2l

(D) none of these

) 142 4



11. The Maclaurin series for In (1 — x) is

-x? X3
A) —x —_ ...
(A) 2 "3
2 3
(B) —x+;( —X?+ .....
—x? x°
C) x- +—.....
(C) 2 *3

(D) none of these

12. The Taylor series for 1/x about 1 is

(A) 2(_1)n+1 (X _1)n
® (A (-1

©) i(__l)nn (X—1)n

(D) none of these

13. The first non zero terms of Maclaurin

series for sec x is

2 4

(C) 1=X X e
2 16
2 4

14.

15.

16.

17.

18.

1H1(x) = 3 2"x", then £%(0) is

(A) (33!) 3% (B) (32!) 3%

(C) (3!) 2% (D) (33!) 2%

If f(x) = tan~"x, then f*° (0) is

(A) 97! (B) —98!

(C) 99! (D) none of these

The n™ non zero term of Maclaurin

series for In (1 + %) is

(_1)n+1 in ) ] in

A) ——— B () —

n+1 X2n n X2n+1
© (" — O (- —
1tf(x) = ————, then (0 is

X°+X+1
(A) 36! (B) 36!
(C) 2% (D) none of these

The first three nonzero terms of

Maclaurin series for tan x are

(D) none of these

Qaaaa




Assignment - 8

Duration : 45 Min.

Q1 to Q6 carry one mark each

1. For what value of k will f(x) = x — kx”'
have a relative maximum of x = -2
(A) -2 (B) -1
(C) -4 (D) -8

2. A wire 16 feet long is bent to form a
rectangle. If the area of the rectangle
is to be maximized, the dimensions of

the rectangle should be

(A) 2,6 (B) 5,3
(C) 4,4 (D) None of these
3. IimM is equal to
x=2 X —2
(A) 1 (B) -1
o (D) does not exit
- f(x)-2 , ,
4. If lim = 0then limf(x) is equal
x—1 (X)+2 x—>1
to
(A) 1 (B) -1
(C) -2 (D) 2

5. Which of the following limit exist ?

; 1/x
® Jme ® g
1 , 2
(C) lim— (D) lim1/x
x—0 ¥ x—0

6.

Max. Marks : 30
Evaluate Iirrg)e‘”'ogn

(A) 1 (B) 0
(C) « (D) does not exist

Q7 to Q18 carry two marks each

7.

8.

The first three nonzero terms of

Taylors series for /nx around 2 is
(A) /n2 +(x-2)- %(x—z)2

(B) /n2 +% (x-2)- %(x-z)2

1 1 2
(C) /m2 - > (x - 2)+Z(x-2)

(D) /n2 + (x - 2) - %(x-z)2

The Maclaurin series for 2% is

x ((n2)" | (£n2) e
® 2ay ® D
( 5 ) (D) None of these

If f(x) = e* then f'®(0) is

(A) 100! (B) 2'%
100!
(©) Sol (D) 100! x 50!




10. If f(x) satisfies f(0) = 2,

11.

12.

13.

f(0) =1, £'(0) = 4,§"(0) =12

and f"(0)=0 forn>3
then f(x) is

(A) x +2x°

(B) 2 +2x°
(C)2+x+X

(D) 2 + X + 2%+ 2x°

The Taylor series for f(x) = 2x° +4x — 3
about 1 is

(A) 3+8(x-1)+2(x-1)?

(B) 2 + 4x + 2%°
(C)2+4(x—1)+4(x—1)

(D) None of these

= SiN2kX

14.

15.

17.

n/2
Evaluate | = IO sin2xlogtanxdx

(A) O
(C) m/2

(B) 1

(D) /2 log 2
The area bounded by curve x* = 4y
and straight line x =4y - 2 is

(A) 1/8 (B) 3/8

(C) 9/8 (D) 2

. The area bounded by x axis,

y= 1+% ordinateatx=2and x=41is
X

(A) 2
(C) 8

(B) 4
(D) 1

The area bounded by curve

y = 2x + X* — x° the x axis and lines

Evaluate | = jo =2 dx
sinx Xx=-1landx=1
(A) 0 (B) 1/2 (A) 1/2 (B) 1
(C) -1 (D) n/2 (C) 3/2 (D) 2
Evaluate | = f:log(1+cose)de 18. Evaluate | = J'X—Sinxdx
1-cosx

A) —Zlog2 B) —nlog2
*) 2 o0 (B) ~rlog (A) —x+cotg+C (B) —x cot§+C
(C) mlog2 (D) n/4 log 2

(C) xcot>+C (D) x+tan 2+C

2 2
Qooooo




Assignment -9

Duration : 45 Min. Max. Marks : 30
Q1 to Q6 carry one mark each 6. The limiting value of
i x " 1.2, Dasnowis
1. )l(m(1 N Xj is n noo n
1 (A) 2/3 (B) 1/2
(A) e (B) o2 (C) 1/38 (D) does not exist
(©) 1 (D) 2e Q7 to Q18 carry two marks each
e n/2 4 . 3
7. |= jo cos”xsin® dx
tanx
2. lim|— is equal to
Hixj ) ™ ® —
(A) O (B) 1
C) -1 D ©) — D) =
3. IXiLr(\J(cosecx) isequalto 1452
8. Evaluate| = I
(A) 1 (B) e V1-x*
—1
©)r (B) 0 (A) gsin”x—%xxﬁ—x2 +C
4 |im|:i+£+£ +1}
n—om n2 n2 n2 ...... n (B) %X /1_X2 +C
(A) O (B) 1
L 2
(C) (D) (C) sin™ + v1-x“ +C
(D) none of these
+b X>2
5. The function f(x) = 2 X=2 9. Evaluate| = J'L
pax —b <D CoSX + sinx
X =
is continuous at x = 2 if (A) log tan [E +§j +C
(A) a=0,b=1/2
X
(B) a=1/2,b=0 (B) Iogcot§+C

(C)a=-12,b=0 (C) log cotx + C

(D) b=-1/2,a=0 (D) log tan x + C




10. Evaluate | = jd—x2 14. The value of Iim[nsmx},where L]is
1+ 3sin” x x—0
(A) %tan‘1 (tanx)+C the greatest integer function
. (A) n+1 (B) n
(B) tan™ (tanx) + C
(C) n-1 (D) None of these

1, T
(C) Etan (2tanx)+C 15. Let f =(xy,-yz,z) and

(D) None of these C: (sin(2nt),1,1?).
do
sin® 6+ cos® 0

A) A [tane 1}

11. Evaluate | = j

Then the value of the line integral

j?d? from (0, -1, 1) to (0, 1, 1) is
C

\/_ \/_tane A) 1 ©) 1
(B) tan™ (tanzﬁ] (C) 0 (D) None of these
tano

16. If Iy = [e"x"llogx dx , then
0

1 1
(©) —tan («/_tanej

(D) None of these

(A) lho+@n+1) 1 q+n In =0
(B) lho — (2n+1) 41 — n?l,=0
(C) lnso+ (2N + 1) lpey =%, = 0
(D) (

12. 1= | S_'”BX dx
sin 3_ D) lnuo — (2n+1) Iy + N2 1, = 0
3 +tanx
A log| — [+C
(A) log Lx/g—tanx] 17. The function f(x) = V1-+v1-x* is
(B) |\/_ 3 +tanx L C (A) not continuous of x =0
‘\/_—tanx (B) is continuous but not differentiable
(C) —|og(J§+tanx)+c atx=0
V3 (C) differentiable at x =0
(D) 2\1/5 Iog(\/g\/? ]Jrc (D) None of these
~ranx 18. The function
13. 1= jon/zxzsinxdx z =5xy —4x° +y* —2x —y + 5 has at
1 18
X = —, = —
(A) “;2 (B) 21 — 2 FERRAY
(A) maximum (B) saddle point
2 D)n-2
©) 7+ (D) m (C) minimum (D) None of these
aaaaaaq
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Test Paper — 1

Duration : 30 Min.

Q1 to Q5 carry one mark each

1. Limw is equal to
x>0 sinx
(A) O (B) 2
(C) 1 (D) 3
2. Lim sinl is
x—0 X
(A) © (B) 0
(C) 3 (D) does not exist
3. Lim SinJx is equal to
x>0 By
3 5
A) — B) —
(A) = (B) 3
1 1
C) — D) —
(C) = (D) 3

4. |If [x] denotes the greatest integer not

greater than x, then Lirr21[x] is

(A) O (B) 1
C) 2 (D) does not exist

5. Lim 0P =14 equal to

x—0 X
(A) n (B) n-1
o (D) does not exist

Max. Marks : 25
Q6 to Q15 carry two marks each
1
6. |—dx
r
(A) Converges
(B) Diverges
(C) Converges and diverges
(D) None of these
7. _[ de — is equal to
e +e
(A) n/2 (B) n/4
(C) n/3 (D) =
Todx .
8. is equal to
-2[ ximx oo
1 1
A) — B) —
) /n4 ) /n3
2 1
C) — D) —
© n2 (D) /n2
:odx .
9. is equal to
!3X—2 q
3
1
w ®) (%8 -1)
2
(C) 3(%9+1) (D) None of these




10.

11.

12.

13.

The area between the curves y = 1/x

The area under curve y = = for
1—
X andy = 1 to right of line x =1 is
0<x<1is x+1
(A) 1/4 (B) 1/2 (A) (n3 (B) ¢n2
() 1 (D) 16 (C)2 /3 (D) 2 /n 2
The volume of solid obtained by 4, j" dx
X-2

revolving area under y = e®* about !
X axis is (A) converges
(A) /2 (B) /4 (B) diverges

C) both
(C) 2rn (D) = ©

(D) neither of the above
j’»d—x is equal to ©
0(x—1)2/3 15. .[ dx is forp >1

e (¢(nx)’
(A) 3 (B) 6
(©) 7 (D) 9 (A) convergent

(B) divergent

(C) convergent as well as divergent

(D) None of these

aauaaaaq




Test Paper — 2

Duration : 30 Min.

Q1 to Q5 carry one mark each
1. Letf(x)=2x ifx<2
=2 ifx=2
=x* ifx>2
the discontinuity of f (x) at x = 2 is
known as
(A) first kind of discontinuity
(B) second kind of discontinuity
(C) mixed discontinuity

(D) removable discontinuity at x = 2

2. Iff(x)=x-1
=2X — 3,

Tick the following alternative which is

1<x<2

2<x<3

appropriate for the above function.
(A) continuous at x = 1

(B) continuous atx =2

(C) discontinuous at x = 1

(D) discontinuous at x =2

3. Consider the following statement
Assertion (A) :
The function f (x) = x — [x], X € z is
discontinuous at x = 1
Reason (R) :
Left I;Lr? f(x) = Right I;Lr? f(x)

Of these statements
(A) Both A and R are true and R is the

correct explanation of A

Max. Marks : 25

(B) Both A and R are true and R is not
the correct explanation of A

(C) Ais true but R is false

(D) Ais false but R is true

If a function ‘f’ is defined on R by
f (x) = 1 for x a rational number
= — 1 for x an irrational number,
then
(A) f(x) is continuous at x = 1
(B) f (x) is continuous at x = — 1
(C) f(x
(D) f(x

) is continuous at x =0
) is not continuous at any point
If f (x) = 4x + 3, X # 4
=3Xx+7, X=4
the function ' is
(A) continuous atx =4
(B) discontinuous at x = 4
(C) continuous atx=-4
)

(D) discontinuous at x = —4

Q6 to Q15 carry two marks each

/2

6. I= [ cotxdx is
0
(A) 2 (B) n/4
C)=n (D) None of these

) 155 4



7. The area in first quadrant under curve  11. The minimum value of ‘X2 —5x+2lis

y= 1 is (A) -5 (B) 0

(x2 +B6X+1 o)
(C) -1 (D) -2

(A) /2 (B) 2—2tan‘1 3

12. The maximum value of

T 1 T i .
©) E—tan 3 (D) E+tan 3 F(x) = smx\—@cosx i
(A) 1 (B) V2

(3¢ —a?) (©) 1/+2 (D) 3

8. The areaundery =

forx>a+1is
13. The maximum value of 1/x" is

1 1
(A) gﬁn(a+1) (B) gﬁn(aﬂ) (A) e (B) e°
(C) EEn(a+1) (D) None of these
14. The function f(c) = x° — 5x"+5x° — 1
9. For what values of k, with k = 1 and has
1y A) 1 minima and 2 maxima
k > 0 does !x_" dx converges ? B) 2 minima and 1 maxima

(
(
(C) 2 minima and 2 maxima
(

(A) 2 (B) 1
©) 3 (D) k > 1 D) 1 minima and 1 maxima
15. The greatest and least value of
£ dx
10. |——— wherea>0is 3 2
!az—x2 X——3L+2xin[0,2] are
3 2
1
(A) /n a (B) E[éna+1] (A) §andg (B) Dandl
6 3 6 6
1
C) —|/na-1 D) None of these
© 3lma-1 @ ©) Sand2 ©) 3 angt
3 3 3 3
aaaaaaq




Test Paper — 3

Duration : 30 Min.

Q1 to Q5 carry one mark each

(x°-1)

1. The Lim is
x—1 (X5—1)
5 2
A — B) —
&) 16 (B) 17
16 17
C) — D) —
(C) z (D) 5
2
2. Lim x“ -4 equal to
=2 [x+2 —[3x-2
(A) 8 (B) -8
(C) 4 (D) -4
. a.X_ X
3. Lim equals to
x—=0 X

(A) log

X
(A) discontinuity of second kind
(B) discontinuity of first kind
(C) mixed discontinuity

(D) continuous

B el
omll o)

The function f (x) = Ix| atx =0 has

Max. Marks : 25

5. The function

f(x)= x* sinl, ifx=0
X

=0, ifx=0 is
(A) differentiable at x =0 and f (0) =0

(B) not differentiable at x = 0 since

1
— > o,c08X—>0
X

(C) differentiable at x = 0 and the
derivative is continuous at x =0
(D) not differentiable at any x since it

is not continuous for any x

Q6 to Q15 carry two marks each

6. The maximum point on curve x = €’y is

(A) (1, €) (B) (1, 1/e)
(C) (e, 1) (D) (1/e, 1)

If f(x, y) is such that f, = €* cos y and
f, = €" sin y then which of following is

true

(A)
(B)

(C) f(x, y) does not exist
(D) None of these

f(x, y) = €*"7’sin (x +y)
f(x, y) = e*sin
(

If f(x, y) = In (x*+ y®) then
(A) f+fy =0 (B) f—Tf,y =0
(C) fx +2fy =0 (D) 2f + i =0




9.

10.

11.

12.

If z=x*+ 3xy — y* and y = sin x then

dz
— is
dx

(A) (4x° +3sinx) +
(B) (2x°- 3 sin x) +
(C) (4x® -3 sin x) — (3% + 2 sin X) cos x

(D) none of these

(8x =2 sin x) cos x

(3x — 2 cos x)sin x

A point P is moving along curve of

2 2

intersection of paraboloid :—6—y—:z

9
and cylinder x* + y* = 5. If x is
increasing at the rate of 5cm/s how

fast is z changing when x = 2m and

y=1cm?
25 125
A) — B) —
()36 (B) 36
144 18
C) — D) —
(C) o5 ()25

2
The general solution of 2—: =0is
X

13.

14.

15.

0z 0z
C) x—=
(©) ™ y(3y

) 2.2
ox oy

2

=1

Find the general solution of
oxoy

is
(A) f(x,y) = A (x) + B(y) + xy
(B) f(x, y) = yA (x) + xB(y)
(C) f(x, y) = A (x) + B(y)

)

(D) none of these

The equation of tangent plane sphere

phase x* + y* + 2% =

11 1),
o)

(A) x+y+z=2
(B)x+y+x/§z=2
(C)2x-y+32=5
(D) 2x+y =2

1 at point

The altitude h of right circular cone is

(A) 1(x, y) =x gly) +h () decreasing at rate of 3 mm/s while
(B) 1(x,y) =y g(x) +h (x) radius is increasing at 2mm/s. How
(C) 1x, y) =xg(y) + h (x) fast is volume v changing when
(B) 1x, y) = g(x) +h y) altitude and radius are 100mm and
/ 50mm respectively ?
— y/X
112 =xe™ then 2200m 2500
(A) (B)

oz 0z 3 3

(A) x ox y6_=
Y 12500m 1600m

0z oz (C) 3 (D) 3
B) x—+y—=z

oy 0z

aaaaaa




Test Paper — 4

Duration : 30 Min. Max. Marks : 25
Q1 to Q5 carry one mark each 5. Which of following is false ?
1. Maxima and minima of a continuous (A) If f'(a) =0and " (a) >0 then f (a)
function occur is minimum value
(A) simultaneously (B) If ' (a) =0 and f'(a) = 0 then f(a)
(B) once is extreme value
(C) alternately (C) a maximum value is greater than
(D) rarely greatest values

2. Letf(x)=|x|than (D) f(a) is minimum value if f(a) is least

(A) ' (0)=0

(B) f(x) is maximum atx =0

value of f(x) in immediate

neighborhood of point [a, f(a)]

(C) f(X) is minimum of x = 0 Q6 to Q15 carry two marks each

(D) none of these 6. The area included between curves
y=3xX"-x—-3andy=-2x+4x +7 is
(A) 10 (B) 45/2

(C) 15 (D) 30

7. The area included between curve

3. Find the maximum speed with which a
snail moves if the equation of distance

covered (s) in terms of time (t) is

2

1 .
s = -3t° +E+ 15 units ? r=a (sec 6 + cos 0) and its asymptote
] r=asecois
(A) — speed units 5
° (A) a2 ® =
1
(B) — speed units 5
18 (C) 2’;"" (D) 2na?
1 .
© 27 speed units 8. The mass distributed over the area
(D) None of these bounded by curve 16y* = x® and line

0 2y = x assuming that density of a point
X

4. The function g (x) = X 0 has an of area varies as distance of point from

x axis. Take k as constant of
extreme value then

(A) F)=f(x)  (B) g'(x)=f(x)
(C) fx)=0 (D) 9(x) = 1" (x)

proportionality
(A) k (B) 1/3k
(C) 2/3k (D) 2k

&y



9.

10.

11.

12.

The density at any point in circular

lamina of radius a varies as its

. 2
(C) ma [I092+§}

distance from a fixed point on its (D) na®
circumference. Take k as proportional
constant, the mass of lamina is 13. The volume of solid formed by
. 2 _ 2
(A) ka’ (B) 1ka3 revolution of the curve (a — x)y” = a“x
9 about its asymptote
8, 3 32 5 ?a®
(C) §ka (D) ?ka (A) > (B) ﬂ:2a3
3n*a® 2,3
The volume of sphere X* + y* + 2° = a° () (D) 4n"a
cut off by plane z = 0 and cylinder
2 2 .
X +y =axis 14. The surface of reel formed by
(A) Tt_;l‘q’ (B) 27;613 revolution of cycloid x = a (6 + sin 0),
y = a(1- cos 0) round a tangent at its
3 3
(C) mna (D) 2ra vertex is
2 2
The volume cut off from paraboloid A) X2 (B) 2ma
3 3
2, 1o O
X"+ Zy +z=1byplanez=0is ©) 1672 . 39742
. i 3 3
A) — B) —
(A) 2 (B) 5
15. The volume generated by revolving
© = D) = .
4 area below the x—axis between curve
The volume of solid obtained by y+8 =x—-2 and x axis about line
X
revolution of loop of curve y* = x°
x+5=0is
a+x I
about x axis is (A) 18n (B) 32n
a-—-x
C) 432~n D) 216n
(A) 2na’ (C) (D)
3 2
(B) 2na’|log2 ——
3
aaaaaaq




Test Paper — 5

Duration : 30 Min.

Q1 to Q5 carry one mark each

1.

) 162 4

. 1
The minimum value of x + —, x>0
X

(A) 1
(C) 5

(B) 3/2
(D) 2

The triangle of maximum area
inscribed in a circle of radius ris

(A) aright angled A with hypotenuse 2r
(B) an equilateral A

(C) an isoceles A of height r

(D) does not exist

The maximum value of logx in (0, )
X

is
(A) e (B) 1/e
(O (D) none of these

A manufacturer sells ‘X’ items at a

price of Rs.(B—L) per item and it
1000

costs Rs.[g+200jto produce them.

Find the production level for maximum
profit.

(A) 1250

(B) 1500

(C) 1750

(D) Data insufficient

5.

Max. Marks : 25
If z is defined as function of x and y by

Xy —yz + xz =0 then oz is

OX
(A) 112 B) L1==
y—x y+x
(C) y-l—X (D) X+2Z
y—-2 X=-Yy

Q6 to Q15 carry two marks each

6.

If f(x) = €* and g (x) = e then value of
c in interval [a, b] by Cauchy’s mean

value theorem

) 222 (B) ab
©) 2ab (D) none of these
a+b

If f and F be both continuous in [a, b]
and are derivable in (a, b) and if
f' (x) =F' (x) for all x in [a, b] then f(x)
and F (x) differ

(A) by 1in[a, b]

(B) by xin [a, b]

(C) by constantin [a, b]

(D) none of these
If f(x) = 4x° then the value of ¢ in [-1, 3]

for which f' (c) = M iS
(B) 1

(D) 3

(A) 0
(C) 2




10.

11.

12.

| = IOHJ':(HCOSB) r* cos 0drdo

") e ®)
©) xme’ o)
| = j“zj};/jxdxdy

™ = ®)
© = ®)
| = j j (2b +y)dxdy
(A) %

(C) b*

1=2 [ [ rdrde
™ = ®)
©) L2 o)

(B) —

(D) —-

13.1= ([ A1) v sin® 0dr do
0JO

21 ¢ 2 ot
—na A) —ra® B) —
16n (A) 35na (B) 35na
1 6.5 8, 5
L (©) 2°ra (D) 2°ra
4 35 35

a—Ja2—y2 Xylog(x +a
14, |_H ﬁd

5 32 a2
(A) ?Ioga (B) E(Iogaﬂ)

xdy

(C) 8aloga (D) %[2Ioga+1]

I [ Y




Test Paper — 6

Duration : 30 Min.

Q1 to Q5 carry one mark each

1.

) 164 4

- Ix-242
lim—————is
Xx—8 X—8
0 1
A) — B) —
(A) 0 (B) 5
1 1
- D) —
(C) WG (D) N
. X—sinXx,
lim 5 IS
x—0 X
(A) 1/6 (B) 1/3
(C) -1/3 (D) none of these
lim (x—a)cos is
xaa*( ) X—a
(A) O (B) a
(C) cos a (D) does not exist
The function f(x) = 1_CSSX (x = 0) be
X

made continuous at x = 0 by defining

f(0) to be
(A) 1 (B) 1/2
(&)N0) (D) e

The differentiability of a function
continuity is

(A) sufficient

(B) necessary

(C) sufficient and necessary

(D) none of these

Max. Marks : 25

Q6 to Q15 carry two marks each

6. Ifl= J'J.yZdA where R is region
R

bounded by y =2x, y =5x and x = 1.

Then | is equal to

39 39
A 2 ®) =
39 39
©% AT

The value of | = j j dA where

”
R V2Y—Y?
R is region in the first quadrant
bounded by x* = 4 — 2y is

(A) O (B) 2

(C) 4 (D) 1

The volume V under plane z = 3x + 4y
and over the rectangle

R:1<x<2, 0<y<3is

49

(A) 25 B) -
63

©) - (D) 16

The volume V in first octant bounded

byz=y* x=2andy=4is

64 128
A = B =
16 32
©) = ®) =




10.

11.

12.

The area of region R bounded by /4 avoos20  rdr
13. 1= " do|
xy=1and2x+y=3is e 0 va? +r?
(A) /n 2 (B) 2+ /n 2 B
(A) 2a[1+%} (B) 2a
(®)] %—énz (D) None of these )
(C) 25{1-%} (D) 2a
The volume in first octant bounded by
2X+2y-z+1=0y=xandx=2is X 2%
14. | = Hsz ’dxdy dz
(A) 10 (B) 28 0Jx* Jo
C) 12 D) 16 11 13
(C) (D) (A) — B) =
30 30
The area of region enclosed by (C) % (D) 16
cardioider=1+cos 0 is
T 3n
(A) - B) —- = [P0 (x2 2
5 > 15. 1= | jy_1(x y?) dxdy
(A) 3 (B) 3
-2 2
C) — D) —
(C) 3 (D) 3
aaaaaag




Chapter - 3 : Probability and Statistics

3.1 Basic Terms

Random Experiment

Consider an action which is repeated under essentially identical conditions. If it results in
any one of the several possible outcomes, but it is not possible to predict which outcome
will appear. Such an action is called as a Random Experiment. One performance of such

an experiment is called as a Trial.

Sample Space

The set of all possible outcomes of a random experiment is called as the sample space.
All the elements of the sample space together are called as ‘exhaustive cases’. The
number of elements of the sample space i.e. the number of exhaustive cases is denoted

by n(S) or N or n.

Event

Any subset of the sample space is called as an ‘Event’ and is denoted by some capital
letter like A, B, C or Ay, Ay, As,.. or By, B, ... etc.

Favourable cases

The cases which ensure the happening of an event A, are called as the cases favourable

to the event A. The number of cases favourable to event A is denoted by n(A) or Na or na.

Mutually Exclusive Events or Disjoint Events

Two events A and B are said to be mutually exclusive or disjoint if A n B = ¢

i.e. if there is no element common to A & B.

Equally Likely Cases

Cases are said to be equally likely if they all have the same chance of occurrence i.e. no

case is preferred to any other case.

Permutation

A permutation is an arrangement of all or part of a set of objects. The number of

permutations of n distinct objects taken r at a time is




Note: The number of permutations of n distinct objects is n! i.e., "P, = n!
The number of permutations of n distinct objects arranged in a circle
is(n—1)!
The number of distinct permutations of n things of which n, are of one

1
kind, n, of a second kind ... n, of a k™ kind is n:

n! nyl.....n!

Combination

A combination is selection of all or part of a set of objects. The number of combinations of

n distinct objects taken r at a time is

I
ne - N
" orl(n-r)!

Note: In a permutation, the order of arrangement of the objects is important.
Thus abc is a different permutation from bca.
In a combination, the order in which objects are selected does not matter.

Thus abc and bca are the same combination.

3.2 Definition of Probability

Consider a random experiment which results in a sample space containing n(S) cases
which are exhaustive, mutually exclusive and equally likely. Suppose, out of n(S) cases,
n(A) cases are favourable to an event A. Then the probability of event A is denoted by

P(A) and is defined as follows.

_ n(A) _ number of cases favourable to event A
n(S) number of casesin the sample space S

P(A)

3.3 Complement of an event

The complement of an event A is denoted by A and it contains all the elements of the

sample space which do not belong to A.

For example: Random experiment: an unbiased die is rolled.
S={1,2,3,4,5, 6}
(i) Let A: number on the die is a perfect square

~A={1,4 -~ A ={2, 3,5, 6)




(ii) Let B: number on the die is a prime number

. B={2,3,5) ~B={1,4,6)

Note: P(A)+P(A)=1i.e.P(A)=1-P(A)

For any events A and B, P(A) =P(AnB)+P(ANB)

3.4 Independent Events

Two events A & B are said to be independent if

P(A N B) = P(A).P(B)

Note: If A & B are independent then
A & B are independent
A & B are independent

A &B are independent

3.5 Theorems of Probability
Addition Theorem

If A and B are any two events then

P(AUB) = P(A) + P(B) - P(ANB)

Note: 1. A uB :either A or B or both i.e. atleastone of A &B
ANB :neither A nor B i.e. none of A & B
AUB & AN B are complement to each other
~ P(AnB)=1-P(A UB)
2. If A & B are mutually exclusive, P(A~B) =0
~P(AuB)=P(A) + P(B)
3. P(A1 UA, uA3) = P(A1)+P(A2)+P(A3)—P(A1 mAz)

-P(A, r\As)—P(A3 mA1)+P(A1 NA, mA3)




Multiplication Theorem

If A & B are any two events then

P(A ~ B) = P(A).P(B/A) = P(B).P(A/B)

1. Conditional probability of occurrence of event B given that event A has already
occurred.

P(ANB)

P(B/A) = — o

2. Conditional probability of occurrence of event A given that event B has already

occurred

P(ANB)

P(A/B) = — B

Bayes’ Theorem

Suppose that a sample space S is a union of mutually disjoint events B4, B,, Bg, ..., By,
suppose A is an event in S, and suppose A and all the B/'s have nonzero probabilities. If

k is an integer with 1 < k < n, then

P(AlB1)P(B1)+P(A/BZ)P(B2)+...+P(Aan)P(Bn)
Solved Example 1 : Solved Example 2 :
A single die is tossed. Find the probability @A coin is tossed twice. What is the
of a 2 or 5 turning up. probability that at least one head occurs ?
Solution : Solution :

The sample space is S ={1, 2, 3, 4, 5, 6} The sample space is

P(1)=P(2) =...=P(6) = S ={HH, HT, TH, TT}

1
6
The event that either 2 or 5 turns up in  Probability of each outcomes = 1/4

indicated by 2 U 5. Thus
indicated by 2+ N Probability of atleast one head occurring is

”
—+
6

1

P(205)=P(2)+P(5)= <+~ == P(A) -

1 1 1 3
4 4 4 4

o=




Solved Example 3 :

A die is loaded in such a way that an even
number is twice as likely to occur as an
odd number. If E is the event that a
number less than 4 occurs on a single toss
of the die. Find P(E).

Solution :

S$={1,2,3,4,5,6}

We assign a probability of w to each odd
number and a probability of 2w to each
even number. Since the sum of the
probabilities must be 1, we have 9w = 1 or

w = 1/9.

Hence probabilities of 1/9 and 2/9 are

assigned to each odd and even number

respectively.
E={1,2,3}
and P(E)=14r24r1=i
9 9 9 9
Solved Example 4 :

In the above example let A be the event
that an even number turns up and let B be
the event that a number divisible by 3
occurs. Find P(A U B) and P(A n B).

Solution :
A={2, 4,6} and
B = {3, 6}
We have,
AuB={2, 3,4,6} and
AN B={6}

By assigning a probability of 1/9 to each

odd number and 2/9 to each even number

P(AuB)=g+l+g+g=Z

9 9 9 9 9
2
and P(AmB):§
Solved Example 5 :

A mixture of candies 6 mints, 4 toffees and

3 chocolates. If a person makes a random

selection of one of these candies, find the

probability of getting (a) a mint, or

(b) a toffee or a chocolate.

Solution :

(a) Since 6 of the 13 candies are mints,
the probability of event M, selecting

mint at random, is

P(M) = %

(b) Since 7 of the 13 candies are toffees

or chocolates it follows that

P(TuC):%

Solved Example 6 :

In a poker hand consisting of 5 cards, find
the probability of holding 2 aces and
3 jacks.

Solution :

The number of ways of being dealt 2 aces
from 4 is
!
4C2 = 4_ = 6
212!

The number of ways of being dealt 3 jacks
from 4 is

s A

T

"y



Total number of ways n = 6.4 = 24
hands with 2 aces and 3 jacks.

The total number of 5—-card poker hands all

of which are equally likely, is

N=52c, - 92! _2 598 960

5 51471

The probability of event C of getting 2

aces and 3 jacks in a 5-card poker

hand is
PC)=—22___09x10"
2,598,960
Solved Example 7 :
The probability that Paula passes
mathematics is 2/3 and the probability that
she passes English is 4/9. If the

probability of passing both courses is 1/4,
what is the probability that Paula will pass
at least one of these courses ?

Solution :

If M is the event “passing Mathematics”

and E the event “passing English” then

PMUE) =P(M)+P(E)-P(MNE)

[
I

+
I
|
I
I

Solved Example 8 :

What is the probability of getting a total of
7 or 11 when a pair of dice are tossed ?
Solution :

Let A be the event that 7 occurs and B the
event that 11 comes up. Now a total of 7
occurs for 6 of the 36 sample points and a

total of 11 occurs for only 2 of the sample

points. Since all sample points are equally
likely, we have P(A) = 1/6 and P(B) = 1/18.

The events A and B are mutually exclusive
since a total of 7 and 11 cannot both occur

on the same toss.

P(AUB)=P(A)+P(B

Solved Example 9 :
If the probabilities are respectively 0.09,
0.15, 0.21 and 0.23 that

purchasing a new automobile will choose

a person

the colour green, white, red or blue. What
is the probability that a given buyer will
purchase a new automobile that comes in
one of those colours ?

Solution :

Let G, W, R and B be the events that a buyer
selects, respectively, a green, white, red or
blue automobile. Since these four events are

mutually exclusive the probability is

P(GUWURUB)

=P(G)+P(W)+P(R)+P(B)

=0.09+0.15+0.21+0.23 =0.68
Solved Example 10 :
If the probabilities that an automobile
mechanic will service 3, 4, 5, 6, 7 or 8
more cars on any given workday are
respectively 0.12, 0.19, 0.28, 0.24, 0.10
and 0.07. What is the probability that he
will service at least 5 cars on next day at

work?




Solution :
Let E be the event that at least 5 cars are
serviced. Now
P(E) =1 — P(E'), where E' is the event
that fewer than 5 cars are serviced.
Since P(E') =0.12 + 0.19=0.31
P(E)=1-0.31=0.69

Solved Example 11 :

In a garden 40% of the flowers are roses
and the rest are carnations. If 25% of the
roses and 10% of the carnations are red,
the probability that a red flower selected at
random is a rose.
(A) 5/6

(C) 4/5

(B) 1/4
(D) 5/8

3.6 Random Variables

A random variable is a function that associates a real number with each element in the

Solution :

Suppose there are 100 flowers

Number of roses = 40; Number of
carnations = 60

25% of 40 = 10 roses are red and

10% of 60 = 6 carnations are red

Let A be the event that the flower is red
and B the event that the flower is a rose.

.. A n B is the event that the flower is a

red rose.
16
n(A) =16 P(A) = ——
(A) (A) 100
10
n(AnB)=10 ~PANB)= —
100

P(B/A) = probability that a selected flower

is a rose red is colour

P(B/A) = P(AnB) 10/100 _5
P(A)  16/100 8

sample space. It is a set of possible values from a random experiment.

For example: Suppose that a coin is tossed twice so that the sample space is S = {HH,

HT, TH, TT}. Let X represent the number of heads that can come up. With each sample

point we can associate a number for X as shown in the table.

SAMPLE POINT HH

HT TH 1T

X 2

1 1 0

Discrete Random Variable

A random variable is discrete if it can take only discrete or separate values. Value of a

discrete random variable is often obtained by counting.

For example: Number of heads appearing when three coins are tossed.

1724



Continuous Random Variable

A random variable is continuous if can take any value in a given range. Value of a

continuous random variable is often obtained by measuring.

For example: Time required to travel certain distance.

3.7 Probability Distribution Function

In general sense, probability distribution function may refer to:
e Probability mass function
e Probability density function

e Cumulative distribution function

Probability mass function

It is a function that gives probability that a discrete random variable is exactly equal to

some value.

Probability density function

It is used to specify the probability of a continuous random variable falling within a
particular range of values and the probability is given by the integral of the probability

density function over that range.

Cumulative distribution function

It is a probability that random variable X will take a value less than or equal to x.
i.e.,, F(x) =P(X < x)

3.8 Expectation(Mean), Variance and Standard Deviation

Expected value for a discrete random variable is given by
E(X) = zxi P(xi)
i=1
Expected value for a continuous random variable is given by

E(X) = Tx f(x) dx




Variance of random variable is given by
Var(X) = E(X - p)*) = E(X") - E(X)* = E(X*) - p°

Standard deviation is square root of variance

o = Var(X)

Note: 1. Expected value p = E(X) is a measure of central tendency.

2. Standard deviation ¢ is a measure of spread.

Solved Example 12 : 4,5,6,7,8,9, 10, 10, 10, 10 each having

Thirteen cards are drawn simultaneously a1
the same probability 13 so that

from a deck of 52 cards. If aces count 1,

face cards 10 and other count by their D(X) = %(1+2+...+10+10+10+10)

denomination, find the expectation of the
total score on 13 cards. _ 85

Solution : 13

Let x denote the number corresponding to ~ Heénce the required expectation is 85.

the i card. Then x takes the value, 1, 2, 3,

3.9 Standard Distributions

Binomial Distribution

Probability of exactly k successes in n trials is given by
P(X=k) = "Cy p“ (1 -p)"

where p is the probability of success in each trial

Here the trial are Bernouilli trials, where each trial can have exactly two outcomes viz.
success and failure.

If p is the probability of success

then g = 1 — p is the probability of failure.

Then

P(X=k) = nck pk qn_k




For Binomial Distribution,
Mean = np
Variance = npq = np(1 - p)

Variance < Mean

k
Cumulative distribution functionis, F(x)= > "C,p' g™

Poisson Distribution

Probability of k events occurring in an interval is given by

Ake™

k!

P(k events) =

where A is the average number of events per interval.
For a Poisson Distribution,
Mean = A
Variance = A
Variance = Mean
k Ki

Cumulative distribution function is, F(x) = e™ Z =
i-o I’

Normal Distribution

Probability density function of normal distribution is

1 _(x=p)

e 20'2
o\21

f(X) =

where p is the mean and o is the variance

Graph of f(x) is symmetric about x = p and is a bell shaped curve.

Cumulative distribution function is, F(x) = L {1+erf[ ﬂ
o2




Note: Standard Normal Distribution

Special case withp=0and o =1

2
Probability density function is f(x) = ©

V2n
This graph is symmetric about x = 0 where it attains its maximum value
1
N

Uniform Distribution

Probability density function for uniform distribution is

1
— as<x<b
b-a
f(x) =
0 x<aorx>b
For Uniform Distribution,
Mean = a+b
2
Variance = (b-a)
12
0 X < a
Cumulative distribution function is, F(x) = g—a as<x<b
-a
1 X >b

Exponential Distribution

Probability density function for uniform distribution is
re™ x>0
f(X) =
0 x<0

For exponential distribution

Mean = l
A

Variance = kiz

Cumulative distribution function is, F(x) =1 -e™

) 175 4



Solved Example 13 :
The probability of getting exactly 2 heads
in 6 tosses of a fair coin is

Solution :

2 6-2
a3

_ i(ljz (1] _1s
2141 2 ) (2 64

Solved Example 14 :
The probability that a certain kind of
component will survive a given shock test
is 3/4. Find the probability that exactly 2 of
the next 4 components tested survive.
Solution :

Assuming the tests are independent and

p = % for each of the 4 tests we get

i, (gj (1] _ 427

4 2 2121 44 128

Solved Example 15 :
The probability that a patient recovers from
a rare blood disease is 0.4. If 15 people
are to have contracted this disease, what
is the probability that
a) atleast 10 survive
b) from 3 to 8 survive
c) exactly 5 survive

Solution :

Let X be the number of people that survive.
a) P(X>10) =1-P(X<10)

= 1—51 °C. (0.4) (0.6)"°"
i=0

=1-0.9662 = 0.0338

b) P(3 <X Ss) = 28: 15Ci (04)' (O.6)15_i
i=3
=0.8779
c) P(X=5) = 1505 (0.4)5 (0_6)15—5
=0.1859

Solved Example 16 :
is 0.02 that an

produced by a factory is defective. A

The probability item
shipment of 10,000 items are sent to its
warehouse. Find the expected number E
of defective items and the standard
deviation.
Solution :

1 =np = 10000 x 0.02 = 200

6 = \/npg = +/10000 x 0.02 x 0.98
= J196 =14

Solved Example 17 :

Ten percent of the tools produces in a

certain manufacturing turn out to be

defective. Find the probability that in a

sample of 10 tools chosen at random

exactly two will be defective.

Solution :

We have A=np=10(0-1) =1

Then according to the Poisson distribution
e X

P(X=x)=

(e
or P(X=2)= o) =0.1839 or 0.18

In general the approiimation is good if
P<0.1 and A=np<5




Solved Example 18 :

If the probability that an individual suffers a
bad reaction from injection of a given
serum is 0.001, determine the probability
that out of 2000 individuals

a) exactly 3

b) more than 2, individuals will suffer a
bad reaction.

Solution :

Let X denote the number of individuals
suffering a bad reaction. X is poisson
distributed.

Ve
x!

P(X=x)=

where A = np = 2000 (0.001) = 2

a) P(X=3)=
b) P(X>2)
= 1-[P(X=0)+P(X=1)+P(X =2)]

202 2lg7? N 2%g7?

=1- +
0! 1 2!

=1-5e2 =0.323

3.10 Mean, Median, Mode and Standard Deviation

Mean

Mean of a data generally refers to arithmetic mean of the data. However, there are two

more types of mean which are geometric mean and harmonic mean. The different types

of mean for set of values and grouped data are given in the following table.

Set of Values Grouped Data
f x.
Arithmetic Mean X 25X
n Zfi
. f log x.
Geometric Mean (Xq - Xy « Xz weee X, )" Anhlog(%}
xf
Harmonic Mean 1 1 1
b L Gpo0—— Zfi/xi
x1 x2 xn




Median
For an ordered set of values, median is the middle value. If the number of values is even,
median is taken as mean of the middle two values.

For a grouped data, median is given by

~_c

. 2
Median = L+f h

where, L = Lower boundary of the median class
N=>2f
C = Cumulative frequency upto the class before the median class
h = Width of median class

f = Frequency of the median class
Mode

For a set of values, mode is the most frequently occurring value. For a grouped data,

mode is given by

Mode = L + (f =) h
(2fi _fi-1 _fi+1)

where, L = Lower boundary of the modal class

f; = Frequency of the modal class (Highest frequency)
fi_1 = Frequency of the class before the modal class
f..1 = Frequency of the class after the modal class

h = Width of the modal class

Note: Relation between Mean, Median and Mode :
Mean — Mode = 3(Mean — Median)

Standard Deviation

Standard deviation is given by,
2 (% -%)

o=z — For a Set of Values

For a Grouped Data




3.11 Correlation and Regression Analysis

Correlation

Correlation analysis deals with finding linear association between two variables i.e. if the
two variables are linearly related to each other.

Correlation coefficient between variables x and y can be found as follows.

r= Z(Xi—i)(yi—\_l) — Ny Xy, — 2 XXV,
\/Z (Xi - i)z Z(yn - V)z \/[nz Xi2 - X )2:| I:nZin _ (ZV. )2:|

where, X = mean of x

y = mean of y

Regression

Regression analysis involves identifying the relationship between a dependent variable
and one or more independent variables.

If X and Y are the variables then equation for regression line of Y on X is given by

Y=a+bX
where, b= "2 xyz— 2X Z,‘Y
n¥x* - (Xx)
and a can be found by using
y=a+bx

Note: Correlation coefficient measures linear association between two variables.
r can vary between-1to1 i.e.-1 <r < 1.

If there is no linear association between the two variables, r will be zero.




List of Formulae

Permutation and Combination

n~ _ Nl
" A(n-r)!

Probability

P(A) + P(A) =1
P(A)=P(AnB)+P(ANB)

P(AUB) = P(A) + P(B) — P(ANB)

P(A,UA, UA,)=P(A,)+P(A,)
+P(A,)-P(A,NA,)-P(A, N A,)

—P(A; NA))+P(A,NA, NA,)

Two events A & B are said to be
independent if
P(A N B) = P(A).P(B)

P(A ~ B) = P(A).P(B/A) = P(B).P(A/B)

Conditional probability of occurrence
of event B given that event A has
already occurred

P(A ~B)

P(B/A) = S

Bayes’ Theorem
P(B,)P(A/By)
n

P(BJ/A) =
> P(B)P(A/B)

i=1

Expectation(Mean), Variance and

Standard Deviation
E(X) = ¥x,P(x)
i=1
.... For Discrete Random Variable

E(X) = Tx f(x) dx

..... For Continuous Random Variable

Var(X) = E((X - w)?) = E(X®) - E(X)
= E(X®) -

c = Var(X)

Binomial Distribution
P(X=k) ="Ccp“ (1 -p)" "
Mean = np

Variance = npq = np(1 - p)
Variance < Mean

Cumulative distribution function is,

k

F(X) — Z nCi pi qn—i

i=0

Poisson Distribution

kK ~—X\
P(k events) = re
k!
Mean = A
Variance = A

Variance = Mean




Cumulative distribution function is,

F(x)=e™ k —l

|OIl

¢ Normal Distribution

_(x-p)
e 2(52

f(x) =

oV2n
Mean =

Variance = ¢°

Cumulative distribution function is,

= 5| et

e Uniform Distribution

— a<x<b
b-a

f(x) =
0 XxX<aorx>b

Mean = a_+b
2

(b-a)’
12

Variance =

Cumulative distribution function is,

0 X <a
F)= 22 a<x<b
b-a
1 X>Db

e Exponential Distribution
e x>0

f(x) =
0 x<0

Mean = l
A

Variance = )le

Cumulative distribution function is,
F(x)=1-¢e™

Mean

Arithmetic Mean

= & .. for set of values
n
21X

= &% .. for grouped data
> IroHP

Geometric Mean

= (X1.X2.X3....Xn) " ... for set of values

2flogx
>t

= Antilog(

.. for grouped data

Harmonic Mean

n

1 1 1 1
7+7+7....
X, X, Xz X,

.. for set of values

2f

== .. for grouped data
TH/% IoHp

Median

For an ordered set of values, median
is the middle value. If the number of
values is even, median is taken as
mean of the middle two values.

For a grouped data,

2
Median= L +7h

) 152 4



where,

L = Lower boundary of the median class

N = >f;

C = Cumulative frequency upto the
class before the median class

h = Width of median class

f = Frequency of the median class

Mode
For a set of values, mode is the most
frequently occurring value.

For a grouped data,

(1-1.)
Mode = L +
(2fi _fi—1 _fi+1)

where,

L = Lower boundary of the modal class

2 _ Zfi(xi _i)z

fi = Frequency of the modal class
(Highest frequency)
fi.y = Frequency of the class before the
modal class
fi.1 = Frequency of the class after the
modal class
h = Width of the modal class

Relation between Mean, Median and
Mode :
Mean — Mode = 3(Mean — Median)

Standard Deviation

—\2
o’ = M For a Set of Values
n

For a Grouped Data

aaaaa




Assignment — 1

Duration : 45 Min.

Q 1 to Q 10 carry one mark each

1.

) 15 4

A sample of 15 data is as follows: 17,
18, 17,17, 13, 18, 5, 5, 6, 7, 8, 9, 20,
17, 3. The mode of the data is

[ME — 2017]
(A) 4 (B) 13
(C) 17 (D) 20

In a housing society, half of the
families have a single child per family,
while the remaining half have two
children per family. The probability that
a child picked at random, has a sibling
is : [EC-2014]

An unbiased coin is tossed an infinite
number of times. The probability that

the fourth head appears at the tenth

toss is [EC-2014]
(A) 0.067 (B) 0.073
(C) 0.082 (D) 0.091

The probability density function of
evaporation E on any day during a

year in a watershed is given by

.1
— 0<E<5mm/da
f(E)= {5 Y

0 otherwise
The probability that E lies in between 2
and 4 mm/day in a day in the
watershed is (in decimal)
[CE-2014]

Max. Marks : 30

5. Among the four normal distributions

with probability density functions as

shown below, which one has the
[ME - 2015]

lowest variance?

(A) 1 (B) Il
(C) 1l (D) IV

A random variable X has probability
density function f(x) as given below:

a+bx forO<x<1
f(x) = .
0 otherwise

If the expected value E[X] = 2/3, then
PriX<0.5]is___ . [EE-2015]

Consider a Poisson distribution for the
tossing of a biased coin. The mean for
this distribution is p. The standard

deviation for this distribution is given

by [ME-2016]
(A) u (B) 1
(C) n (D) 1/n




10.

The probability of getting a “head” in a
single toss of a biased coin is 0.3. The
coin is tossed repeatedly till a “head” is
obtained. If the tosses are independent,
then the probability of getting “head” for
the first time in the fifth toss is
[EC-2015]
X and Y are two random independent
events. It is known that P(X) = 0.40 and
P(X U Y% = 0.7. Which one of the
following is the value of P(X U Y)?
[CE-2016]
(B) 0.5
(D) 0.3

(A) 0.7
(C) 0.4
Suppose that a shop has an equal
number of LED bulbs of two different
types. The probability of an LED bulb
lasting more than 100 hours given that
it is of Type 1is 0.7, and given that it is
of Type 2 is 0.4. The probability that
an LED bulb chosen uniformly at
random lasts more than 100 hours is

[CS-2016]

Q 11 to Q 20 carry two marks each

11.

In the following table, x is a discrete

random variable and p(x) is the
probability density. The standard
deviation of x is [ME-2014]
X 1 2 3
P(x) 0.3 0.6 | 0.1
(A) 0.18 (B) 0.36
(C) 0.54 (D) 0.6

12.

13.

14.

The number of accidents occurring in
a plant in a month follows Poisson
distribution with mean as 5.2. The
probability of occurrence of less than 2
accidents in the plant during a
randomly selected month isfME-2014]
(A) 0.029 (B) 0.034

(C) 0.039 (D) 0.044

Parcels from sender S to receiver R
pass sequentially through two post-
Each has a

offices. post-office

probability % of losing an incoming

parcel, independently of all other
parcels. Given that a parcel is lost, the
probability that it was lost by the

second post-office is . [EC-2014]

A traffic office imposes on an average
5 number of penalties daily on traffic
violators. Assume that the number of
penalties on different days s
independent and follows a Poisson
distribution. The probability that there
will be less than 4 penalties in a day is

[CE-2014]




15.

16.

17.

The chance of a student passing an
exam is 20%. The chance of a student
passing the exam and getting above
90% marks in it is 5%. GIVEN that a
student passes the examination, the

probability that the student gets above

90% marks is [ME-2015]
1 1

A — B) —

A) 13 B 7
2 5

C) — D) —

©) 3 ®) 73

The probability density function of a

random variable, x is
f(x) = 2(4—x2) for0<x<2

=0 otherwise

The mean, py of the random variable is

18.

19.

20.

The variance of the random variable X

with  probability = density  function

f(x) = %| x[e™ is [EC-2015]

Two random variables X and Y are

distributed according to

FX,Y(X1 y)
_(x+y), 0<x<1  0<y<{,
B 0, otherwise.

The probability P(X + Y < 1) is
[EC-2016]

An urn contains 5 red and 7 green
balls. A ball is drawn at random and its
colour is noted. The ball is placed back
into the urn along with another ball of

the same colour. The probability of

[CE-2015] getting a red ball in the next draw is
Suppose a fair six-sided die is rolled [IN-2016]
once. If the value on the die is 1, 2, or A) E (B) ﬂ
3, the die is rolled a second time. What 156 156
is the probability that the sum total of (©) 79 (D) 89
values that turn up is at least 67 156 156
[EC-2015]
(A) 10/21 (B) 5/12
(C) 2/3 (D) 1/6
aaaaa




Assignment - 2

Duration : 45 Min.

Q 1 to Q 10 carry one mark each

1.

A group consists of equal number of
men and women. Of this group 20% of
the men and 50% of the women are
unemployed. If a person is selected at
random from this group, the probability
of the selected person being employed
is [ME-2014]

Vehicle arriving at an intersection from
one of the approach roads follow the
Poisson distribution. The mean rate of
arrival is 900 vehicles per hour. If a
gap is defined as the time difference
between two successive vehicle
arrivals (with vehicle assumed to be
points), the probability (up to four
decimal places) that the gap is greater

than 8 second is . [CE-2017]

Let X be a zero mean unit variance
Gaussian random variable. E[|X]|] is

equal to [EC-2014]

A fair (unbiased) coin was tossed four
times in succession and resulted in the
following outcomes: (i) Head, (ii) Head,
(iii) Head, (iv) Head. The probability of
obtaining a ‘Tail when the coin is

tossed again is [CE-2014]

Max. Marks : 30

(A) 0 (B) %

4
(€) = (D)

gl =

Three vendors were asked to supply a
very high precision component. The
respective  probabilities of their
meeting the strict design specifications
are 0.8, 0.7 and 0.5. Each vendor
supplies one component. The
probability that out of total three
components supplied by the vendors,
at least one will meet the design

specification is . [ME-2015]

Consider the following probability
mass function (p.m.f.) of a random
variable X:
q if X=0
p(x,q)=41-q ifX=1
0 otherwise
If g = 0.4, the variance of X is

[CE-2015]

The area (in percentage) under
standard normal distribution curve of
random variable Z within limits from

~3t0 +3is [ME—-2016]




8.

10.

Types Il error in hypothesis testing is

(A) acceptance of the null hypothesis
when it is false and should be
rejected

(B) rejection of the null hypothesis

when it is true and should be

accepted

(C) rejected of the null hypothesis
when it is false and should be
rejected

(D) acceptance of the null hypothesis

when it is true and should be

accepted [CE-2016]

A voltage V, is measured 100 times
and its average and standard deviation
are 100 V and 1.5 V respectively. A
Va,
Vi,

its average and

second voltage which is

independent  of is measured
200

standard deviation are 150 V and 2 V

times and

respectively. V3
V3 = V1

deviation of V5 in volt is

is computed as:
+ V,. Then the standard

[IN-2016]

Suppose p is the number of cars per
minute passing through a certain road
junction between 5 PM and 6 PM, and
p has a Poisson distribution with mean
3. What is the probability of observing
fewer than 3 cars during any given
[CS-2013]
(B) 9/(2¢€°)

(D) 26/(2¢€°)

minute in this interval?
(A) 8/(2e°)
(C) 17/(2€°)

Q 11 to Q 20 carry two marks each

11.

12.

13.

14.

Consider an unbiased cubic dice with
opposite faces coloured identically and
each face coloured red, blue or green
such that each colour appears only

two times on the dice. If the dice is

thrown thrice, the probability of
obtaining red colour on top face of the
dice at least twice is . [ME-2014]

Let X be a real-valued random variable
with E[X] and E[X?] denoting the mean
values of X and X respectively. The
relation which always holds true is

(A) (EIX])® > E[X?] [EC-2014]
(B) EIX 2 (E [X)°

(C) EIX*] = (EIX))*

(D) EIX*] > (EIX))*

A fair coin is tossed n times. The
probability that the difference between

the number of heads and tails is

(n - 3)is [EE-2014]
(A) 27 (B) 0
(C) nCn_3 2—n (D) 2—n+3

An observer counts 240 veh/h at a
specific highway location. Assume that
the vehicle arrival at the location is
Poisson distributed, the probability of
having one vehicle arriving over a
30-second time interval is

[CE-2014]

188



15.

16.

17.

Two players, A and B, alternately keep
rolling a fair dice. The person to get a six
first wins the game. Given that player A
starts the game, the probability that A

wins the game is [EE-2015]
(A) 5/11 (B) 1/2
(C) 713 (D) 6/11
The probability that a thermistor

randomly picked up from a production
unit is defective is 0.1. The probability
that out of 10 thermistors randomly
picked up, 3 are defective is

[IN-2015]
(B) 0.057
(D) 0.3

(A) 0.001
(C) 0.107

Let X € {0, 1} and Y < (0, 1) be two
independent binary random variables.
If P(X =0) =p and P(Y = 0) = q, the

18.

19.

20.

The

manufactured by a company is

probability that a screw
defective is 0.1. The company sells
screws in packets containing 5 screws
and gives a guarantee of replacement
if one or more screws in the packet are
found to be defective. The probability
that a packet would have to be
replaced is [ME-2016]

If a random variable X has a Poisson

distribution with mean 5, then the
expectation E[(X + 2)°] equals
[CS-2017]

Consider the following experiment.
Step 1. Flip a fair coin twice.

Step 2. If the outcomes are (TAILS,
HEADS) then output Y and stop.

PX+Y=>1)isequalto [EC-2015] Step 3. If the outcomes are either

(A) pa+(1-p)(1-0q) (HEADS, HEADS) or (HEADS,

(B) pa TAILS), then output N and stop.

(C) p(1-0q) Step 4. If the outcomes are (TAILS,

(D) 1 -pq TAILS), then go to Step 1.
The probability that the output of the
experiment is Y is (up to two decimal
places [CS-2016]

aaaanan




Assignment — 3

Duration : 45 Min.

Q 1 to Q 10 carry one mark each

1.

A nationalized bank has found that the
daily balance available in its savings
accounts follows a normal distribution
with a mean of Rs. 500 and a standard
deviation of Rs. 50. The percentage of
savings account holders, who maintain
an average daily balance more than
Rs. 500 is [ME-2014]

Let X be a random variable which is
uniformly chosen from the set of
positive odd numbers less than 100.
The expectation, E[X], is

[EC-2014]

Ram and Ramesh appeared in an
interview for two vacancies in the
same department. The probability of
Ram's selection is 1/6 and that of
Ramesh is 1/8. What is the probability
that only one of them will be selected?
[EC-2015]
(B) 1/4
(D) 35/48

(A) 47/48
(C) 13/48

4.

Max. Marks : 30

If {x} is a continuous, real valued

random variable defined over the

interval (—o0, + o) and its occurrence is

defined by the density function given as:
_1(x-a¥

1 e 2( b ] where 'a' and 'b'

J2r b

are the statistical attributes of the

X—-a

f(x) =

random variable {x}. The value of the
| a1 Ay
integral | ———e 2' */ dxis
J J“‘” 2n *b
[CE—2014]
(A) 1 (B) 0.5
T
C D) —
(C) n (D) 5

If P(X) = 1/4, P(Y) = 1/3, and
P(X "nY) =1/12, the value of P(Y/X) is

[ME-2015]
1 4

(A) 2 (B) pr
1 29

(C) 3 (D) 50




6.

10.

Suppose A and B are two independent

events with probabilities P(A) = 0 and
PB) # 0. Let A and B be their

complements. Which one of the

following statements is FALSE?
[EC-2015]

(A) P(AnB)=P(A) P(B)

(B) P(A|B) = P(A)

(C) P(AuUB)=P(A) + P(B)

(D) P(ANB) = P(A)P(B)

The second moment of a Poisson-
distributed random variable is 2. The
mean of the random variable is
[EC-2016]
The spot speeds (expressed in km/hr)
observed at a road section are 66, 62,
45,79, 32, 51, 56, 60, 53, and 49. The
median speed (expressed in km/hr) is
(Note:

decimal accuracy)

with one
[CE-2016]

answer

A probability density function on the
interval [a, 1] is given by 1/x* and
outside this interval the value of the
function is zero. The value of a is
[CS-2016]

Let U and V be two independent zero

mean Gaussian random variables of

variances % and % respectively. The

probability P(3V > 2U) is  [ME-2013]
(A) 4/9 (B) 1/2
(C) 2/3 (D) 5/9

Q 11 to Q 20 carry two marks each

11.

12.

13.

A machine produces 0, 1 or 2
defective pieces in a day with
associated probability of 1/6, 2/3 and
1/6, respectively. The mean value and
the variance of the number of
defective pieces produced by the
machine in a day, respectively, are

[ME-2014]
(B) 1/3and 1

(D) 1/3 and 4/3

(A) 1and 1/3
(C) 1 and 4/3

A box contains 4 red balls and 6 black

balls. Three balls are selected
randomly from the box one after
another without replacement. The
probability that the selected set
contains one red ball and two black
balls is [EC-2014]
1 1
A — B) —
A 20 (B) 12
3 1
C) — D) —
(C) 0 (D) 5

Let X be a random variable with

probability density function

0.2, for| x|<1
f(x)=40.1, for1<|x|<4
0, otherwise.

The probability P(0.5 < x < 5) is
[EE-2014]




14.

15.

16.

17.

The probability of obtaining at least

two "SIX" in throwing a fair dice 4

times is [ME-2015]
(A) 425/432 (B) 19/144
(C) 13/144 (D) 125/432

Two coins R and S are tossed. The 4
joint events HgHs, TrTs, HgrTs, TgrHs
have probabilities 0.28, 0.18, 0.30,
0.24, respectively, where H represents
head and T represents tail. Which one
of the following is TRUE? [EE-2015]
(A) The coin tosses are independent
(B) Ris fair, Sis not

(C) Sisfair, Ris not

(D) The coin tosses are dependent

The probability density function of a
random variable X is px(x) = e™ for

X > 0 and O otherwise. The expected

value of the function gx(x) = e** is

[IN-2015]

A fair die with faces {1, 2, 3, 4, 5, 6} is
thrown repeatedly till '3' is observed for

the first time. Let X denote the number

18.

19.

20.

Three cards were drawn from a pack
of 52 cards. The probability that they

are a king, a queen, and a jack is

[ME—2016]
16 64

A) —— B) —

W) 5525 B) 5197
3 8

C) — D

© 73 D) 15575

Probability density function of a
random variable X is given below.

{0.25 if1<x<5
f(x) =

0 otherwise
P(X<4)is [CE-2016]
3 1
(A) 2 (B) >
1 1
(©) 2 (D) 8

Consider the random process
X(t)=U+ Vit
where U is a zero-mean Gaussian

random variable and V is a random
variable uniformly distributed between
0 and 2. Assume that U and V are
statistically independent. The mean

value of the random process att =2 is

of times the die is thrown. The
expected value of X is [EC-2017]
[EC-2015]
aaaoaaq




Assignment — 4

Duration : 45 Min.

Q 1 to Q 6 carry one mark each

1.

Probability of getting an even number
in a single throw with a die is
(A) 172 (B) 2/3
(C) 1/4 (D) 1/3

Probability of getting tail in a throw of a

coin is
(A) 1 (B) 1/3
(C) 1/4 (D) 1/2

A bag contains 6 white balls, 9 black
balls. The probability of drawing a black

ball is
(A) 2/5 (B) 3/5
(C) 1/5 (D) 4/5

Probability of a card drawn at random

from an ordinary pack of cards to be

club card is
(A) 3/4 (B) 2/4
(C) 1/4 (D) 1/5

Probability of throwing a number
greater than 3 with an ordinary die is
(A) 172 (B) 1/3

(C) 1/4 (D) 2/3

Probability of getting a total of more
than 10 in a single throw with 2 dice
(A) 1/6 (B) 1/8
(C) 112 (D) 2/3

Max. Marks : 30

Q 7 to Q 18 carry two marks each

7.

©

10.

11.

Probability than a leap year selected at
random will have 53 Sundays.

(A) 2/5 (B) 1/8

(C) 2/7 (D) 1/7

A card is drawn from an ordinary pack
of playing cards and a person bets that
it is a spade or an ace. Then the odds
against his winning this bet is

(A) 9to 4 (B) 8to 5

(C) 7to 6 (D) none of above
In a horse race the odds in favour of
four horses Hy, H,, Hs, H, are 1 : 3,
1:4,1:5;1:6 respectively not more
than one wins at a time. Then the
chance that one of them wins is

(A) 320/419 (B) 319/420

(C) 419/520 (D) 520/519

In a garden 40% of the flowers are
roses and the rest are carnations. If
25% of the

carnations are red, the probability that a

of the roses and 10%

red flower selected at random is a rose.
(A) 5/6 (B) 1/4
(C) 4/5 (D) 5/8
Find the chance of throwing more than
15 in one throw with 3 dice

(A) 1/54
(B) 17/216
(C) 5/108
(D) cannot be determined




12.

13.

14.

In a race where 12 horses are running,
the chance that horse A will win is 1/6,
that B will win is 1/10 and that C will
win is 1/8. Assuming that a dead heat
is impossible the chance that one of
them will win
(A) 1/390
(C) 3/20

(B) 47/120
(D) 1/54

There are two bags, one of which
contains 5 red and 7 white balls and
the other 3 red and 12 white balls. A
ball is to be drawn from one or other of
the two bags, find the chance of
drawing a red ball.
(A) 387/120

(C) 1/13

(B) 1/10
(D) 1/96

What is the probability of a particular
person getting 9 cards of the same suit
in one hand at a game of bridge where

13 cards are dealt to a person ?

(B)

15.

16.

17.

18.

A man and his wife appear for an
interview for two posts. The probability
of the husband's selection is 1/7 and
that of the wife’s selection is 1/5. The

probability that only one of them will be

selected is
(A) 2/7 (B) 4/5
(C) 4/35 (D) 6/35

There are two bags. One bag contains
4 white and 2 black balls. Second bag
contains 5 white and 4 black balls.
Two balls are transferred from first bag
to second bag. Then one ball is taken
from the second bag. The probability
that it is white is
(A) 42/165

(C) 5/165

(B) 95/165
(D) 48/165

In a single throw of two dice find the
that

(same number on the both dice) nor a

probability neither a doublet
total of 9 will appear.
(A) 5/1 (B) 1/9

(C) 13/18 (D) 1/4

A speaks truth in 75% and B in 80% of

the cases. In what percentage of

52 Cis cases are they likely to contradict each
other narrating the same incident ?
1309 x4
(D) 520 (A) 75% (B) 80%
' (C) 35% (D) 100%
aaaaaaq




Assignment - 5

Duration : 45 Min.

Q 1 to Q 6 carry one mark each

1.

A die is rolled. The probability of

getting a number 1 or 6 on the upper

face is
(A) 1/3 (B) 1/2
(C) 2/3 (D) 1/4

The probability of the horse A winning
the race is 1/5 and the probability of
the horse B winning the same race is
1/6, then the probability of one of the
horse to win the race is

(A) 11/29 (B) 11/28

(C) 11/30 (D) 11/31

A card is drawn from a pack of 52
cards and then a second is drawn.
Probability that both the cards drawn

are queen is
(A) 1/219 (B) 1/13
(C) 1117 (D) 1/221

A bag contains 5 white and 3 black
balls. Two balls are drawn at random
one after the other without
replacement. The probability that both
the balls drawn are black is
(A) 3/28 (B) 3/8

(C) 2/7 (D) 3/29

Max. Marks : 30

5. 4 coins are tossed. Then the probability

that at least one head turns up is
(A) 15/26 (B) 1/16
(C) 14/16 (D) 15/16

In a throw of 3 dice the probability that
at least one die shows up 1 is

(A) 5/6 (B) 1/6

(C) 91/216 (D) 90/215

Q 7 to Q 18 carry two marks each

7. Match the following :

List — |
(@) P(d), ¢ is the empty set
(b) P(A/B)-P(B)

(c) P(A)

(d) P(AnB)

(e) P(AuB)

List -l

(i) 1-P(A)

(i) P(ANB)

(ii) 1 -P(AuB)

(iv) O

(v) P(A)+P(B)-P(AnB)
(A) a—iv,b—ii,c—i,d—iii,e-v
(B) a—iii,b—ii,c—i,d—iv,e-v
(C) a—ii,b—iii,c—i,d—iv,e—-v
(D) a—i,b—ii,c—iii,d—iv,e—-v

\&F



8.

10.

11.

Three machines A, B and C produce
respectively 60%, 30% and 10% of the
total number of items of a factory. The
percentages of defective output of
these machines are respectively 2%,
3% and 4%. An item is selected at
random and found defective. Find the

probability that the item was produced

by machine C.
(A) 2/25 (B) 1/25
(C) 4/25 (D) 3/25

A fair die is tossed 180 times. The
expected number of sixes is
(A) 40 (B) 25
(C) 180 (D) 30

In a population having 50% rice

consumers, what is the probability that

three or less out of 10 are rice
consumers?

(A) 17% (B) 10%

(C) 40% (D) 50%

The chances of a person being alive
who is now 35 years old, till he is 75
are 8 : 6 and of another person being
alive now 40 years old till he is 80 are
4 : 5. The probability that at least one
of these persons would die before
completing 40 years hence is
(A) 8/14 (B) 16/63
(C) 4/9 (D) 47/63

12.

13.

14.

15.

If 10 coins are tossed 100 times, how
many times would you expect 7 coins
to fall head upward ?

(A) 12 (B) 11

(C) 10 (D) 9

If the probability of a defective bolt is
0.1, the mean and standard deviation
for the distribution of defective bolts in

a total of 500 are

(A) 50, 6.7
(C) 20, 3.1

(B) 40, 7.3

(D) none of these

Two cards are drawn with replacement
from a well shuffled deck of 52 cards.
The mean and standard deviation for

the number of aces are

X 0 1 2

144 24 1

PX) | — | =—
169 | 169 | 169

Probability distribution table

2

(A) =,0.377 (B) _-,0.277
13 13

(C) %,0.477 (D) none of these

In a Binomial distribution, the mean
and standard deviation are 12 and 2

respectively. The values of n and p are

respectively.
(A) 12, 2 B) 9, %
©) 18% D) 18




16.

17.

For a biased die the probabilities for
different faces to turn up are given

below.

Face Probability
1 0.10
0.32
0.21
0.15
0.05
0.17

OO |~ WD

The die is tossed and you are told that
either face 1 or face 2 has turned up.
The probability that it is face 1 is

(A) 2/11 (B) 3/21

(C) 11/13 (D) 5/21

There are three evenis A, B and C,
one of which must occur and only one
can happen, the odds are 8 to 3
against A, 5 to 2 against B; find the
probability of C.
(A) 41/57

(C) 34/77

(B) 3/11
(D) 2/7

18. Aishwarya studies either computer

science or mathematics everyday. If
she studies computer science on a
day, then the probability that she
studies mathematics the next day is
0.6. If she studies mathematics on a
day, then the probability that she
studies computer science the next day
is 0.4. Given that Aishwarya studies
computer science on Monday, what is
the probability that she studies
computer science on Wednesday ?

(A) 0.24 (B) 0.36

(C) 04 (D) 0.6

N Y




Assignment — 6

Duration : 45 Min.

Q1 to Q6 carry one mark each

1.

) 192 4

The probability that the birthday of a
child is Saturday or Sunday is
(A)1/2 B) 2/7
(C)1/3 (D)1/7

The probability of getting a multiple of
2 in the throw of a die

(A) 1/3 B) 1/4

(C)1/6 (D)1/2

Probability that the sum of the score is
odd in a throw of two dice is
(A)1/4 B) 1/5
) 1/2 (D) 1/3

A committee of 5 students is to be
chosen from 6 boys and 4 girls. The
probability that the committee contains
exactly 2 girls is
(A) 9/20
(C) 10/ 21

(B) 1/6
(D) 1/9

A bag contains 7 red, 5 blue, 4 white
and 4 black balls. Then the probability

that a ball drawn at random is red or

white is
(A) 11/20 B)1/7
(C) 1/11 (D) 3/20

Two cards are drawn at random from a
pack of 52 cards. The probability that

one may be a jack and other an Ace is

Max. Marks : 30

(A) 1/16
(C) 8/663

(B) 7 /663

(D) none of these

Q7 to Q18 carry two marks each

7.

o.

The probability that a man aged 50
years will die within a year is 0.01125.
The probability that out of 12 such

men at least 11 will reach their fifty first

birthday.
(A) 1 (B) O
(C) 0.9923 (D) 0.8823

The probability that a certain beginner
at golf gets a good shot if he uses the
correct club is 1/3 and the probability
of a good shot with an incorrect club is
1/4.

only one of which is correct for the

In his bag are 5 different clubs,

shot in question. If he chooses a club
at random and takes a stroke, the
probability that he gets a good shot is
(A) 2/3 (B) 4/15
(C)5/9 (D) 7/36

From a pack of cards two are drawn,
the first being replaced before the
second is drawn. The probability that

the first is a diamond and the second

is a king is
(A) 1/52 (B) 4/13
(C) 57 /64 (D) 11 /52




10.

11.

12.

13.

14.

One of the two mutually exclusive
events must occur, if the chance of
one is 2/3 of the other, then odds in
favour of the other are

(A) 1:1 B)1:2

(C)2:8 (D) 3:2

GivenP(An B) = % and

P(A U B) = % then P(B) is

(A) 2/3 B) 1/5

(C)1/3 (D) 4/5

There are 64 beds in a garden and 3
seeds of a particular type of flower are
sown in each bed. The probability of a
flower being white is 1/4. The number
of beds with 3, 2, 1, and 0 white
flowers is respectively

(A) 1,9,27,27  (B) 27,9,1,27
(C) 27,9, 1,1 (D) 27,9, 9,1

A sample space has two events A and

B such that probabilities
P(ANB)=1/2, P(A) = 1/3,

P(B) = 1/3. Whatis P(A U B) ?

(A) 11/12 (B) 10/12

(C) 9112 (D) 8/12

A man takes a step forward with
probability 0.4 and backward with
probability 0.6. The probability that at

the end of eleven steps he is one step

15.

16.

17.

18.

Find the probability of drawing one

rupee coin from a purse with two

compartments one of which contains 3

fifty paisa coins and 2 one-rupee

coins and the other contains 2 fifty

paisa coins and 3 one rupee coins.

(A) 1/2 (B) 2/5

(C) 3/5 (D) none of these

If A and B are two events such that

P(AUB)=5/6. P(AnB)=1/3 P(B)

= 1/ 2 then the events A and B are

(A) dependent

(B) independent

(C)
)

(D) none of these

mutually exclusive

A determinant is chosen at random from
the set of all determinants of order 2 with
elements 0 or 1 only. The probability that

value of the determinant chosen is

positive is
(A) 2/17 B) 1/17
(C)1/16 (D) 3/16

One hundred identical coins each with
probability p of showing up heads are
tossed. If 0 < p < 1 and the probability
of heads showing on 50 coins is equal
to that of the heads showing in 51

coins, then the value of p is

(A) 1/2 (B) 49/101
away from the starting point. (C) 50/ 101 (D) 51 /101
(A) 0.3678 (B) 0.25
(C) "c,(0.24)° (D) none of these
(I I




Test Paper — 1

Duration : 30 Min.

Q1 to Q5 carry one mark each

1.

) 200 4

In a shooting competition, the
probability of hitting the target by A is
2/5, by B is 2/3 and by C is 3/5. If all
of them fire independently at the same
target, calculate the probability that

only one of them will hit the target.

(A) 2/5
(C) 3/5

(B) 2/3
(D) 1/3

A box contains 6 white balls and
3 black balls and another box contains
4 white balls and 5 black balls. The
probability that a ball selected from
one of the box again selected at
random is a white ball.

(A) 6/18 (B) 4/18

(C) 12 (D) 5/9

Two sisters A and B appeared for an
Audition. The probability of selection
of A is 1/5 and that of B is 2/7. The
probability that both of them are

selected is
(A) 2/35 (B) 1/5
(C) 2/7 (D) none of these

Two balls are to be drawn from a bag
containing 5 red and 7 white balls. Find
the chance that they will both be white
(A) 5/108 (B) 5/7

(C) 7/22 (D) 2/35

Max. Marks : 25

5. From a bag containing 4 white and

5 black balls a man draws 3 at

random. Then the probability that all 3

are black is
(A) 5/42 (B) 1/42
(C) 1/20 (D) 1/15

Q6 to Q15 carry two marks each
6. Urn A contains 6 red and 4 black balls

and urn B contains 4 red and 6 black
balls, one ball is drawn at random from
urn A and placed in urn B. Then one
ball drawn at random from urn B and
placed in urn A. If one ball is now
drawn from urn A, the probability that it
is found to be red is
(A) 3/11

(C) 32/55

(B) 1/17

(D) 31/56

Two persons each make a single
throw with a dice. The probability they
get equal value is Py. Four persons
each make a single throw and
probability of three being equal is P..
Then

(A) Py =Pa
(C) P1>P;

(B) P1 <P,

(D) none of these

A bag has 13 red, 14 green and 15
black balls. The probability of getting
exactly 2 blacks on pulling out 4 balls is
P;. Now the number of each colour ball

is doubled and 8 balls are pulled out.




10.

11.

12.

The probability of getting exactly 4
blacks is P,. Then
(A) P1=P;
(C) Py <Py

(B) P1>P;

(D) none of these

If A and B are arbitrary events, then
(A) P(ANB)>P(A) + P(B) -1

(B) P(A nB) <P(A) + P(B) — 1

(C) P(ANB)=P(A) + P(B) -1

(D) none of above

One mapping is selected at random
from all the mappings from the set
S = {123,..n}into itself. The probability

that the selected mapping is one to one

is
(A) 1/n" (B) 1/n!
(C) n/n! (D) none of these

For two events Aand B P(A n B) is
(i) notless than P(A) + P(B) —1 (ii)

not greater than P(A) + P(B)

(iii) equal to P(A) + P(B) — P(A U B)
(iv) equal to P(A) + P(B) + P(A U B)

(A) i, ii, iii (B) i, iv
(C) i, iii (D) i, ii, iii, iv
Two persons A and B have

respectively n + 1 and n coins, which

they toss simultaneously. Then the

13.

14.

15.

A student appears for tests |, Il and IIl.
The student is successful if he passes
either in tests | and Il or tests | and Il
The the

passing in tests |, Il and Ill are p, g and

probabilities  of student
1/2 respectively. If the probability that
the student is successful is 1/2. Then
(A) p=q=1 (B) p=q=1/2
C)p=1,9g=0 D)p=1,9=1/2

The figure below shows the network
connecting cities A, B, C, D, E and F.
The

directions of travel. If Deepak from city

arrows indicate permissible
A wants to visit city F, what is the

probability he will pass through city C

(A) 3/5
(C) 1/2

(B) 4/5
(D) 3/4
Mean of 200 observations was found

to be 90. the

observations were being made, two

However, when

observations were wrongly taken as
15 and 80 instead of 40 and 87. Then

the correct mean is

probability that A will have more heads (A) 90 (B) 91.16
than B is (C) 90.16 (D) 91.6
(A) 1/2 (B) >1/2
(C)<1/2 (D) none of these

Qaaaaan




Test Paper — 2

Duration : 30 Min.

Q1 to Q5 carry one mark each

1.

What is the chance of throwing a
number greater than 4 with an ordinary
die whose faces are numbered from
1t067?
(A) 1/6
(C) 1/4

(B) 1/3

(D) none of these

Find the chance of throwing at least
one ace in a simple throw with two
dice numbered 1 to 6.

(A) 1/11 (B) 1/36

(C) 11/18 (D) 11/36

What is the probability that a digit
selected at random from the logarithmic
tableis 1 ?
(A) 1/2
(C) 1/3

(B) 1/5
(D) 1/10

A problem in mathematics is given to
three students Dayanand, Ramesh

and Naresh whose chances of solving

it are %%% respectively. The
probability that the problem is solved is
(A) 1/4 (B) 1/2
(C) 3/4 (D) 1/3

Max. Marks : 25

5. A bag contains 3 black and 5 white

balls. One ball is drawn from the bag.
What is the probability that the ball is
not black ?

(A) 3/8

(B) 5/8
(C) 217
(

D) none of the these

Q6 to Q15 carry two marks each

6. A single letter is selected at random

from the word “PROBABILITY”. The
probability that it is a vowel is
(A) 1/3 (B) 2/ 21
(C) 0 (D) 2/9

A and B throw a coin alternately till
one of them gets a ‘head’ and wins the

game. Their respective probabilities of

winning are
(A) 1/3,2/3 (B) 1/2,1/2
(C) 1/4, 3/4 (D) 2/3,1/3

Two dice are thrown the probability of
getting an odd number on the one and
a multiple of 3 on the other is

(A) 11/36 (B) 2/17

(C) 10/36 (D) 12/36




9.

10.

11.

12.

In a certain college, 4% of the men
and 1% of the women are taller than
1.8m. Further 60% of the students are
woman. If a student is selected at
random and is taller than 1.8m, the
probability that the student is women is
(A) 3/11 (B) 2/11

(C) 4111 (D) 1/11

A and B throws two dice; if A throws 9

then B’s chance of throwing a higher

number is%, state whether the above

statement is true or false.
(A) True

(B) False

(C) Can not say

(D) Data insufficient

A pack of cards contains 4 aces,
4 queens and 4 jacks. Two cards are
drawn at random. The probability

that at least one of them is an ace is

13.

14.

15.

If A and B are two events such that
P(A) = 0 and P(B) = 1, then P(A/B) is

equal to

(A) 1-P(A/B) (B) 1-P(A/B)
(C) 1- PA/B) (D) PA)
P(B) P(B)

Ten points are marked on a straight
line and 11 points are marked on

another straight line. If any three

points are chosen, what is the
probability that it forms a triangle?
A 2 ® G
14 <1oCS+11CS)
(C) § D 1oC3+ 11C3
7 1045

Three machines A, B and C produce

identical items of their respective
output 5%, 4% and 3% items are
faulty. If A produces 25% of the total
output, B produces 30% and C the

remainder and an item selected at

19 3
A 33 (B) 16 random is found to be faulty, what is

1 1 the probability that it was produced by
€) < (D) — .

6 9 machine C?
x is a random variable with mean p (A) 0.155 (B) 0.255
and S.D. o >0 (C) 0.355 (D) 0.455

x' = 27 - then var(x) =

(¢}
(A) O (B) 2
(C) can’t say (D) 1
Qaaaaq




Test Paper — 3

Duration : 30 Min.

Q1 to Q5 carry one mark each

1.

) 20 4

An urn contains 25 balls numbered 1
through 25. Two balls are drawn from
the wurn with replacement. The

probability of getting at least one odd

is
(A) 144/625 (B) 312/625
(C) 12/25 (D) 481/625

Four persons are chosen at random
from a group containing 3 men,
2 women and 4 children. The chance

that exactly 2 of them will be children

is
(A) 10/21 (B) 5/8
(C) 13/32 (D) 3/32

Let A and B be events with P(A) = %

P(B) = % and P(A n B) = % Then

P(A/B) is
(A) 1/4 (B) 1/3
(C) 1/2 (D) 3/4

How many different words can be
formed from the letters of the word
Ganeshpuri when all the letters taken
(A) 2! (B) 10!

(C) 9! (D) 5!

Max. Marks : 25

5. A bag contains 8 green and 10 white

balls. Two balls are drawn. What is the
probability that one is green and the

other is white ?

80 10
A) 123 B =
8 81
©) = ®) 7=

Q6 to Q15 carry two marks each
6. Fifteen

coupons are numbered
1,2, 3, ........ , 15. Seven coupons are
selected at random one at a time with
replacement. The probability that the
largest number appearing on selected

coupon is 9, is

9\ 7 )
® (%) ® ()
2 7
(©) (Ej

A bag contains 2 white and 3 black

(D) none of these

balls. A ball is drawn 5 times, each
being replaced before another is
drawn. Find the probability that exactly

4 of the balls drawn are white.

2 48
A) 2 B) oo5

31 3
©) ®)




8.

10.

11.

From a pack of 52 cards two are
drawn at random. The probability that
one is a king and the other a queen is
(A) 3/8 (B) 8/663

(C) 7/ 663 (D) 9/663

the
probability of throwing doublets not

In three throws of two dice,

more than two times is
(A) 1/216 (B) 1/6
(C) 4/216 (D) 215/ 216

If the sum of the mean and the
variance of a Binomial distribution for
18 trials is 10, find the distribution.

18
A) P+ ®) (%%}
1 1)® 1 2\
@[55 ©(53)

If the sum of the mean and the
variance of a Binomial distribution for
5 trials is 1.8 find the distribution.

1 2y 1 1Y
(A) (§+§j (B) (§+§)

6 1Y 4 1Y
@[3 o5

12.

13.

14.

15.

For a Binomial distribution, the mean

is 6 and the standard deviation in/§.

The Binomial distribution is

1 2\ 1 1)
A (5*5) ®) (5*5)
6 1) 4 1)
©) (7+7] ) (g+gj

If 3 squares are chosen at random on
a chess board the probability that they
should be in a diagonal line is
(A) 5/744 (B) 3/744
(C) 7/744 (D) 9/744

A man has 9 friends (4 men and
5 women). In how many ways can he
invite them, if there have to be exactly
3 women in the invitees ?

(A) 320 (B) 160

(C) 80 (D) 200

Given two events A and B and
P(A) = 1/4, P(B/A) = 1/2, P(A/B) = 1/4.
Which of the following is true?

(A) P(A/B) =1/2

(B) A is subevent of B

(C) P(A/B) + P(A/B) =1

(D) None of these

Quaaag




Solutions - Linear Algebra

13.

17.

13.

17.

13.

17.

Answer Key on Assignment — 1

(A) 2,
(A) 6.

6 10.
(A) 14,
6106 18.

Answer Key on Assighnment — 2

(A) 2,
88 to 88 6.
(D) 10.
(D) 14,
(B) 18.

Answer Key on Assignment — 3

(D) 2,
(A) 6.
(A) 10.

5.0t05.0 14.

(A) 18.

(D)

(D)
(C)
0.95 to 1.05

0

(B)

3.

7.

11.

15.

19.

3.

7.

11.

15.

19.

3.

7.

11.

15.

19.

0.99 to 1.01
(A)
(B)
(D)
(B)

199 to 201
4.49 to 4.51
48.9 to 49.1

2to 2

(A)

4.

8.

12.

16.

20.

12.

20.

2.9 10 3.1
(A)

(D)

2310 23
16.5t0 17.5
2.0t02.0
(B)

OtoO




13.
17.

13.
17.

13.
17.

13.
17.

(B)
(B)
(©)
(D)

(B)
(B)
(B)
(©)
(©)

Answer Key on Assignment — 4

10.
14.

18.

(B)
(A)
(A)
(C)

(B)

(A)

: (A)
11. (B)
15. (A)

Answer Key on Assighment — 5

10.
14.

18

C)
A

>

)
)
A)

(
(
(
(
(D)

3 (A)
7 (B)
11, (C)
15. (B)

Answer Key on Assignment — 6

10.
14.
18.

(C)
(C)
(D)
(A)

(B)

3. (C)
7. (B)
11. (C)
15, (C)

Answer Key on Assighment — 7

10.
14.
18.

(D)

(A)
(A)
(A)
(B)

(B)

: (A)
11, (B)
15. (B)

12.
16.

12.
16.

12.
16.

12.
16.

(C)

(B)
(C)




13.
17.

13.
17.

13.
17.

13.
17.

(C)
(C)
(B)
(C)

(B)

(B)
(A)
(C)

(D)

Answer Key on Assighment — 8

10.
14.

18.

Answer Key on Assignment — 9

10.
14.
18.

Answer Key on Assignment — 10

10.
14.
18.

Answer Key on Assignment — 11

10.
14.

18.

(C) 3,
(C) 7.
(C) 11,
(C) 15,
(A)

(B) 3.
(B) 7.
(B) 11.
(C) 15.
(D)

(B) 3,
(C) 7.
(B) 11.
(C) 15,
(C)

(C) 3.
(C) 7.
(B) 11.
(D) 15.
(D)
QooaQoaoa

(A)
(A)
)
)

(C
(C

(C)
(C)
(C)
(B)

(B)
(A)
(C)
(D)

(C)
(C)
(D)
(B)

12.
16.

12.
16.

12.
16.

12.
16.

(C)
(A)
(C)

(C)
(A)
(B)
(C)

(D)
(C)
(B)
(C)




Model Solution on Assignment — 1

(A)

2 6 0 1 30

4 12 8|=(2)7°|2 6 4

2 0 4 10 2
=8 x (-12) = -96

(D)
We know that the Eigen vectors
corresponding to distinct Eigen values
of real symmetric matrix are
orthogonal.

Xi 11 Y4

Xo | | Y2 | =X1Y1+XaY2 + X3y3=0

X3 y3

0.99 to 1.01
Given, A% = |
We know that above equation is

satisfied by identity matrix.

1 00O 1 00O
. 0100 0100
i.e., X =
0 01O 0 010
0O 0 0 1 0O 0 0 1

Eigen value of identity matrix is 1.
(A)

(A)

Area of triangle
X1

=5|Yr Y2 Y3

1 1 1

N —

1
0
1

= NN
- W

—

5{1[2_3]_2[0_3]+4[0_2]}

1 3
2 1+6-8=2
2{ +6-8} >

(B)

(A)
2
X—-2y+3z=-1
XxX-3y+4z=1
—-2x+4y -6z=K
Arugmented matrix (A/B) is given by
1 2 3 -1
(ABy=|1 -3 4 1
2 4 -6 Kk

Now applying row reduction technique —
R, - R, — Ry
Rs; — Rs + 2R;
We get
1 2 3 -
o -1 1 2
0 0 0 k-2
For infinite solution
p(A/B) = p(A) =T
k-2=0
k=2




9. 6

The given matrix is

ol

Inorder to find eigen values of above
matrix.
JA-Al|=0
4-A 5
=0
‘ 2 1—%‘

(4-2)(1-2)-10=0
4-5L+22-10=0
A’ —5L-6=0
A2—6L+1L-6=0
AMA—6)+1(L—6)=0
A+1=0o0ri
A=-10orr=6

Larger eigen value of matrix is 6.
10. (C)
11. (B)

12. 2.910 3.1
Characteristic equation is given by
JA-A|=0
0-A 1 —1
-6 -11-A 6 |=0
-6 -1 5-A
0-A 1 —1
-6 -11-A 6 |=0
-6 -1 5-A
A +6) P +110+6=0
A =-1, -2, -3 are the eigen values
of A

Amax = —1 and A, = -3

i e N
3| 3

Kmax
A

min

13. (A)

o a) e=la
- [o 3 3-[2 2)

14. (B)

10 5+J 4
Let A=| X 20 2
4 2 -10

Given that all eigen values of A are real.

= A is Hermitian

- M:Aiewﬂf=A

10 x 4 10 5+J 4
5-j 20 2 |=|x 20 2
4 2 -10 4 2 -10
= X=5-]
15. (D)

The characteristic equation is AZ -
(sum of diagonal elements) A + |A| =0
A -@2+p)A+(@2p-1)=0

_ (2+p)#\(4+4p+p*)-4(2p-1)
2

A

_ (2+p)£y(8-4p+p°)
2

(2+p)++/(8-4p+p*) 3

" @+p)—B—dp+p?) 1

ay



16.

17.
18.

19.

. 2y(8-4p+p?)
' 2(2+p)

. 2J8-4p+p® =(2+p)

.. 48 -4p +p°)=(4+4p +p?)
.. 3p°—20p +28=0

L Bp-14)(p-2)=0

S p=2,14/3

_2
4

(A)
-6 to —6
(©)

2 1 1
01 -1
110

r < n. Hence, infinite number of

solutions.

(B)

|A —Al| =0 ...characteristic equation

{—5
=
2

-5-A
2

-3

0
-3
—A

(% 0
=0
o

=0

M5E+A)+6=0

A +5L+6=0

By Cayley Hamilton’s Theorem,
A®+5A+6l=0
A% = —5A — 6l

Multiply by ‘A’, We get,

A3 = _5A% _B6A
= +5 [6A + 61] - 6A
A3 = 19A + 30l
20. (D)
1, 1
J2 V2
P=|0 1 0
i 0 1
V2 V2 |
1( 1 1( 1
Pl=—=|—=-0|-0+—=| —=
P @[z J @(@j
=%+ =1
i 177 1 1]
0 —||— 0 —
V2 || V2 V2
PP = 1 0 0 1 0
AL L

00
1 0
o 1

P is an orthogonal matrix
(A) Is correct

= Inverse of P is its transpose only
(B) and (C) both are correct

(D) is incorrect

aaaaa




(A)

Model Solution on Assignment — 2

Given that 2—: = 3x — 5y

dy

Matrix form i{
dt

(D)
199 to 201

231023

dt

Given Matrices,

3 2 1

=4x + 8y

BN

1

J=12 4 2|andK=|2

1 2 6

K'=[1 2 1]

L KUK=[1 2 ]

1

= N W
N AN

O N =

,

]
2
1

1

=[3+4-1 2+8-2 1+4-6]| 2

1

=[6 8 1] 2

K'JK = 23

1

=6+16+1

1

5. 881088
012 3
1
A 0 30
2 3 0 1
3 012
1 3 0 100
A=-12 0 1| +2|2 3 1
3 1 2 3 0 2
1 0 3
3|12 3 0
3 0 1

=-1[1(-1) - 3(4 - 3)] + 2[1(6)]
—3[1(3) + 3(-9)]
=-1[-1-38]+12 - 3[3 - 27]
=4 + 12 - 3 [-24]
=4+12 +72 =88.

2

Let A=42
1 3

Characteristic equation of A is
|A -l | =0

4-) 2

= =0
‘ 1 3—%‘

AM-7r+10=0=>1=2,5




4.49 to 4.51
2 3 : 5
[A:B]=
3 p : 10

2C, - 3C;4

2 3 :5
0 2p-9 : 5

There is no solution if

rank (A : B) = rank(A).

Now, rank (A : B) = 2. So rank(A) = 1
onlyif2p-9=0i.e.p=9/2=45

16.5t0 17.5
AX = AX

(4 1 27 [1 1
= [P 2 1]|2]=2[2
14 -4 10| |3] |[3

12 A
= |P+7| =2\
| 36 3
= A=12 (1)
2L=P+7 .2
and 3L =36
ie., r=12
Equation (2) gives P + 7 =24
= P=17
(D)
2x+5y =2 (1)

—4x + 3y =-30 ....(2)

2x (1) + (2) gives 13y = -26
Ly=-2

. 2x—-10=2

10.

11.

12.

2x =12
X=6
- (6, -2)

(C)

Given: M* =1

M= (MY =1k =

(A) M*+1 =M

(B) M4k+2 — M2

(C) M* 3 M M M = M

48.9 to 49.1

Let A = {a b}
c d

.a+d=14andbc = 0

Now |A| is maximum when ad is
maximum and bc =0 i.e.
whena=d=7

. Maximum value of |A| =7 x 7 =49

2.0t0o 2.0
The given matrix is
6 0 4 4
A=|-2 14 8 18
14 -14 0 -10

The matrix is of order 3 x 4
Hence p(A) <3

6 0 4
2 14 8|=6(0+112)
14 14 0
+4(28 — 196)
- 672-672=0




0 4 4
and | 14 8 18
-14 0 -10
=—-4(-140 + 252) + 4(112)
=-4(112) +4 (112) =0
Hence p(A) < 2.
6

Now‘ (L‘=84¢0

Hence p(A) =2

.. Rank of given matrix is 2

13. (D)
The characteristic equation is
(3-2) -2 2
4 (-4-2) 6 |=0;
2 -3 (5-2)

Cg = C2 + C3 giveS

3-1) O 2
4 (2-2) 6 |=0
2 (2-2) (5-1)

(3-2) 0 2
-0 4 1 6 |=0;
2 1 (5-2)

R3 = R3 — Rg giveS

(3-2) 0 2
-0 4 1 6 |=0
2 0 (-1-2)

2-M{B-M(-1-2-0]-0
+2[0-(-2)}=0
2-N{-3-2L+A%+4}=0
2-N(A-20+1)=0
2-N(-17°=0

eigen values are 1 and 2

smallest is 1 and largest is 2.

14. (D)

Sum of Eigen values =1 + a
6=1+a
a=>5

and product of Eigen values = det(A)
-7=a-4b
-7=5-4b
-7-5=-4b
b=3

.2to2

It is an upper triangular matrix. Hence
eigen values are the diagonal
elements i.e. 2, 2, 3. Hence there are

2 linearly independent eigen vectors.

. (B)
. (B)

1 1 1 6
=1 4 6 20

1 4 A 1)
R; «—— R;-R;

1 1 1 : 6
=1 4 6 : 20

0 0 A-6 : u-20

For A =6, u# 20 System is
inconsistent

. It has no solution.




Ao s |32 0
' 0 32
ae |40
|0 4
Alo s _| 128 128
" |128 -128
A |4 4
|4 -4
Ats g4 _| 512 512
" |512 -512]
A19_'512 512 |
512 -512]

512-1 512 |
512 —(512+1)|

= —((512)° -2*) - (512" = 0
= 22=2x(512)
= A=%+2(512)

If eigen values of A are A4, Ap,..., then

eigen values of A* are

A, As (k> 0)

19. (A)

If matrix B is obtained from matrix A by
replacing the "™ row by itself plus k
times the m™ row, for / = m then

det(B) = det(A). With this property
given matrix is equal to the matrices

given in options (B), (C) and (D).

.0toO

Ao 50 70
70 80
Eigenvectors are

70 A, —80
X1 = ; X2 =|
A, 50 70

where A4, A, = Eigenvalues of A

), — 80
70

X7 X, (70 Ay — 50)(

= 70(A, — 80) + (A — 50) 70

= 70A, — 5600 + 70A4 — 3500

= 70(hs + A5) — 9100

=70(130) - 9100

=9100-9100=0

(sum of eigenvalues =2, + sz
Trace=50+80=130

aaaaa
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Model Solution on Assignment — 3

(D)

5.

(A)

2
Ei I f th tri
igen values of the matrix {_9 6} 6. (C)

are 4, -3
.. The eigen vector corresponding to
eigen vector A is Ax = Ax (verify the

options)

.1
1‘ is eigen vector corresponding to

eigen value A =3

(D)
MN is not always equal to NM.

(B)

12 2 : b
[A:B] =

5 1 3 : b,
Rg—)R2—5R1

1.2 2 : b,
0 9 -7 : b,-5b,

. p(A) = p(A/B) < number of unknowns,
for all values of by and b,.
.. The equations have infinitely many

solutions, for any given by and b..

(A)
215 650 795
Given, Matrix [M] = | 655 150 835
485 355 550

Sum of the eigenvalues
= Trace of matrix
=215+ 150 + 550 = 915

Characteristic equation is
-1 -1 5

0 5-2 6 |=0

0 -6 5-XA
= (1-2)[(5-1>+36]=0
A=1;22-10L+61=0

10++/100 - 224
= A=
2
Py
_ 10_1ZJ:5ij6
20t02.0
o -1 -2
P+Q=|8 9 10
8 8 8
'8 9 10

R,oR,~|0 -1 -2

(8 -9 10
8R,-R,~|0 -1 -2

0 -1 -2

8 -9 10
R;,-R,~|0 -1 -2

O 0 O
.. Rankis 2




10.

(C)

1 t
Ao anx
—tanx 1

AT = 1 —tanx
| tanx 1

1
A= —(Adj(A
IAI( j (A))

Now

A=

1 1 —tanx
sec? x | tanx 1

ATAT = 1

(A)
Given systems
3X4 + 2X» = C4

4X1 + Xo = Co

Matrix Form is 3 2% _| ©
4 1)(X, C,

AX =B

Characteristic equations of above
system is
|A-Al|=0
3-» 2
=0
‘ 4 1= ‘

By expanding A% — 41 -5 =0

0.95t0 1.05
Matrix A has zero as an eigen value if
|A|=0
- 3[(-63 + 7x) + 52] — 2[(-81 + 9x)

+ 78] +4[-36 +42]=0
SL3(7x=11)-2(9%x-3)+(4x6)=0
. 21x-33-18x+6+24=0

L3X=3 o x=1

11.

12.

13.

14.

(B)

®)
IP|=(16+9)-(1)=24
e
A N
|P | 24| - 4+3i
5.0t0 5.0

Since one eigenvalue of M is 2
. 2°— 422 +a(2) +30=0
=a=-11

.. Characteristic polynomial is
A 4% -110+30=0
rA-2)(r-5*r+3)=0

L A=2,5,-3

Largest absolute value of 'A' is 5

0
The given matrix is
3 4 45
A=|7 9 105
13 2 195

Now according to question
(i) R> —» R> + R3 (Adding third row to
the second row)

3 4 45
20 11 300
13 2 195

B =

(i) C; » Cy — C3 (Subtracting third
column from first column)

42 4 45
280 11 300
182 2 195

C=




Now |C| = —42(2145 — 600) — 17. (A)

4(-54600 + 54600) + 45(-560 + 2002) Let A= {5 —1}
|C| = —42(1545) — 4(0) 4 1
+ 45(1442) Characteristic equations is A° — 6 + 9
= —-64890 + 64890 =0 =0=>1=3,3
Eigen value 3 has multiplicity 2.
. 2.910 3.1 Eigen vectors corresponding to A = 3
sum of diagonal elements is(A-3l)X=0
= sum of eigen values 5-3 —-1)\(x 0
na+b+7=14 ( 4 1—3](yj:(oj
La+b=7 2> _1\(x 0
(@a-b)’=(a+b)’-4ab=49-40=9 [4 4}(4){0}
e = (3 S
0O 0)\4 0
- (B) e(A) = 1
12 3 : a Number of linearly independent
[A:B]=|2 3 3 eigenvectors corresponding to
> 9 -6 eigenvalue A =3isn—-r=2-1=1
R, —» R, - 2R;
1 2 _3 - a where n = no. of unknowns,
~[A:B]=|0 -1 9 : b-2a r = rank of (A — Al)
5 9 6 : ¢ | . One linearly independent
Rs = Rs - 5_R1 . eigenvector exists corresponding
1 2 3: a
~[A:B]=|0 -1 9 : b-2a tor=3
10 -1 9 : c-5a] 18. (B)
Rs > Rs - Ry 5.9 3
[ -3 A-M=0= =0
~[A:B]= (1) —21 93 b—a2a o ‘ 1 3—x‘
0 0 0 : c-b-3a =(6-2)B8-2)=3=0
. Equation _are consistent if = A-8L+15-3=0
c-b-3a=0ie.3a+b-c=0 =22 -8L+12=0=>A1=2,1=6
(A-2l)xX=0
At, A =2




Hence the required vector is \/é

2
19. (A)

3 5 2 5 5 2

5 12 7|—% 5112 12 7

2 7 5 7 7 5

— determinant = 0,

So the matrix is singular

Therefore atleast one of the Eigen
value is ‘0’
As the choices are non negative, the

minimum Eigen value is ‘0’

20. (A)
Characteristic equation is
- 1 0
0 -A 1
0 -3 4-)
= A4r+A*+3)=0
=>AMAL+1)(A+3)=0
= A =0,-1,-3 are the eigenvalues.

aaaaa




Model Solution on Assignment — 4

(C) Ci — Ci + Cp + Cg, We get
(B) 1+o+0° o o
If [Al 3x4 &[B]axs A = |[1+o+0° o 1
AB will exist, BA does not exist Tto+o® 1 o
(A) 0 o o

Every square, real symmetric matrix is -0 o 1l=0
Hermitian and therefore all its 0 1 o

eigenvalues are real.
(B)

(D)
[A]XX(X +5) [B]y><(11*y)
ABexists = x+5=y ... (1)

as 1+o+0° =0

8. (C)
For a matrix rank is equal to no. of

independent vectors.

9. (A

BAexists => x=11-y ... (2) , ,
We find relation between than as

Solving (1) and (2) givesx=3, y=8
g( ) ( )g y 7\,1X1+7\,2X2+7L3X3=0

MB,2,7)+A(2,4,1)
+Xx3(1,-2,6)=0

(A)
A is singular matrix means |A| =0

3-x 2 2 which gives 3k + s + % =0

27\,1 +47\,2—27\,3=O
77\,1+}\,2+6>\,3 =0

Rg —> R2 + R3 . .
which gives Ay =1, Ap =-1,A3=-1
3-x 2 2 o .
0 -x -x |=0 .~ Xy — Xz — X3 = 0 is linear equation
2 4 1-x .. They are dependent
= X(8-x)(x—-3)=0 10. (A)
x=0,3 11. (B)
(A) By performing
1 o o a h g
2 ABC = [xyz]|h b f| |y
O o 1
g f c||z
2 1 o




12.

13.

14.

15.

ax+hy+gz
= [xyz]| hx+by +fz
gx+fy+cz

= [ax® + by® + cZ® + 2hxy

+ 2gzx + 2fyz]
(D)
As |A|=0
So inverse does not exist.
(B)
0O 2 2
Let A=|7 4 8
-7 0 -4
Rg —> R2+R3
0o 2 2
A=]0 4 4
-7 0 -4

S |A|=0 ....rank<3
Now minor 0 2
7 4

0 2

We have

1 1 1 ]|x -3
AX=|3 1 2||ly|=|-2|=8B
2 4 7 ||z 7

Augmented matrix

11 1 : -3
[AB] ~|3 1 -2 : -2
2 4 7 : 7

We reduce [A B] to Echelon form by
applying successively.
Rg—)R2—3R1, RS—)R3—2R1
transformations
11 1 : -3
[A:B] ~|0 -2 -5 : 7
0 2 5 : 13
Apply Rs > Rs + Ry
1 1 1 : -3
[A: B~ |0 2 -5 : 7
O 0 0 : 20

= ‘7 4‘ =-14 20 = Rank [A: B]=3
(No. of non-zero rows in Echelon form.)
rank = 2
1 1 1
(C)
A ~ |0 -2 -5
Eigen values are obtained by 00 0
|A-XI| =0
1% 0 0 Rank A =2
2 3-% 1 |=o0 Since Rank A = Rank [A : B]
0 2 4-A .. Inconsistent equations.
which gives M=1, =2, A3=5 16. (D)
(A) 17. (B)
Given equations are AX =B
18. (B)
It will be consistent if
Rank A = Rank [A : B]
aaaaaaq




Model Solution on Assignment — 5

1. (B) R3—) R3—2R1, R4 —)R4 —R1
Aswe know ATA =1 =AA™ and subsequently.
.. B must be inverse of A R: > R2-Rs, Rs ,R3 - 6Rz,
2. (C) R4 —> R4 —3R2‘
1 1
3. (A) Rg—) —Rs, R4—) —R4 &
5 2
4. (B) Rs — Rs—Ras.
5. (B) Consequently we get
1 2 -1: 3
6. (A) 0 10 : -4
ros ABI=15 0 1 : 4
Pa=| P ¢ '
—-q pJj[-s T 0O 0 0 : O
{ pr—-gs ps+qr } which is Echelon form with rank
—qQr-ps -gs+pr Number of non—zero rows = 3
7. (B) 1 2 -1
o o . 0 -10
Matrix is involutory if it satisfies condition ~ Also Al = 0 0 1
that A® = | and given matrix satisfies this 00 O
condition. Here rank = 3
8. (A Asrank[A:B]=rank A
AT = id,i? we calculate inverse using . It has solution, which is unique
These equations are equivalent to
this formula.
X+2y—-z =3
9. (B) -y = -4
z =4
10. (A) : :
which givesx=-1, y=4, z=4
By writing augmented matrix
1 2 -1:3 11. (C)
3 1 2 - 1 Eigen values of given matrix = 2, 6
2 2 3 : 2 For A =6,
T -1 1 -1 . 1 101
eigen vector = ] or 101
performing R, — R, — 3Ry,

) 222 4



12.

13.

14.

(B)
For triangular matrix eigen values are

same as diagonal elements

7\.1=1, 7\42=3, 7\,3=2.

(C)

1
Explanation: Given matrix is, | 1

— ot
—

Now 1 (1-2) 1 |=0
1 1 (1-2)
(3-4) (3-1) (3-2)

or 1 (1-2) 1 |=0
1 1 (1-2)

1 1 1

or (3-a)[1 (1-2) 1 |=0
11 (1-2)
1 0 O

or (3-A)|1 -~ 0 |=0
1 0 -\

=N A2(B-1)=0

Hence eigenvalues are 0, 0, 3.

(A)

Reducing to Echelon form,

Rs —> R — Ry

We have number of non-zero rows = 3

s rank=3

Qaa

15. (B)
Augmented matrix
1 2 3 : 6
[A:B] =13 2 1 : 2
4 2 1 : 7

By performing R, — R, — 3Ry

R3 — R3 — 4R1 and —%R2

1 2 3 : 6
0o 1 1 : 2
0O 6 -11 17

Performing Rz — Rz + 6R>

12 3 : 6
o1 1 : 2
0 0 -5 -5

weget x=y=z=1
16. (C)

17.

18.

aad




Model Solution on Assignment — 6

1. (B) 7. (B)
Characteristic equation is
‘1-% 2| _, 8. (B)
-5 4-A Characteristic Equation:
(1-2)@-1)-10 =0 |A—All =0
4-5L +32-10 =0 (1-1) 1 0
W2_BL_6 =0 0 (1-x) 1 ]=0
(-6)(L+1) =0 0 0 1-x
=6, Ap=-1 (1-2)°=0
1-3x+32°-2%=0
2. (C) | -3A +3A*-A°=0
.... Cayley-Hamilton Theorem
3. (C) |- 3A +3AA-A’A=0
Post multiplying by A,
4. (C) ILA" - 3AA™" + BAAAT — AAAT = 0A™'
A -31+3AI-A%=0
5. (B) A" -3l+3A-A’=0
A=E ﬂ,IAI=—1 A =A% -3A + 3l
At adiA 9. (B)
| Al For given matrix of rank = 1
{1 _2} A=-1 =rank=1
-8 5] [-1 2
-1 {3 —5} 10. (D)
As | A | # 0 for unit matrix
6. (C) .. rank equal to number and order
As AAT = |
{ZX 0 } ~ {1 O}
0 2x 0 1
2x = 1
x = 1/2




11.

12.

13.

14.

(C)
3 -1 -1
A =115 -6 5
A2 -2

For non-trivial solution P(A) < 3
. |A|=0=>-6+A(0+1)=0

A =6
(C)
Solving characteristic equation,
|A-Al| =0
3-A 2
=0
‘ 6 —5—%‘

Gives A =-1 i2x/7

5. (C)

|ATA| = [1]=]AT|.|A] =1
= |A|.|A] =1

= (IA]*® =1

= |A| ==x1

comparing the corresponding terms,

(©) we get
As determinant of A i.e. |A| =0 1 b b
b=— 2a-—=0 .. 2a=—
3 10 10
A b 1
: iy i a=— SLa=—
The sum of eigen values of a matrix is 20 60
the sum of diagonal elements
a+b—i+l—1+20 217
Mt he=12. 60 3 60 60 20
Only option (A) has sum of diagonal
elements of 12. 17. (C)
18. (B)
aaaaaaq




Model Solution on Assignment — 7

(9
As per theorem for inverse matrix, that
eigen values of inverse matrix are

inverse of eigen values of the matrix

i.e. if A is eigen value of A, then %is

eigen value of A™

(D)
For non zero matrix rank must be
greater than or equal to 1, but not

equal to zero.
(B)

As determinant

0
‘ ) 1
1

.. rank equal to no. of rows =2

(B)

For given equations

BN

Rs «—> R, - 3R

1 2 x| |1

o2 6) 3] Lo
ie. (Ar-6)y =0
i.e. L-6 =0

L = 6 will give no solution to have

unique solution A = 6

(D)
As A = M
Al

R1 <«—> R1—(R2+ R3)

1-% —1+% —1+2
4 -3-) -2
3 4  1-1

Il
o

1 -1 -
(1-M)[4 1-2 -2 |=0
3 4 1-A
A=)[1-1@E-2)+2] =0
(1-1) (A°-5L+6) =0
= (1-2)*r-2)(r-3)=0
Roots of equation are 1, 2 and 3.
As the eigen values of the matrix A are

all distinct hence A is similar to diagonal

matrix.
(A)
By using formula A~ = %

1 A1 2
Wefind A'=|0 1/2 -1/2

1 -1/2 -3/2
(C)
|A-rI| =0
-2 0 a«a
0 - 0| =0= -2®=0
0 0 -x
A =0




13.

X (B)
Hence if x = |y | is eigen vector then, By solving,
z 3 2 17][x 4
AX =2 X 1 -1 1| |y| =12/,
0 0 af|x 0 2 0 2||z 5
0O 0 O||y| =10
00 ollz 0 We get the values only one for each
220 parameter, so it has unique solution.
o =
14. (A
" 0 (A)
The vectors must be |0 | or | a a h gflx
o| |o [x y z]|h b fly
g f cl|lz
X 2 2 2
As the vectors of the form |y =ax"+by" +cz" + 2hxy + 2fyz + 2gzx
0 i.e. X" AX gives,
9. (A) ax® + by® + cz® + 2hxy + 2fyz + 2gzx
Hint . After taking the common from a;; A, Qg
each column, we get matrix having all IfA=a, a, a,;
values = 1 and we get after reducing 831 Az g
all rows and columns to zero the Then for
matrix of rank 1 only ax® + by® + ¢z® + 2hxy + 2fyz + 2gzx
10. (A) dip=a 8.22=b daz=C
For characteristic equation
»h g g app=ax =h-= % x (co-efficient of xy)
=agp=f=— -efficient of
g f - Aoz = Az 5 x (co-efficient of yz)
=23 M +g®+h? -2fgh=0 ]
1. (B) Az =ajz=g= > x (co-efficient of zx)
5-2 4 .
By solving, ‘ ‘ =0 15. (B)
21 Hint : The property of the unitary
WegetA=1and AL =6 matrix
12. (C)
16. (A
Hint : By reducing the given matrix to A
echelon form, we come to know that, 7. (A)
the rank of given matrix is 3. 18. (B)
aaaaaag




Model Solution on Assignment — 8

1. (C) 7. (A
Here P diagonals matrix B by pre & As the rows are similar if common is
post multiplication such that taken from each row
B=P AP 8. (A)
2. (O Hint: AX =X
Hint : As per the properties of the A(AX) = A(AX)
matrices. AZX = M(AX) = A (AX) = 12X
3. (A APX =22 X
1 bc+ca+ab a(b+c) 9. (B)
A =11 bc+ca+ab b(c+a) Given vectors are

1 bc+ca+ab c(a+b) MX1 + AoXe + AaXs =0

1 1 a(b+c) Which gives
=(ab+bc+ca)|1 1 b(c+a) Xy + ApXo + 20gX3 = O
1 1 c(a+b)

7\,1 X1 + 27\,2X2 + 3)\,3X3 =0

=(ab+bc+ca)0=0 MX1 + 3hoXo + 4haXs =0

4. (C) 37\,1X1 +4K2X2+97L3X3 =0
As per the property of multiplication of which on solving gives L1 =A,=23 =0
matrix. .. They are not linearly dependent
5. (C) 10. (C)
6. (C) 12 1: 6
8 4 5 Now |2 1 2 : 6
{412}_10_2 11 1:5
0 5 3
3 4 7 Now, Rs — R;
17 29 32 1 2 1 : 6
= 4 12 11 = |2 1 2 : 6
O 10 : -1
. 17 24 32
4 12 11 R. - 2R;
_|8x+3y 6z 3z T2 1:6
| 4 12 26x-5y = |0 3 0: -6
0O -1 0 -1

= x=1,y=38,z=4

) 228 4



11.

12.

13.

R, + 3R3 14. (C)

T2 1: 6 We have
= |0 0 O -3

0 10 : -1 1 a a® a®| |1 a a® bcd

A 1 b b? b3+1bb2 cda
Now the left part of dashed line have =
P 1 ¢ c® c®| |1 ¢ c® dab
k 2 and right part h Il el t
rank 2 and right part have all elements 1 d @ £l 11 d & abe
present so, it does not have solutions.
= A+ A (SaY)
© Multiplying Ry, Rz, Rs, R4 of b
Hint : If the matrix is in the form of ultiplying Ry, Rz, Ra, Ry of A2 by
_ , a,b,cd
upper / lower triangular matrix , then
the diagonal elements are the eigen a a® a° abcd
2 1.3
values of the element. Now A, = 1 |b b® b” abcd
(©) abcd|c ¢® ¢® abced
C o 1o d d® d® abed
_ } have eigen values as
1+2i -2 a a2 a® 1
2-0 1-2| 4 _|b b* b 1
142 —2-1| e o2 &® 1
SA-2)(L+2)—-(1+2)(1-2) =0 d o d° 1
4 —
AM—4-(1+4)=0 1 a a2 33
2
A -9=0 _[tepP et
~. The eigen values are L =3, A =-3 T 1 e e &
(C) 1d d o

42 02 _,

1 -1 0 3| 15. (C)

1 -2 1 2 For triangular matrix eigen values are
Rank < 4 same as major principal diagonal
Now minor of order 3 elementi.e. 18,7, 8.

4 20 16. (B)
1 -1 0|=1(-4-2)=-6=0 17. B)
1 -2 1
18. (A)
Rank = 3
aaaaaa




Model Solution on Assighment - 9

1. (B)
As per the definition of unitary square
matrix.

2. (B)
As per the definition of Hermitian
maitrix

3. (O

4. (A)

5. (C)

cosa Sina

_ = cos® o +sin o = 1
—sino.  cosa

& Adjoint ofAz{ ,
—-sina.  cosa

cosoa —Sina
sina  cosa

A cosa -—Sina
sina.  cosa
6. (B)
1 0 5 3
-2 1 1
A= 6 &
3 2 7 A1
4 -4 -2 0
1 2 3 4
A - O 1 2 -4
5 6 7 -2
3 1 1 0

. T
cosa +sma}

A+ A
1 0 5 3] [1 23 4
_—2161+012—4
3 2 7 1| |5 6 7 -2
4 -4 20|13 1 10
2 2 8 7
|2 2 8 -3
18 8 14 -1
7 3 10
(C)

a+ic -b+id
b+id a-ic

=1

= a’+b®+c?+d*=1

(A)
a h gl|/x
[x v z]lh b f]ly
g f cl|lz

= ax’ + by + cZ® + 2hxy + 2fyz + 2gzx

i.e. X" AX gives,

ax® + by® + cz® + 2hxy + 2fyz + 2gzx
a11 a12 a13

IfA=|a, a, ay

a31 a32 a33

Then for

ax® + by? + cz° + 2hxy + 2fyz + 2gzx

ajyg=a axp=Db Azgz=C

app=ax =h= % x (co-efficient of xy)




10.

Ay =asz=f= % x (co-efficient of yz)

azg1=aiz=Qg= % x (co-efficient of zx)
Extension of this method

(C)

As the number of equations &
unknowns are same and they are
equal to zero, so their values are also
zero.

Or|A|#0

.. the system will have trivial solution.

(B)

a h gl|x
[x v z]|lh b flly
g f cl||z

= ax® + by? + cZz® + 2hxy + 2fyz + 2gzx
i.e. X AX gives,

ax® + by® + ¢z® + 2hxy + 2fyz + 2gzx

a11 a12 a13
IfA=|a, a, a,
a31 a‘32 a33

Then for

ax® + by® + ¢z® + 2hxy + 2fyz + 2gzx

ayp=a axp=D>b Azz=C
app=ax =h= % x (co-efficient of xy)
1 ..
apz=azgp="Ff= > x (co-efficient of yz)
1 .
azgy=aiz=Qg= > x (co-efficient of zx)

11. (C)
| A | 3x3 = 5
.. Rank of A is 3.
12. (C)
Hint : Eigen values are the values of
diagonal for diagonal matrix. So
reduce given matrix to diagonal matrix.
Or sum of the eigen values of a matrix
= trace of the matrix
13. (C)
Characteristic Equation:
[A-All=0
3-A 1
(3-2) o
-1 (2-2)
B-MNE2-2M-(-1)=0
6-5L+A°+1=0
A2 —BL+7=0
Cayley-Hamilton Theorem,
A*-B5A+71=0
14. (C)
A {CO.SOL sina}
—-sino.  cosa
22 =_COSOL sina. |[ cosa  sina
| —sina. cosa || -sina cosa
[ e cosasina
cos“ a—sin“ a ,
_ +sinacosa
~ | —sinacosa ) .
_ cos“ a—sin“a
| —sinacosa
_ | cos2a  sin2a
~ | -sin2a cos2a




15.

16.

As cos®o. — sin® o = cos 20 a+(-1d a+(q-1)d a+(r-1d

& 2sinacosa =sin2a A= p q r
Similarly , we get 1 1 1
. Rz <> Rz — Ra
AN = cosna  sinna
{—sin na cos noj a+(p-17d a+(q-7d a+(r-1d
A= p-1 q-1 r—1
1 1 1
(B) a+(p-1d a+(g-1d a+(r—1)d
As (ABC)" =CTBI AT 2l -2 @nd -1
.. (B) is wrong. 1 1 1
..... (~d=0)

(C) R, &R, -R,

T T, T 1 a a a
Let A=lp q r S A= pr (p-10d (g-10d (r—1)4d

1 1 1 1 1 1
Here, T,, T, and T, are p" q" and r" 1 1 1
term of an AP. = 2fp-1d (@-1d (-1
Let the first term of the AP be a and 1 1 1
common difference of the AP be d. s A=0
Then
To=a+((p-1)d 17. (D)
Tq=a+(q-1)d
T,=a+(r—1)d 18. (D)

Quaaad




Model Solution on Assignment — 10

(D)
As R, = (-2) x Ry
|Alsxs =0
rank =0
3 2
|A|2x2=‘_6 _4‘:—12+12=0
-4 18
‘8 —36‘2144_144:0
|Af2x2 =0
S |Al1x1=13|=3
|A|1x1 #0
rank = 1
Or R, = —2R;
Rs = 4R;
rank = 1

(B)

This is like a property of triangular

matrix.
(B)
(C)
The diagonal matrix is

Ay 0 0 || X
=[X{ ... X)] |0 A, O

0 0 A lx,
=AX1T+ Ao XoT + ... +7\,an2
(B)
Q is obtained by interchanging C, and C,

|Q|=-P|= -8

6.

(C)
By performing R4 > R; — R3 — R> — R;4
& Rg—) R2 - 2R1, Rg —> R3 - 3R1

Sequentially we get

1 2 3 0
0 0 -3 2
“lo 4 -8 3
0 0 0 O

Now | A|4s.4 =0 ... As E transform

does not change rank of matrix

. rank =4
1 2 3

Now [0 0 -3|=-12 ie.= 0
0O 4 -8

.. Rank =3

(A)

A matrix is said to be orthogonal if
ATA=I

o L ][, & 1]
2 2 NN

2 1 - 1 1 -1

V6 V6 V6|2 V6 3

1 -1 1 1 -1 1
N IR
100
=0 1 0| =1

0 0 1
.. Ais orthogonal
(A)
For triangular matrix the eigen values
are same as principal diagonal
elements.

©



10.

(A)

a h gl|x
[x vy z]|lh b flly
g f cl|z

= ax’ + by? + cZ® + 2hxy + 2fyz + 2gzx
i.e. X" AX gives,

ax® + by® + cz® + 2hxy + 2fyz + 2gzx
FA=la, a, ay

Then for
ax® + by® + ¢z® + 2hxy + 2fyz + 2gzx
axp=Db

an=2a A3z =C

x (co-efficient of xy)

N[ —

app=ax=h=

ayz = azp = f = — x (co-efficient of yz)

N[

x (co-efficient of zx)

N =

Az =aA;3=g=

(B)
Characteristic equation of A is
|A-Al|=0
6-A -2 2
2 3-A -1 /=0

6-» -2 O
2-2)| 4 4-1 0]|=0
2 1 1
2-2).[(6-1).(4-21)-8] =0
[(2-2) (A2 —10L+16)]=0
-2 (r-2)(r-8) =0
L A=2,2,8
Or sum of the eigen values of a matrix

= trace of the matrix

11. (C)
ASR4=3R1
.'.|A|4><4 =0
1 4 8
Now |0 O 3
4 2 3
=1(0-6)-4(0-12) + 8(0)
= 6+48=42 i.e. %0
s.rank=3
12. (B)
|A| = -37
-1 4 -6
Adj.A = | 4 -16 -13
-6 -13 1
1 -1 4 -6
A'=—|4 -16 -13
37
-6 -13 1
13. (C)

As A is not symmetric matrix.




14. (C) -X X =X

12 3
4 5 8 b a c-X
3 21 41
=1(5-16) — 2(4 — 24) + 3(8 - 15) xic b-x a|=0
= 11+40-21 b a c-x
=8 ie. #0 . X = 0 is one root of the given
~ rank =3 equation.
15. (D) 17. (D)
As R; =R; a-x b c

.. Value of determinant =0

16. (C) (a—x)b_x a| b c
) 0 c—X 0 c—x

a—x c b

c b-x =0 b ¢

+0 =

b a c-X b-x a
Ri <> Ry + (R2+ Ry) (a—x)[(b—x)(c—x)—O]—0+0=0
a—Xx c+b b+a (a—x)(b—x)(c—x):O
+Cc+b —-x+a +c-x

X =a, b, ¢ are the roots.
=0
c b-x a
18. (C)

b a c—X
a+b a+b a+b
+C—X +C—-X +C-X

=0

C b-x a

b a c—X

a+b+c=0

Quaaaad




Model Solution on Assignment — 11

(©)
(C)
(©)
(D)
(C)

23 =12-12=0
4 6

2 3. ) .
is not invertible.
4 6

(C)

(C)

A = (a;) is 3 x 2 matrix
Elements are given as
aj=2i—]j i>j

=2 | i <]

Elements of A will be dqq, Aqo, Aoy, Aoo,

dsz1, Azp

Elements having i > j = a4, ass, aszo

a1 =2(2)-(1)=3
az1 =2(3)-(1)=5
332=2(3)—2=4

Elements having i <j; as, a2, @

a1 =2(1)-(1) =1
ap=2(2)-(1)=3
a2 =2(2)-(2)=2

Matrix A =

O W =
A N W

8.

10.

(C)

X+VY= 70
_2 5_

X_ Y 30
_0 3_

Addition of (i) and (ii) gives

1
zx{oo}
2 8
X=50
1 4
7
IV 0] [5 0
2 5 1 4
Y=20
11

(A)

12 -3
let A=|0 1 2
00 f

12 -3
Al=l0 1 2
00 f

0 1 0 1
|A|=120
A~ exists




Cofactors :

12

A11 = (_1)1+1 0 1

o O o O
—

o N
-

Ay = (_1)%2

QO -
—

Ay = (_1)2+3

QO -
o N

Asi = (-1 1 o

2 —3‘

Ag, = (_1)3+2

o
N}

Ags = (-1)>°

Cofactor Matrix=|-2 1 O
7 -2 1

Adj A = [Cofactor matrix]'

1 2 7
1
2
0 O
1 2 7
A'=0 1 -2
O 0 1
11. (D)
12. (B)
13. (O)
ag, Aoy ... are in GP
am+1 — am+2 — am+3
am a‘m+1 am+2
Am+1 = amk

2
Ams2 = Ame1K = Ak

3
Am+3 = am+2k = amk

and so on
loga,, loga,,,
A= |loga,,, loga,,,
|Og am+6 Iog a'm+7
loga
loga,, 98n
+logk

loga, loga,
+3logk +4logk

loga, loga,,
+6logk +7logk

loga
loga
loga

m+2
m+5

m+8

loga,,
+2logk

loga,,
+5logk

loga,,

+8logk




R2<__>R2_R1 ; RS E ;RS_R1

loga, loga,

loga,,
+logk +2logk

3logk 3logk 3logk

6logk 6logk 6logk

loga, loga,,

loga,,
+logk +2logk

=3X6X
logk logk logk

logk logk logk

14. (D)
Given determinant, A
1 cos(B—a) cos(y—a)

= | cos(a —P) 1 cos(y —P)
cos(a—y) cos(B-7) 1

1 cos(a—PB) cos(y—a)
= | cos(a —P) 1 cos(B-7v)
cos(y—a) cos(B—-7y) 1

... Since cos(-0) = cosH
1(1 - cos*(B 7))
cos(o.—P) }

—cos(y —a)cos(B —y)

cos(a —B) cos(B — Y)}

—cos(y —a.)

—cos(a — B){

+ cos(y — a) {

=1 - cos*(B - y) - cos*(a. — B)
+ cos(a — B) cos(y — a) cos(B — v)
+ cos(y — a) cos(a — B) cos(B —v)

— cos?(y — o)

=1 —cos®(a. — B) — cos*(B —y) — cos*(y — o)
+ 2{cos(a — B) cos(B — y)} cos(y — o)
=1 - cos®(a. — B) — cos?(B — )
— cos*(y —a) + cos{(a - B) — (B — )}
+ cos{(a — B) + (B — )} cos(y — o)
=1 - cos?(o.— B) — cos*(B — ) — cos*(y — )
+ cos(y — a) cos(a — 2P + v)
+ cos(y — a) cos (o — )
= 1-cos®(a.—B) —cos® (B —v)
{COS[(Y — o)~ (=2 +7)] }

N +cos[(y—a)+(a—2B+7)]
2

= 1-cos?(a.— ) —cos? (B —v)

N cos(—2a + 2) + cos(2y — 2p)
2

= 1-cos®(a —B)—cos®*(B—7)

N cos2(a.—B)+cos2(B—7)
2

2 -2c0s? (o~ B) —2c0s* (B - 7)
+2cos®(a—p)—1
+2cos®*(B-v)-1

2

L A=0
15. (B)

0 2 4
A=l1 1 -2
2 0 5

Characteristic Equation of A is

[A-2l=0

) 238 4



-2 2 1 2
-2 5-L

=0

- A[(1-2)(5-1)-0]-2[5-A-4]
+4[0+2(1-2)] =0

. =A[5-6L+2% ]| -2[1-2]
+4[2-21]=0

SAL+6A2 -2 —2+20+8-81 =0
23 +6M2—10+6=0
ie. -0 2+10-6=0

16. (C)
Characteristic equation: |A —Al| =0
(3-2) 10 5
-2 (83-2) -4 | =0
3 5 (7-2)

gives A - 7212+ 161 -12=0

=>Ar=2,2,3

Fori=2

(3-2) 10 5 ] 0
-2 (-8-2) -4 X, | =10
3 5 (7-2) || x5 0

1 10 5][x] [0

2 -5 4||x,|=10
3 5 5 3 0
5
2 | satisfies the above equation.
-5
17. (D)
2 22 28
A=|3 3 3°
4 4 4
1 2 2°
= 2x3x4x|1 3 3?
1 4 4
12 4
=241 3 9
1 4 16
Ay = 24A
18. (D)

Qaaaa
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Answer Key on Test Paper — 1

2, (C) 3. (C)
6. (D) 7. (C)
10.  (C) 1. (D)
14. () 15.  (C)

Answer Key on Test Paper — 2

2. (B) 3. (A)
6. (B) 7. (D)
10. (D) 11.  (C)
14. (A 15. (A

Answer Key on Test Paper — 3

2, (C) 3. (D)
6. (A) 7. (B)
10.  (C) 1. (0
14.  (C) 15. (A

Answer Key on Test Paper — 4

2. (C) 3. (C)
6. (A) 7. (A)
10.  (B) 1. (A)
14. (A 15. (B

Answer Key on Test Paper — 5

2. (B) 3. (B)
6. (C) 7. (B)
10. (D) 1.  (B)
14.  (C) 15. (D)

Answer Key on Test Paper — 6

2. (B) 3. (B)
6. (C) 7. (C)
10. (D) 1. (A
14.  (B) 15, (C)

I [




Model Solution on Test Paper - 1

(B)

(©)
X+3=0 .. x=-3

similarly y, z & a can be calculated.

(C)
(B)
(C)
Characteristic equation is
4-n 1
=0

‘ 1 4-2

(4-2>-1 =0

16-8L+A°-1=0

A°—8L+15 =0
A-5*-3) =0

AM=3, Az =5
Or following property can be used

Sum of the eigen values = trace

(D)

(C)
Relationship obtained by using
A X1+ Ao Xo+Az3Xz3=0
M(1, 3,4, 2) +10(3, -5, 2, 2)
+23(2,-1,3,2) =0
gives 4 equations
i.e. AMq+3m+20 =0

3Ai—5\ A3 =0
40 + 2h+ 303 =0
20y + 20 + 203 =0
By solving these equations we get
M=1, ho=1, A3=-2

. Equationis X; + X, —2x3=0

(B)
Suppose these points are collinear on

lineax+by+c=0

Then ax;+by;+c =0 ...... (i)
axo+ by, +¢c =0 ....... (i)
axs+bys+c =0 ...... (iii)

Eliminate a, b, c¢, between (i),
(ii) and (iii)

Xy oyy 1
X, Y, 11 =0
X3 Y3 1
X; oy 1
Thus rank of matrix |x, y, 1| is
Xg Yz 1
less than 3

Conversely if rank of matrix A is less
than 3, then
Xg oy 1

Xo Yo
X3 Y3 1

—

=0

Area of triangle with vertices

(X1, Y1) (X2, Y2) (X, y3) is equal to 0
.. They are collinear points.




9. (A 10. (C)

We have equation as By taking product
1 1 1 X 9 0 ¢ -bl|a® ab ac
2.5 71 |y|l=|52 AB=|-c 0 a||ab b%® bc
2 1 1 z 0 b -a 0 ac bc G2
AX =B
, 0 0O
Now augmented matrix _lo o0 o
11 1 : 9 00O
[A:B]=]2 5 7 : 52
21 1: 0 1. (D)

- f(x) = x* —5x + 6
We reduce it in Echelon form

(
f(A) = A>-5A +6 |
Rg—)R2—2R1 R3—)R3—2R1

f o1 g {_31 ;} [—31 ;}5{—31 ;}

—

0O 3 5 : 34
0 -1 -3 : -18 +6L1) (ﬂ

Rzﬂg . .

3 which gives

1 1 1 9 f(A)={_1 O}
0 1 5/3 : 34/3 0 -
o 1 -3 : -18

Rs—> Rs;+R: 12. (A)
1 1 1 ; 9 A matrix is said to be idempotent if
0 1 5/3 : 34/3 A®=A
0 0 -4/3 : -20/3 5 o _41[2 o _4
-. Rank A=Rank[A:B]=3 Here, |-1 3 4 ||-1 3 4

.. Equations are consistent. 1 -2 3J|1 2 3

2 -2 4
gives |-1 3 4
1 2 -3

which is same as A.

It is idempotent




13. (B) 14. (C)

cos® -—sin6 O We have (A-Al) =0
A = |sin6 cos6 O 1-—% 1 1
c 0 1 1 1-2 1|=0
|A] =1 1 1 1-A
At _ adiA o (=21 =12 =11 =101 =) = 1]
|Al +1[1-(1-1)] =0
Adj A = [cofactor matrix A]T L= - }L)Q —1]-1[(1 = 1) = 1]
'cos® -sin6 O] +11-(1-1]1=0
= | sind cosé 0 L= (2-2)+2% =0
0 0 1 5
- - LA @B-0)=0
[cos® sin® O] - 22003
= |—-sinO cosO O
0 0 1
- - 15. (C)
[ cos® sin6 O] 1
A" = |-sind cos 0 We have Cy - =C;
0 0 1
- - 1 1 3 6
O 3 2 2
-1 -1 -3 4
Now R3 —> R3 + R1
1 1 3 6
0 3 2 2 |which is in Echelon
0O 0 0 10
form so rank is equal to no. of nonzero
rows
Rank = 3
aaoaaaaq




(B)
(B)
(A)

(A)

Model Solution on Test Paper — 2

6.

2A+38=22 3 4+3O 1 -2
1 -2 5 2 4 6

(B)

1
A =1
1

[4 9 12
|8 8 28

a bc
ca
ab

Performing R, > R, - Ry,

Rs—) R3—R1

1 a bc
O b-a ca-bc
0O c—a ab-bc

=0

(b — a) (ab — bc) 7.

— (c—a)(ca—bc)=0
(b-a).b(a-c)
—(a-c) cla-b)=0
(a-c)(b—-a)(b-c)=0

(a —b) is a factor of A

(B)

The given system of equation is
equivalent to the single matrix
equation

2 6 0 X

6 20 -6

0O 6 -18]| |z

~11

AX =

We reduce this matrix into triangular
matrix by sequentially performing

R, - R, - 3Ry,

Rs — R3-3R,, we get

2 6 0][x] [-11
02 -6||y|l=]30
00 0]|z| |-91

We have Ox + Oy + 0z = -91, this

shows systems is not consistent

(D)

Using

cos 0 cos ¢ — sin 0 sin ¢ = cos (0 + )
cos 0 sin ¢ + sin 6 cos ¢ = sin (6 + ¢)
cos 0 cos ¢ —sin 0 sin ¢ = cos (0 + )

we et {cols(ejtq)) sin(e+¢)}
—sin(0+¢) cos(6+¢)

(B)
As A°=A.A.A =0
where A is given matrix

. It is nilpotent matrix




9. (B) 2 3 5 1 9 17

Rs > Rs + Ry, R> - R, + 2R; gives =10 3 -1|+|0 4 -5
00 4 00 9

1 2 3 L
0O 0 5 (3 12 22
0O 0 10 =0 7 -6
The determinant of above matrix is 0 0 0 13
Checking for non-zero minor of order 2 Now for triangular matrix eigen values
1 -2 are same as principal diagonal
=0
-2 4 element.
-2 3 }L1=3,7L2=7,7L3=13
=2-12=-10=0 .
4 -1 are eigen values.
. rank =2 13. (C)
10. (D) Lot A cc?se —sin® B a o0
sin6 cos6 0O b
11. (C)

Here AB=BA if a=Db
As it is not a singular matrix

12. (B) 14. (A)
R4 = 3R;
1 83 5
A=|0 2 _1 Hence rank <4 and
0 0 3 1 4 8
» 0 0 3{=48=+0
I+ A+ A 4 2 3
1 0 0] [1 3 5
=10 1 0|+[0 2 -1 - Rank=3
00 1] |00 3 15. (A)
1 3 5][1 3 5
+{O 2 -1 {0 2 -1
0 0 3|]|0 0 3
Qaaaaa




Model Solution on Test Paper — 3

1. (C)
As for triangular matrix eigen values

are principal diagonal elements

2. (C)

As per definition of rank of matrix

3. (D)
As columns of A # rows of B

So product is not possible

4. (A)

5. (C)
As these are properties of skew

symmetric matrix.

6. (A)

1 1 :
eg. A= ‘1 1‘ for 2 x 2 matrix
Rank of A =1

7. (B)
8. (D)

As per property of idempotent matrix if

A & B are idempotent implies AB = BA.

9. (D)
The determinant of 3 x 3 element of
given matrix is not equal to zero or
when reduced to echelon form, it gives

3 rowed matrix.

10.

11.

12.

(C)
The given equation in Matrix Form:

2 3 5||x 9
7 3 2|ly|=|8
2 3 ML|lz 1)

AX =B

2 3 5 9
[A:B]=|7 3 -2

2 3 A
R, «—R; -R,
2 3 5 : 9
7 3 -2 8
0 0 A=5) : (n-9)

If rank(A) = rank (A : B), system has no
solution.

= A=5u#9

(C)
Just by the definition of the rank of
matrix we find that the rank of given

matrix A is 3.

(B)
Characteristic equation of A is
|A-All=0

1-A O 2

o 2-x» 1
2 0 3-1

=0

S (1=2)[@2-21)(B-2)-0]
+2x2(2-1)=0
A B+ TA+2 =0

) 2:5 4



13.

14.

(B)

By solving the above equations as

follows
2 1 2 1
1 1 0 :0
1 k 6 : 3

= That is, after reducing to Echelon
form, if we want unique solution,
then K = 2

(C)

Hint : By just the definition

i.e. transpose of all elements' cofactor
matrix.

OR [cofactor Matrix ]

15. (A)

R3 —> R3 - (R1 + Rg), we get

X+2 2x+3 3x+4
2x+3 3x+4 4x+5| =0
0 1 3x+8

ByRQ—)RQ—R1 &R1—)R1+R3

X+2 2x+4 6x+12
X+1 x+1 x+1 | =0
0 1 3x+8

1 2 6
x+1)(x+2) |1 1 1 =0
0O 1 3x+8
R1 —)R1—R2
0 1 5
x+1)(x+2)[1 1 1 =0
0 1 3x+8
Now,

x+1)(x+2)[-(3x+8-5)] =0
Bx+1)x+2)(x+1)=0
x=-1,-1,-2

Quaaaq




) 2:5 4

Model Solution on Test Paper - 4

(B)
As per the property of the skew

Hermitian matrix

(C)

As per the property of the eigen values
for orthogonal matrices. i.e. for
orthogonal matrix, the eigen value is

reciprocal of the original eigen value.

(C)
Hint : The transpose of the matrix
does not change the rank of the

matrix.

(C)
As per the defitnition of nilpotent

matrix for index K.
(B)

a h
[x vy z]|h b
g f

O -+~ Q
N < X

= ax® + by? + cZz® + 2hxy + 2fyz + 2gzx
i.e. X" AX gives,
ax® + by® + ¢z® + 2hxy + 2fyz + 2gzx

iy QA Q3
If A= 1 Ay Ay
A3y Qdgp Qg

Then for
ax® + by® + ¢z® + 2hxy + 2fyz + 2gzx
ax=D>b

ayr=4a dzz =C

11.

app=ax =h= % x (co-efficient of xy)

ays = az =f = — x (co-efficient of yz)

1

2
1 .

azy=ai3=Qg= > x (co-efficient of zx)

Extension of this method

(A)

When reduced to Echelon form, non-
zero rows obtained is 1.

Or R, =-6R; & R3 =-5R;

(C)
(C)
2 -1 1
A =|-1 2 -1
1 -1 2

Characteristic equation of matrix

2-n -1 1

o6+ +4=0

(B)

- (B)

(A)
Inverse of matrix A is,
A= AdjA
| Al




12. (A) 13. (B)

OisaneigenvalueofA = A =0 R, = 3R;
satisfies the equation | A-Al'| =0 As one of the row is repeated, so the
— |A|=0= Aissingular no. of rows for considering rank

Conversely = |A| =0 reduces to 2. Now, for given row

) = 0 satisfies the equation matrix, determinant is non zero and

hence the matrix is 2.

|A-A1|=0
= 0 is eigen value of A 14. (A)
15. (B)
aoaaaaa




Model Solution on Test Paper — 5

(A)

For symmetric matrix A = AT

(B)

We have, a+3 = 2a + 1

I
N

a

Similarly, b 1,2

2 2
A A ab b ab b
—a® -ab| |-a® -ab

_[o o
“lo 0
L A2=0 = K=2

o Index =2

(B)

It is the definition of eigen values.

(C)

For diagonal matrix, eigen values are
different.

(C)

(B)

C, =2C;

| A | 3x3= 0
rank < 3

minor of order 2

8 0

|
—
N

|
N
11

(A)
For triangular matrix eigen values are
same as major principal diagonal

elements.

(B)

AX1 + AoXo + AgXz + AgXs =0
M(1,2,4) +20(2,-1,3) + 23 (0, 1, 2)
+24(-8,7,2) =0

M+2h—3h =0

2M — Ao+ A3+ 70y =0

401 +3h+ 203 + 204 =0

By solving these equations we get
M=9, ho=-12, A3=5, Ay=-5

. relationis 9xy — 12X, + 5x3 —5x4, =0

- (D)
- (B)
|Af=1
rgia |- c-id]'
IR= 1 coid a+ib
At AdiA
Al

B a-ib -c-id
" |lc-id a+ib




12. (A)
Idempotent matrix is one which
satisfies A> = A. But given matrix not
satisfy this relation

. Itis not a idempotent matrix

14. (C)

determinant

6 0 O
-11-8 2 0

13. (B)
15. (D)
|Al3.3=0
Rank < 3
. 1 1
Minor of order 2, ‘ ‘ =-2
0 -2
i.e.#=0
o rank =2
aaaaanaq

1

4 4

—-1[6 [8-0] ] =48




) 252 4

Model Solution on Test Paper — 6

(B)
|A| =a[b(dx¢)] = abd/

(B)
As [Alsxz [Blax2

[Blsx2 [Alsxs
BA is not possible as

columns of B = rows of A

(B)
A is obtained by substituting i by —i

(A)
3 1 2
|A|3X3= 6 2 4 =O
3 12
3 1
Alziz = =0
| Al2x2 ‘6 2‘

Similarly other minors of order 2 are 0
|A|1><1 = |3|¢0

rank = 1
(A)
Characteristic equation are
|A-All=0
5-% 3
=0
‘ 3 —3—%‘

(5-2)(-83-1)-9=0
15+2%+2L-9=0
A —2L-24=0

. A=6,-4

6.

(C)
As per theorem,

1+a 1 1 1
1 1+b 1 1
1 1 1+c 1
1 1 1 1+d

= abcd(1+l+l+l+lj
a b c d

Now here a=b =c= d=-4
=(-4)" x(0) =0

(C)

By R« > Rs—Rs-R.-R;, Ri > R,
Ro — Ro — 2Ry, Rg—> Rs— 3R

4 2 -4

5 3 7
4 9 10
0O 0 O

1

0
Subsequently, 0
0
1 -1 -2

0O 5 3
0 4 9

We see that =330

. Rank=3

(B)
Hint : Adjoint A = [ Cofactor matrix A]T

(C)
Characteristic roots are obtained by
|A-Al|=0

A1 2
1 - 1] =0
2 -1 -




AOE)1(-A+2)+2(-1+20)=0  14. (B)

2>+6L-4=0 4l 4
By synthetic division 0
211 0 -6 4 2 -9 10
0 2 4 4 =13 4 6
4 2 4
1 2 2o
21 3 12
h=2 B'A =1 3{4 1 0}
M+2L-2=0 2 4|-
= L=-1++3 2 3 4
roots are 2, -1 + /3 =9 4 2
-10 6 4
10. (D)
As for triangular matrix eigen values 15, (C)
are same as principal diagonal The given equations in matrix form
element. 1 a allx 0
PN b 1 blly|=]0
- (A c ¢c 1|z 0
12. (B) For non trivial solution,
As C, =2C; |A| =0
.'.|A|4X4=0 1 a a
rank < 4 . b 1 b = O
c ¢ 1
1 2 1
Minor of order3 |1 3 1 ~1(1-bc)-a(b-bc)+a(bc-c)=0
2 4 3 . 1 —bc—ab+abc+abc—ac=0
=1(9-4)-2(3-2)+1(4-6) -. ab+bc+ac—-abc=1+abc ...(i)
= 1 * O a b C
+ +
rank = 3 1-a 1-b 1-c
{a(1—b)(1—c)+b(1—a)(1—c)}
13. (B) +C(1—a)(1—b)

(1-a)(1-b)(1-c)




+b(1—a—-c+ac) 1-a-b-c+(1+abc)
+c(1-a-b+ab) ....From (i)

% a(1-b-c+bc) a+b+c+abc-2(1+abc)
(

1-a)(1-b-c+bc) a+b+c+abc—-2-2abc

a—-ab-ac+abc+b-ab-bc 1-a-b-c+1+abc
+abc+c-ac-bc+abc 2ia+b+c—abc
1-b-c+bc-a+ab+ac—abc T 5 _a_b_c+abc
a+b+c+abc =1
—2(ab+bc +ac —abc)

"~ 1-—a-b-c+(ab+bc+ac—abc)

N [




13.

17.

13.

17.

13.

17.

Answer Key on Assignment — 1

1.85t0 1.87

(B)

Answer Key on Assighment — 2

1.910 2.1

(D)

Answer Key on Assignment — 3

40 to 40
—-0.35t0 -0.30
(B)
0.951t0 1.05
(A)

Solutions — Calculus

10.

14.

18.

2.

6.

10.
14.

18.

2.

6.

10.
14.

18.

(D)
()
(D)
1

(®)

(B)
(D)
2.0t02.0
(C)
(B)

(A)
(C)
0.0t0 0.0

18 to 22

(D)

3.

7.

11.
15.
19.

—-100.01 to -99.99

3.

7.

11.
15.

19.

3.

7.

11.
15.

19.

(C)
(C)

4.66t0 4.76
(C)

—0.01 t0 0.01

4.

8.

12.

16

20.

12.
16

20.

12.
16

20.

(D)

2
5.91t0 6.1
85.0 to 85.5
(C)

(A)
-5.11t0-4.9
(B)
-13to -13
0.99 to 1.01




13.

17.

13.

17.

13.

17.

Answer Key on Assignment — 4

2.

6.

10.
14.

18.

(D)
(B)
(D)
(C)
(B)

3.

7.

11.

15.

(B) 4,
(A) 8.
(D) 12.
(B) 16

Answer Key on Assignment — 5

2.
6.

10.

14.

18

3.

7.

11.
15.

(C) 4,
(A) 8

(D) 12.
(B) 16.

Answer Key on Assignment — 6

2.

6.

10.
14.
18.

3.

7.

11.
15.

(B) 4.
(A) 8.
(B) 12.
(B) 16.




13.

17.

13.

17.

13.

17.

(B)

Answer Key on Assignment — 7

2.

6.

10.
14.

18.

Answer Key on Assignment — 8

2.

6.

10.
14.
18.

Answer Key on Assignment — 9

2.

6.

10.
14.

18.

(C) 3.
(D) 7.
(C) 11.
(D) 15.
(A)

(C) 3.
(D) 7.
(D) 11.
(A) 15.
(B)

(B) 3.
(D) 7.
(C) 11.
(C) 1.
(B)
Qoooaoao

(A)
(A)
(A)
(B)

(D)
(B)
(A)
(C)

(A)
(B)
(A)
(A)

12.

16.

12.
16.

12.

16.




Model Solution on Assignment — 1

(A)

. X—sinX 0

lim =|—

x>0 1—COS X (Oj
Applying L. Hospital Rule,

. 1-cosx [Oj

lim — =|—

x->0  sinX 0

Once again, L. Hospital rule

lim " = (QJ -0
x—0 COS X 1

(D)

We know that f(x) is continuous at x = a,

if lim f(x) exists and equal to f(a).

X—a

(C)

lim (1+lj

X—0 X

Let 1 =h
X

as x—>o, h—>0
1) 1
lim (1+—j =lim(1+h)n
X—>00 X h—0
=e
(D)

2 3

We havee®=1+a+—+—+....
21 3!

ooan
‘éﬁ

(C)

2 20,2
fim 12C0s(<) _ . 2sin®(x /2)
x—0 o4 x—0 2 x4

Alternate Method

_1-cos(x?) 0
im —m=—
x—0 ox4 0

Using L Hospital Rule

__(sinx®)2x 0
lim 2222 = =
x>0 _8x° 0

__ (cosx?)2x2x + (sinx?)2
lim
x>0 24x2

i (€08 x2)4x? + 2sinx?
x—0 24x2

{(sin x2)4x? + cos x2(8x)}
= lim

+2(cos x?)2x
x—0 48x

(—cos x?)2x(4x?)
+(—sin x?)(8x)
+(—sin x?)(2x)(8x) + 12cos x*

_fim +(—sinx?)(2x)4x

x—0 48




(C)
Given: f(x) does not have a root in
[a, b]. That is from x = a to x = b, then
curve f(x) does not cross the X-axis.
Hence the curve is entirely above
X-axis or entirely below it.
- f(a) >0and f(b) >0 ORf(a) <0

and f(b) <0
- f(@).f(b) >0

(C)

The ranges are given by 0 <y < a and
O<x<yie.0O<x<y<a.

This can also be written as 0 < x < a

andx<y<a

2

in[lj =7

n=0 2

This can be solved using Z-transform

and also using algebra as arithmetic-

geometric series. We will use algebra.

. n 2
> LI [ S TV 91 L I
2 2 2

n=0
[a + (a + d)r + (a + 2d) + .....infinite
terms]
. rd2 (-1<r<1)
1-r (1-r)

For above series,a=0,d=1,r= %

Z(%]n _ 1o1 L@,

)
2

10.

11.

(C)

im —i
x-0 @3 _1 x-0 3% 3
(D)
. x3 —sinx
IIman
X
= (”mxao Xz)_(limxao %)
X
=0-1=-1
-100.01 to -99.99
3
fx) = x(x2 —3) = X _x
3
3X2 2
f(x) = ——-1=x"-1
(x) 3
=x-1=0
=X=%1
f’(x) = 2x
'(1)=2>0

= at x = 1, f(x) has local minimum.
f'(-1)=-2<0

= at x = -1, f(x) has local maximum
For x =1, local minimum value

1 2
f(1)= ~—2="%
(1) 3 3

Finding f(—100) = —-333433.33

f(100) = 333233.33
(- x = 100, —100 are end points of
interval)

.. Minimum occurs at x = -100




12. 5910 6.1 14. 1

f(x) = 2x° - 9x* + 12x — 3 25/ 4 1
2 I = J.(—Zj cos(—} dx
f'(x) = 6x" — 18x + 12 o1\ X X
f'(x) =12x - 18
5 Put (lj:y
f'(x) = 0 gives 6(x" —3x + 2) = X
x=1,x=2
X X —(lz] dx =dy
f'(1)=12 - 18 = -6 X
andf'(2)=24-18=6 Further, if x = 1/x theny = = and
There is local maxima at x = 1 and if x=2/ntheny = n/2
local minima at x =2 n/2
= I cosy(—dy) = J' cosydy
Now, f(0) = -3, o
f1)=2-9+12-3=2and = sin(r) — sin(m/2) =0 — 1 = —1
f(3)=54-81+36-3=6 15. 4.66 t0 4.76
5 n/4 4.5
13. 1.8510 1.87 Volume= [ [ [ pdzdedp

p=3 ¢=n/8 z=3
The length of the curve
5 n/4

n/z\/[dsz (dyjz [dz]z I .[ p1 5 d(Pdp
I e +| — +| — | dt p=3 ¢=n/8
5 dt dt dt

5
jp1.5x(n/8)dp

TE/2 2 2 =
= f (—Sih’t)2 + (cost)2 + (—j dt o3
T
’ =1.5x%x (n/8) x 8
/2 ) )
= I \/Sin2t+0032t+izdt =1.5n=4.7124
° . 16. 85.0to 85.5

~

1

1
O —

2
L +_dt 17. (B)
y =2x — 0.1x°
t|“’2 N _5 0ox
0 dx

o’y
= 1.8622 o J0

>
N3

4
+_
n2

y maximizes at2 - 0.2x =0

= x=10

y=20-10=10m




18. (C) 20. (C)

Given function is f(x) = || Given x cos(nuj
= > )

x| is continuous at x = 0 but not

differentiable . (mu
y = sin > O<uc<1i
19. (C)

. . d_Xz__nsm(n_uj
To find maxima du_ 2 2
We differentiate f(x) w.r.t. X’ & equate

dy_7 oY

to zero du_ 2 >

df(x) _ a2 485124 -0 We know that surface area when the

dx

curve revolved about X-axis of a

2
= X -6x+8=0 . .
parametric curve is

(x—4) (x-2) 5 e
x=2o0rx=4 —ZnIy[Xj +(—yj du
du du

Now,

2 : . (U

df(;() = 6x-18 = -6 < 0 (maxima) _2n_fsm(2j

dx® | _, 0

d*f(x) T ) (n )

X - .
= ini —sin| — || +| =cos|— || du
™ | 6 > 0 (minimum) ( 5 ( ) D [2 ( 5 D
1 2
), —-9(2)* +24(2)+5 _ 2njsin%u /% du
=8-36+48+5=25 °
But since interval [1, 6] i.e. inclusive, _ 2nx£j[sinn—udx
we have to find
f(1)=1-9+24 +5=21 au
—-1cos —
f(6) = (6)° — 9(6)° + 24(6) + 5 = 72 2
T
=216-324 + 144 + 5 = 41 2 o

Thus, in the interval maximum value is

2 T
= —n® x=| cos=-cos0
41, T ,i >

= 2n[cos0-1] =2x

auadaa




Model Solution on Assignment — 2

(B)

. e*-1 . (0
lim — Is | —
x-0 sin 4x (Oj

So, Applying L-Hospital Rule,

2X
im—2¢"_ -2 _o5
x>04cos4x 4

(B)

I(x —1)? sin(x - 1)

Let| = -° dx

(x —1)® +cos(x — 1)
We know that,
2 (2-x-1?2sin(2-x-1)

'—a

1 (2-x-1 +cos(2-x-1)

_ T ? sin(1-x)
o (1- x) +cos(1 X)
2
_ ,[ (x —1)% sin(x — 1) dx =
¢ (x—1)* + cos(x - 1)
= l+1=0
= 21=0
= =0
—0.01 to0 0.01

f(x) = /n(1+x)—

F(x) = %—1 and f(x)

+ X

= — 1 <0
(1+ x)?

. Maxima f'(x) = 0 gives %—1:0

“1+x=1
. x=0
.. Thereisamaximaatx=0

. Maximum value =f(0) = /n(1)-0=0

(A)
In order to find maximum value of the
function we have
f(x)=0
—xe +e =0
e(1-x)=0
= x=1
And f(X)<Oatx=1

.. Maximum value is f(1) = (1) e ' = e

(A)
For negative value of x, f(x) will be
positive
For positive values of x, f(x) will be
positive
minimum value of f(x) will occur at
x=0

(D)

(B)

The given function is
F(X)=1-x°+%°,

where x € [-1, 1]

= F/(x) = —2x + 3x°

By mean value theorem

F(1)-F(-1)

T




Now F(1)=1-(1)?+(1)°=1 9. (B)
and F(-1)=1-(=1)%+ (-1)°

10. 2010 2.0
—1-1-1=-1 .
(L | = dx;
Fx)= -0 _2 '([w/(1—x)
1—-(-1) 2
F'(x) = 1 Use: j f(x) dx = j f(a—x) dx
—2x +3x2 =1 ’ °
1
3°-2x-1=0 ,-.|=J‘ ! dx
1—(1-
3x°-3x+x-1=0 o V(1= (1=x))
3x(x— 1) + 1(x = 1) =0 =jidx=jx”2dx
(3x+1)=0 oVx
or x-1=0 27’
B Lx/z} =2
x= 1 0
3
11. (B
or Xx=1 (8)
2 x
Now —— lies between (-1, 1) .([J;exw dy dx
2 X
x= 1 = J'o e* (e" IO e’ dy)dx
3
2 X 2
5.11t0-4.9 = [e*(e") dx = [e" (e - Ndx
0 0
f(x) = 2x% — 3x® where x € [-1, 2] .
2 2x
o f(x) = 6x° —6x and f'(x) = 12x - 6 = I(eZ" —e")dx = (e2 —e"]
- f/(x) = 0 gives 6x2 — 6x = 0 ° °
4 4
L BX(x—1)=0 - x=0,1 _8 e 18 e ]
2 2 2 2
f'(0)=-6<0 1
. There is a maxima at x =0 = 5(94—26‘2“)
#(1)=12-6=6> 0
= —(e® -1’

.. There is a minima atx =1
f(1)=2—3=—1;f(—1)=—2—3=—5;
f2)=16-12=4

.. Global minimum value of f(x) = -5




12.

13.

(B)
f(x) = x° — 3x% — 24x + 100
where x € [-3, 3]
- f(x) = 3x° — 6x — 24 and

f'(x) =6x — 6
f/(x) = 0 gives 3(x* - 2x — 8) =0
L (x=-4)(x+2)=0 .. x=-2,4
As x =4 > 3, consider x = -2 € [-3, 3]
f'(-2)=-12-6<0
.. There is a maxima at x = -2
f(-3)=-27-27+72+100=118
f(3) =27 -27-72+ 100 = 28

.. Minimum value of f(x) = 28
1.9t0 2.1

%x circumference
1

= —XxnX4
4

time = T 2 sec
1.57

1N
(0.0) Q;’ / 4.0)

14. (C)
lim Vx%+x—-1-x
(\/x2 +x—1+x)
= lim (\/x2+x—1—x)
X (\/x2 +x—1 +x)

) 264 4

15.

16.

17.

1l
5

Il
5
]

-131t0 -13
f(x) = 2x° — x* — 10 where x e [-1, 1]
- f(x) = 6x° — 4x% and

f'(x) = 12x — 12%°
f/(x) = 0 gives 2x°(3 - 2x) = 0
. x=0.1.5
Asx=1.5>1, considerx=0 e [-1, 1]
f’(0) = 0 .. There is a neither maxima
nor minima atx =0
f(-1)=—2-1-10=-13
f1)=2-1-10=-9

. Minimum value of f(x) = -13

(D)
The function f(x) = x° + 1 has a point of

inflection at x = 0, since in the graph

sign of the curvature (i.e., the
concavity) is changed.
YT
4 v * x

/ ;




19. (A)
lim f(x) = lim (x=1) =2 =(3)

X—>3+

lim f(x) = lim (X;:”j ~2=1(3)

X—>3— X—>3-

.. f(x) is continuous at x = 3

20. 0.99 to 1.01
2
Hny dxdy

I j xyZdxdy + I J. xyZdxdy
Ry R

5 2 5 2x
J‘ I xy?dxdy + J‘ j xy?dx

x=1 y=0 x=1 y=2

2\°/.3\2 5 32X
- () (5] %) o
2 ] 3 o 1 3 )

32+1(24992j_32
3 5

24992
15

C_[ j xy?dxdy = %(24992)><1O4
R

=0.99968 ~ 1
OR

_[_[ny2 dxdy = T (T xyzdyJ dx
x=1\ y=0

Il
e e 1A
X

_ 8 (3104)_ 24992
15 15

x107™* x6

ch [xy*dxdy = 249592

= g>< 2.4992
5

=0.9968 ~ 1

aaaaa




Model Solution on Assignment — 3

40 to 40 4. (C)
Xy +2) @) Given, fim | X+
OX X—>00 X
atx=2,y=1,z=3=(1+9) (4) =
Y ( ) (4) Putx=%andx—>ooorh—>0
" 1+sin1 1+hsin1
f(t) = e'—2e ™ where 0 < t < Now, fim h 1 hi_ im 1 h
fiity = —e* - 2e72(-2) = 462 — & ” - 7
and f'(t) = e — 8e™®
5 1+0
fi(t) =0 gives4e ® —e'=0 = =1
et (4e'-1)=0
e'=0oret=1/4 5. -0.351t0-0.30
s t=wor e'=4 - t=ow, t= (n(4) |im[ _—sinx J(Qformj
x—0\ 2sinX + xcosx J\ 0
f”(oo) =0
i —COS X
. Neither maxima or minima at t = o = x@O(ZCOSX T COSX — xsinxj
#(nd) = +_gx—— = —1 o (L - Hospital Rule)
16 4
-1
-. Maxima att = /n(4) )
(©) 6. (C)
Z = Xy /n(xy) =Xy ¢n(x) + xy /n(y) j- COSX +isinx dx
. 5 LCOSX +isinx
— = y[1+/n(x)]+y ¢n(y) _
OX n/2 e n2
= _[( iX]dx = _[e“‘dx
= y+y(n(xy) o \€ 0
aZ 2ix n/2 1
and — = x/n(x)+ x[1+ /n(y)] _ {e } = L[e"—¢]
oy Y = =
P, 2i
= X+ X /Nn(xy) 1
= —[cos(rt) —isin(w)—1
Q_ya_z 2i[ (m) (m) 1]
ox "oy

[ ,
ﬁ[—1—0—1]—|




7.

10.

(A)

The partial derivative of x°y* with
respecttoyis 0 + 2y = 2y.

The partial derivate of 6y + 4x with
respect xis 0 + 4 = 4.

Given that both are equal.

= 2y=4
= y=2
(C)

f(x) is discontinuous when

denominator =0

S (C+3x-4)=0
L (x+4)(x-1)=0
LoX=-4,1

(B)

f(x) = x° - 3x% + 1

- F(x) = 3x° — 6x = 3x(x — 2)

.. Between -1 & 0, f'(x) > 0 i.e. f(x) is
increasing

Between 0 & 2, f'(x) < 0 i.e. f(x) is
decreasing

above 2, f'(x) > 0 i.e. f(x) is increasing

0.0t0 0.0

f(x) = x(x = 1) (x = 2) = x*> = 3x® + 2x
where x € [1, 2]

S f(x) =3x* —6x+2and f'(x) = 6x — 6
- f(x) =0 gives 3x° —6x +2 =0

(. B8tV36-24 6xV12
- 6 -6

11.

12.

= 1ig =1+0.5774

= 0.4226, 1.5774
Now, x = 0.4226 < 1.
Consider x = 1.5774
f'(1.5774) = 6(1.5774-1)> 0
. Minima at x = 1.5774
f(1)=0andf(2) =0

. Maximum value is f(x) = 0

(A)
3 sin X + 2 cos X

replacing sin x and cos x by its series,

(A)
X

. “—-110
lim {— form}
a0 0

Hence applying L Hospital rule

Let y = x*

logy = a log x

1dy « da
—— = —+logx —
ydx X dx
dy = x* [gﬂogxd—a}
dx X dx

) 267 4



Now applying L Hospital rule

0{oc doc}
x| —+logx—
X dx

da
dx

lim

a—0

= log x

13. 0.9510 1.05

ellipse

rectangle

Here rectangle is inscribed in ellipse.
Let the length and breadth of rectangle
be 2x and 2y respectively.

Now area of rectangle = (2x) x (2y)

= 4xy
Let  F = (Area of rectangle)®
= (4xy)®
=16 X° y2

_1ex| 12X
4

, 1-x° . .
Y= 2 from equation of ellipse

=4x% (1 - x°)
Now F'(x)=0
x(1-2x%) =0
x=0
or 1-2x*=0
= 2x° = 1
=N N
2

14.

2
For x =0,
1
2—_
=3
1
= =+ —
y 2
and for x—i
J2
11
yo_—2_1
4 8
. yo L
J8
Now F(x) = 8 — 48 X°

= F(x) is maximum at x = 1

V2

The maximum area of rectangle

inscribed in ellipse is

RREES

18 to 22

1
| = —||(x+y+10)dxdy where D
2an( y +10) dx dy

denotes x° + y° < 4
Use polar co-ordinates. Put x = r cos 0,

y =rsin 0 dxdy =r dr do




2
= l j I (rcos0+rsin6+10)rdrdo

21 %y 6l

[ (rsine—rcose+109]§“ dr

H e O

L
2n

(10r><2n)dr

H e O

L
2n

=

22
} =10x2=20
0

10{_
2
15. (D)
16. (A)
P = 50q - 59°
2
P _50-1043P <0
dq dq

p is maximum at 50 — 10q = O or,
q=5
Else check with options

17. (A)

The given curves are y = x and y = X2

solving (1) and (2) we have

Xx=0,x=1

Area = '[;(x—xz)dx

|
N\
|\)|><,\,
|
w|*,
>,
I
N =
|
W=

-1 sq units
5 :

18. (D)

19. (C)
[*¥xIn (x) dx

[
I
)
+
I

20. (A)
Given
(sin”" x)?
| = j S—dx

V1-x2
fn+1(x)
e

Sln X
[(sin‘1 ) —sin™ O}

(5-0|-2

W= W=

aaaaa




Model Solution on Assignment — 4

(x/2)

(D)

Applying L’ Hospitals rule, we have

limg_, cost _ cos0 =1
(B)
1/3

L = limX_—2

X—>8 (X_8)
let x =a> = a—?2
2 L=1m@=2

a2 g _8

Now by partial fractions,
(@°-8) =(a-2) (a®+2a+4)

. 1 1
= L=limag—=—
a>2g° +2a+4 12

Alternate Method

Since lim>~—2_ = na™"
X—a X—a
1/3

L= fimX__—2

x—8 (X_8)
1,2 1
= — 8 3 —
(8) 12

1— cosx . (sin(x/2)
____—7" = )I(ILT(I) —_ =7

(D)
ax +b a b
I = lim — + —
X— 0 CX X— 0 C X
- 2,0-2
C C
(D)
. . e’ -1
Lim f(x) = Lim =1
x—0 x—0 X

But f (0) = % which is not defined.
Since Lier(x);tf(O) therefore f (x)

has removable discontinuity at x = 0.

li °

- Xl—rg X3
x X 1
=lim=—+—+—+..=—
x>06 4] 5l 6




10. (D)

11.

f(x) = x®—6x*+24x+4

f{x) = 3x*—12x+24
f2(x)=6x—-12

For maxima and minima, f ‘(x) =0
or 3x*-12x+24 =0

or x =2=%2i

. f (x) has no maximum and no

minimum at any real value of (x).

(D)
Two parts are 30 and 30 — x
f(x) = x®.(30-x)
f(x) = 30x® —x*
f'(x) = 90x*-4x°
f(x)= 180 x — 12x?
For maximum and Minimum f ‘(x) =0

or 90x>-40x® =0

90 45
or x=0,x=—=—
4 2
But, x = 0 is impossible, hence

: 45
consider only x = o

2
(5] 15055 129
2 2

2
f'-(ﬁj <0
2
45

- f(x) is maximum at x = > = 22.5

.. Two parts of 30 are 22.5 and 7.5

12.

13.

(C)
f(x) = (x-2)°

f'(x) = 3(x—2)°

f’(x) = 0 for maximum and minimum.
orx= 2

When x> 2,f‘(x) = 3(x-2)°> >0
Whenx<2,ff(x) >0

Hence neither maximum nor minimum

atx =2.
(C)
y = sinx (1 + cos x)
dy = COS X — Sin® X + cos? x
dx
= COS X + COS 2X
2
d—);:— (sin x + 2 sin 2x)
dx
. - dy
For maximum and minimum, d_ =0
X

cosx+cos2x =0

or 2cos’x + cosx—-1 =0

1
or CcosX = E,COSX = -1

But g € (0, ) and = ¢ (0O, n)

d’y
d_2

<0 atx=E
X 3




14. (C) 16. (A)
f(x) = 4x° — 8x° + 1 in [-1, 1] dv )
f/(x) = 12x° - 16x

Equating f'(x) to O ve 2o
12>~ 16x =0 3
3x% — 4x = 0 ﬂin(srzﬂj:mzﬂ
dt 3 dt dt
X(83x—-a)=0

4nr? % o —4mr?

X =0, x=i
3

4 i.e. 4nr? ar_ —k 4nr?
Now, x= 5[—1, 1] dt

dr

So x=0 Fm =k
f'(x) =6x — 4

f(x) =4x° - 6x° —2x — 4

f(x) in not minimum at x = 0.
=2(x-2) (2 +x+1)

Checking at endpoints :

f(—1) = 4(=1)° — 8(=1)2 + 1 Thus only critical number is x = 2

=—4-8+1=-11 SOf(O):S
f(1) = 4(1)° - 8(1)* + 1 f(2)=-9
f (4) = 99
=4-8+1=-3
18. (B)

- f(x) has minimum at x = -1 in [-1, 1]
(x+2)(3x2)—x3

15. (B) = ey
V= i7tr3:d—v—4nr2ﬂ 2
-3 at "t _2x°(x+3)
2
, dr (x+2)

x = 0 and x = -3 are critical.

dar _-1_ -1 _ 0.0 However x = -3 does not lie in interval

- — = > =

dt r 100 so we list 0 and end points -1 and 1.
Since diameter = 2 x radius f0) =0, f (1) =-1,f(1) = 1/3
Hence diameter is decreasing at the

rate of 0.02 cm /hr.

I [
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Model Solution on Assignment — 5

(D)
Lim ((x® +1 — /x+1)

X—>

_ le\/ﬁ_\/— (VX®+1+/x+1)
xo \/x +1+x+1)

(x%+1) — (x+1)

= Lim
X 1/x +1 4+ Yx+1)
_ Lim X(x—1)
o X 1+i+i 1+i
Vet T
= Lim (’H)
el
o0
= = o0
0+1
(A)
Limf(x) = Lim 2P
x—0 x=>0 X+1
Lim ax+b
=X - b ..(1)
Lim x+1

x—0

But Lirg f(x) =2 (Given)

b=2 (from eq. (1))

Also, Limf(x) = Lim 2X*P

X—>00 x>0 X 4+ 1

a+(b/x)
=Lim———
x>o 1+ (1/x)

= a ....(2)

But Limf(x) = 1 (Given)

X—>0

a = 1 (Fromeq. (2))

n—ow 6n3

_ Lim _n(n+1)(2n+1)}

{ ?4+224+3%2+....+n° =

. {2n2+3n+1}
= Lim — %
n—w 6n

Liml{2+§+i}

n(n +1)(2n + 1)}
6

n—oo 6




(C) 8. (B)

Putx— = =t sothat, X = =+t 3 _ 5, X
2 2 dt ot

or 2x = mw+ 2t dx .
When x = 3, azﬂoot/mln

when x — gthent—>0

:>3d—y:6:>ﬂ:2ft/min
. 1+ cos2x dt dt
Now Lim ————
x>(x/2) (1 — 2x)?
9. (A
.1+ cos(m + 2t)
= Lim > 4 o
0 (=2t) A = 4nr®, v=gar
_ Lim 1= co0s2t dA ar d d
t-0 4t P g Lyl
dt dt dt dt
. 2sin’t
=L
0 4t 1O=4nr2ﬂ=lxrx%
d 2 dt
. 2
= Lim (S'T”tj % _ % Whenr =5,
t—
10= 1 x5x9A
(A) S 2 dt
Put%—@:y,aseeg,yeo :%:4cmz/h
Lim coto
0-(n/2) (1/2) -0 10. (A)
2_ 2 2
_ | tan(x/2)-0) b*=r"+(h/2)
S0 (n/2)-0 v=mnrh=mn(b°-h?/4)h
dv 2 2
_ Lim Ay %:n(b ~8h* /h)=0=h=2b/+/3
y—0 y
=1 d?v 3rh d?v
a2 dnf .
2b/+/3
(A)
dy 3 —3nx 2b b
—2 =7 -3x® hence rate of change of - 2
ax g 2 3
Hence there is relative maxima at
slope is E(QJ—— x%
dt | dx dt h = 2b/~/3
=—06x3x4=-72 .'.r=b\/2/3




11. (D)
Let x be thickness of ice
v =300[ = (10 + x)*— 100x]

v _ 3007{2(10+X)%}
dt dt

dv

—=-2r
dt

dx -1
e QR —
dt 300(10+x)

1 1
300(10+2) 3600

12. (B)

Let length be 2x and breadth be 2y

X2 +y? =1 = dy/dx = —x/y
A = (2x) (2y) = 4xy
dA 4

a_;(—xz +y? ):O

= x=y=1/\/§

d*A  4x
dX2 y3
d?A _ ANz g
2 == s =
Whzamz (1/42)
2
L
X",/ 5,1/

1 1
S Area=4xy = 4x—x—=2
V2 2

13. (B)

Given :y = 3x* - 16x% + 24x* + 37

For maximum value or minimum

Y _ 12x® — 485 + 48x = 0
dx

= x(x2—4x+4)=0
= X (x-2)°=0

= x =022

2

S~ 36x% - 96x + 48
dx

Atx =0,

2
d—Z=+48
dx

Atx =2,

2
9Y _36x4-96x2+48=0
dx
so only 1 local minima.
either x = 0 or complex root

so only value =0

14. (D)

** (1-tanx)

——=d
5 (1+tanx) X

| ’T‘ COSX — SinX

COS X + sinXx

dx

0
Lett=cos x + sin x
.. dt = (-sin x + cos x) dx
dt _ cosx-sinx

= ———dx
t COS X + SInX

i dt n/4
I = T = [|nt]0

0

=In(cos x + sinx)g/4

=In(cosm/4+sinn/4)

= In(«/E) =In2"% = %Inz




15. (B)

If 2 points on line are A0, 1) and

Ax(-1, 0)

.. Equation of line is Y=Y _Yi— Yo

X=X, X=X,

y-1_ 1-0
x-0 0-(-1)

y=x+1

2 2
I:'[ydx = I(x+1)dx
1 1

= {§+x1= (2+2)—[%+1J

—4-3_.2_25
2 2
16. (B)
1 1 1 1
Iexdx= XJ. exdx—f (1)I e*dx
0 0 0 0

18. (D)

Let | = T]oexzeyzdxdy
00

| = ﬁe-<xz+yz>dxdy
00

Put x=rcos 0
y=rsin0
Thend =r

Now0<x<o and 0 <y<w

= region of integration is the first

quadrant.

0<r<w, 0£0<m/2

n/2 o
| = jje’rz -rdrdo

00

n/2 0 . o0 y 2
= '([dez[e rdr = g'([e 2dr-Er

o 0

= Eje’rz .2rdr = E[—efﬂ
4 4 0

0

T
- Ho-]

r
4

I [




Model Solution on Assignment — 6

(A)
Heref (0) =0
Right Hand Limit

lim f(x) = lim (mj

x—0" x—0" \ X

= |im (iJ =1
x—0" \ X

vx|=x  if x>0
=-X

if x<O
Left Hand Limit

lim (mj

x—0" X

= lim (1j = -1
x=>0"\ X

~ R.H.L #LH.L.

The function f (x) is discontinuous at

lim f(x) =

x—0"

x = 0 and the discontinuity at x = 0 is
of first kind because R.H.L. and L.H.L.

both exist finitely but are unequal.

(A)

Here f(1)=-1

Also, Right Hand Limit
Linit) =1

Left Hand Limit
Lim f(x) =a-2

X—>1"

Now, L.H.L.=R.H.L.

= a-2=-1 = a=1

3.

(B)

Here f (x) =1

Also, Left Hand Limit
Lim 1 =1

f(x)>3"~
Right Hand Limit

Lim(ax+b) =3a+b

x—3*
f(3)=1

Since f (x) is continuous, therefore

Also,

3a+b=1 (1)
Also, f(s)=7
and Lim f(x) = Lim(ax + b)

f(x)>5~ X—5"

=ba+b

Since f (5) is continuous at x = 5,
therefore

Sa+b=7 ....(2)

Solving eq. (1) and eq. (2), we get
a=3,b=-8.

(D)

The given function is of straight line

hence no maximum or minimum.

(B)

y = log x
dy _1
dx X

Since log x is defined only for +ve

values of x.

So, 1 >0 = gy >0 = y=logxis
X dx

increasing.




(A)
y = log (sin x)
dy 1 d

= —— — (sinx)
dx sinx dx

COS X
= — = cotx
sin x

For the interval [O, g} , cot x is +ve

= d—y>0 on [O,E]
dx 2

= log (sin x) is increasing on [O, g}

Again cot x is negative on the interval

= log (sin x) is decreasing.
(A)

Theseries1—l+lz—l3+ ..... isaG.P
2 2 2

S

Sh=

limS, = Iimg 1- 1
n—o n—>w 3 2

2 2
—£1-0]=%
3[ ] 3

Hence the series is convergent

8.

(B)

The series1+2 +3 + ..... isan A.P

Sh :%n(n+1)

imS, = lim ln(n+1) =0

hence the series is divergent.

(C)

The series1-2+3-4+-6+.

is an alternatory series

Sh=(1-2)+B3-4)+(5-6)+....+
[(n—1)—n]

: : 1
lims, = lim [——nj = —0

n—o n—w 2

Series can also be written as
Sh=1-(2-3)-(4-5)-(6-7)........
—((n-1) —n))

=1T+1+1+1

imS, = lim 1(n+1) =0

nN—o0 n—oo
Since limit does not exist because the
sum of infinite forms of series is not

unique

. (A)

The series is alternatory series

lim1, :Iimlzo

n—oo n—© N

here the series is convergent




11.

12.

13.

14.

(B)

Here U, = n

1+2™
limU, = lim =00 #0
n—o n—wo {4 2"

hence the series is divergent.

(C)
The infinite series
1 1 1 .
—_— =t — ... is
np 1P 2!3

i) convergentof p > 1

ii) divergent of p <1

(A)
) 1 1 1 )
The series 1——+———...... isaGP.
9 27
Wherea =1,

r= —%Which lie between -1 and 1

Hence the given series is convergent.

(A)

Up= Vn® +1-n®
S N

1
Take Vn = nT

2

1
3 3
jim Yo _ i | Yn° £ 1440

A—wx Vn n—oo 1
n3/2

15.

16.

. 1
= lim

n—ow 1
/1+nsﬁ+\ﬁ
I B |
Ji+41 2
Hence it is convergent.
(B)
o1
here U, = Sin —
n
1 1(1]3 1 1
=——|—=| tu.=————+
n|3\n n 6n°
1
Take V, = —
n

=nm(1—-1?+=_j=1
n—oo 6n

series XV, n a divergent. Hence X U,

is also divergent.

1 1
U, = nLz,Take V, = 12:—
n n
(n+1j
2
fim Yo _ | A7 |y
nN—oo n n—oo

1
n

By comparison test U, & £ V,, behave

alike.
Now XV, = Zlis a divergent
n

hence XU, is also divergent.

series

) 279 4



17. (C) 18. (C)

Since f(x) = 1/x is not continuous in f(x) =x° = ' (x) = 3x°
[ -3, 3] [-4, 2] or [-1, 1] the point of f (b) —f(a) = (b —a) ' (c)
discontinuity is 0. only in [ 2, 3] the b® -a® = (b- a) x 3¢?
function is continuous and differentiable. . (b- a)( a® +ab+ bz)
= 3¢ =
b-a
la® +b? +ab
=C=,|————
3
aaaaaa




Model Solution on Assignment — 7

(B)

f(x) = e

9= o (]

) 5 0and x® >0,

Since e

forall x #0

oo fi(x) <0, forallx=0,x>0

. f(x) is decreasing in the interval
[0, ]

Hencef(x)= e"*, x>0isa

decreasing.
(C)
f(x) = x+1
X
! 1 . "’ 2
f(X)= 1—X—2,f(X) = X—3

for maximum and minimum, f'(x) =0

or X =+1
f'(-1) = -2<0

o F(x) is maximum at x =— 1.

(A)
f(x) = —x®+2x+1
f‘X)=—2x+2; f°(x) = -2
f‘x)=0
[for maximum and minimum]
-2x+2 =0

X =1
f"(x) = -2< 0

o f(x) is maximum at x =1

4,

(B)

f(6) = 50036+Scos(9+gj+3
f(0) = —5sin6—3sin(9+gj

f'(0) = -5cos 6 — 3005(6 + g)
Equating f'(0) to O

—55in6—33in[6+%} =0
. . TC
—53m6+33m£6+§] =0

53in9+3{sine-%+cose-§} =0

J3

53in9+§sin6+3—cose =0
2 2

13 3.3

—s8in0+——co0s0=0
2 2

0=-21.79°
f'(-21.79°) < 0
= maximum at 6 = -21.79°
f(—21.79°) = 5 cos (—21.79°)
+ 3 cos (—21.79° + 60°)
f(-21.79°) = 10




x3-12x® +45x+11

—
—~
X
~
Il

f'(x) = 3x*-24x+45
f(x)= 6x—24
f'(x) =0 or 3x*-24x+45=0
X =3,x=5
f’(5) = (6x5)—24
=6 >0

. f(x) is minimum at x = 5.

6. (D)
7. (A)
Using lagrange’s mean value theorem
f(x)-f(0 X _
' (c) = M ore’= e-1 (i)
x-0 X
Now 0 <<< x = e’ < e°< &* .....(ii)

From equation (i) and (ii)

X

- X

1<

<e
X

= x <€*—1 < xe*

=1+x<e‘<1+xe

8. (B)

x'™ is decreasing function then

f' (X) — X1/X (1 B lozge Xj

X

f(x) is decreasing if f'(x) <0
1-logx
ie. x”{x—z) <0

= 1-10geXx <0 = loge X > 1

= X>e€

10.

11.

12.

(B)
let f(x) = €”. Then f"(x) = &”.

Hence f" (0) =1 foralln>0

. ) > (0 2 X"
~. Maclaurin series >’ ( )x" =y =
n=0 n! n=0 n!

(C)
Let f(x) = sin x.
Then f(n/4) =<2/ 2.f'(n/ 4)

=\/§/2f”(n/4)=¥

-2

{"(n/4) =" Thus

Taylor series for sin x about n/4 is

@[1+x—n/4(x—n/4)2

1! 2!

(A)

Let f(x) = In (1-x). Then f(0) = 0.

f(0) = -1, (0) = -1, f"(0) = ~1x2

f¥ =_1.23andf" (0)= - (n-1)!
Thus for n > 1 f" (0)/n! = -1/n and

x> x* x*
Maclaurin series is - X ——-——— —_.
2 3 4
(B)
Let f(x) = 1 Then
X
’ _1 " 2 " —23
P =10 = 260 (x)= 5
f(x) = 2X1X4and in general
X
" (x) = (1" 250 (1) = (1) n!

) 252 4



13.

14.

15.

16.

Thus Taylor series is

x_fn (1) X

31 =3 ()
(A)

Let f(x) sec x. Then

f'(x) = Sec x tanx, f"(x)
- secx(1+2tan2 x)

f”(x) = secxtanx(5 + 6tan’ x)
f(0) =1, f(0)=0, f"(0) =1

f"(0)=0,f* =5

The Maclaurin series is

1+ lx2 +ix4 F...
2 24

(D)

In general,

fn
an = %.sof33 (0) =33!a,, =3312%

(B)

tan"' =3 (-1) X
an E( )2n+1

_ f'(0
Since a, = #,fgg (0) =99!a,,
i 1

But age = (-1)* — = ——
99 ( ) 99 99

Thus *°(0) = —(99!)/99 = -98!
(A)

x2 x°

nN(1+xX)=XxX——+——.....
( ) 73

n
n+1 X

+(-1) F+...for | x|< 1

17.

18.

From Maclaurin expansion,
.I:36 (O)
36!
Hence *°(0) = 36!

= Qg = +1

(A)

Let f(x) = tan x . then

f'(x) = sec? x,f"(x) = 2tanxsec? x
f"(x) = 2(sec* x + 2tan® x + tan* x)
So f(0) = 0,

#(0) = 1,f"(0) = 0,f"(0) = 2

Thus Maclaurin series is

x+lx3 +£x5 +...
3 15

Qaaaa




Model Solution on Assignment — 8

(C) Right Hand Limit :
ffx)=1+kx? h
lim i im —..(~|h[=h for h > 0)
For x = -2 to be critical h-o" h  h-0h
f(2)=1+k(-2%=0 =1
=k=-4 im i 1
Hence h-0~ h h-0" h
ff(x)=1- 4 f'(x) = 8 IimM does not exist
- x2’ X h-0 h )
f"(-2) =1 4. (D)
Hence relative maximum at x = -2 f(x)-2
lim =0=limf(x)=2
(C) x>1f(x) +2 X1
Let x and y be dimension = f(x) = 2x
2x+2y =16 = A=x(8 - x) =8x - X° hence limf(x) = 2
x—1
2
aA =8- ZX,% =-2
dx dx 5. (D)
2
Critical numberisx =4 = d '2‘} =-2 6. (D
dx® |,
Let A=lm——
herex=4andy =4 n-0 "¢
(D) = log, A = m nlo19n loge®
IimM 1/n —-1/n?
2 X-2 = lim—— = lim
n—0 |ogn n~0 1/n
Putx-2=h
. =1
asx—>2, h—-0 :HQFZ_O@
im X =2 _ i 7. (B
x>2 X —2 h—0 K . ( )
Left Hand Limit : Let f(x) = /nx . then
1 1
h - f'(x)=—,f"(x)=—-—,f"(x
o h (x) = 8" (0) = = 17(x)
h—0~ h—0 h
2 .4 2.3, .
...(~ /= -h for h<0) =&t (x)=—5& ingeneral




(n—1)! 11. (A)

f'(x) = 4x +4,1"(x)
So f(2)= 2, =48&f"(x)=0forn>2
(2) = (-1)™" "o Thus f(1) = 3,

F(1) = 8,1 (1) = 4&1(x)

=3+8(x-1)+2(x-1)

12. (A)
©) 13. (B)
X = gXin2 | = I:Iog[1+cos(n—e)]d6
X_ S X_n T
Now, e*= 2 21 = ["log(1+cos6)do
= (¢n2) “log(1-cos0)do
Therefore 2*= "™ = Z( ') X" +-[° og(1-cos0)
n=0 n:
= J:Iog(1—cosz 0)do
(C)
o =2 nlogsinede
le .[o
=n!
T
Hence =4 [_Elogzj
0=31 106 1 | = -nlog 2
’ - M100 T
Znl” ’ 100 (50)!
14. (A)
Hence me(O) 100| /2 T T
50! I=j sin2(——xj|ogtan(——x}dx
0 2 2
n _ ' _ ¥
f(0) = (n/2)! for f(x) = e of = Inxz sin2xlog(tanx) dx
~ Jo | +sin2xlogcotx

. (D)

= jn/zsin2xlog(tanxcotx)dx
The Maclaurin series for f(x) is the 0

n/2
polynomial 2+ x +%X2 +12,0 = IO sin2xlog(1)dx =0

3!
Thus f(X) = 2 + X + 2x°+ 2X°




15. (C)

C N, P
2 3
B M . Y - J._1(2x+x —X )dx
Aol E e x| e xf
3 4 3 4,
Required area
BOD = 2(X+2_X2]dx 18- ®
Sl 4 4 _si
|- .[X sinx
) 1-cosx
- l £+2X—£ —g :
4| 2 3|, 8 = [ ——dx— [ —dx
1—cosx 1-cosx
16. (B) . X X
2sin—cos—
The given curve passes through the 2 2

X
= [ [ —5—=
3 2sin“x/2 2sin“x/2
point (2, 3) and (4, =)
2 - Ifcoseczfdx—jcotldx

2 2 2

2

. 4 8
Required area = L (1+—jdx
X

= — X cot 5+C
2

17. (C)

Required area

«=1 \(20)

I [




3.

Model Solution on Assighment - 9

(B)

x ) 1+x\
let A lim —j :Iim(—j

tanx
A= lim (lj
X—>00 X

= log, A = Iirrgtanxlog1/x

_ lim log1/ x
x>0 cotX

x> —COS eC2X

[By L'Hospital rule]

. sin®x
= lim
x—=>0 X

2sinXcosXx

=lim 0

x—0
[By L'Hospital rule]

logsA =0=>A=¢"=1

(A)

>
I

lim (cosec x)”

x—0

loge A = Iirrcm)xlog(cosec X)

4,

_iim log(cosec x)
x—0 1

X

[By L'Hospital rule]

(—cosec xcotx)

cosec X

= lim

= lim = lim2x / sec? x
x-0 tan x x—0

[By L'Hospital rule]

= lim 2x cos? x

x—0

logs A=0=>A=¢e"=1

(C)

12 1| . n(n+1)/2

lim | —+—+..+=|=liMmM—7p—

n—oo n n n n—oo n
=Iiml(1+1j
n—w 2 n

- 2(1+0)=1/2

(B)
L. —limf(x) = Li_r}rgZa(Z—h)—b =4a-b

X—2
. . 2
R. )I(anzf(x) =LILT(’I)8.(2+h) +b=4a+b

L. limf(x)=Rlimf(2)

X—2 X—2
4da-b=2and4a+b=2
=a=12,b=0




9.

~ (1+2+...+4n) . n(n+1)
lim lim
n—o n n—oo n
n+1
= — = 00
2

(B)

288

n/2 4 . 3
| = IO COoS” X sin® x dx
n/2 4 . o .
= IO cos” xsin® xsinx dx

n/2 4 2 .
:jo cos x(1—cos x)smxdx

et cosx=t

| = jt4(1 t*)t

[ ] 2
|5 7| 35

(A)
Put

X=Sin0

=J~ 1+ sin? 6 do

J1=sin?
= j(1+sin2 e)de

0 1sin20

2 2 2

= gsin‘1 x—%x\H—x2 +C

=e+ +C

(A)

= dx

=1
V2 \/_ COS+ —— \/_
1 dx

\/Ejsin(x+n/4)

sinx

iJ‘cosec(x+n/4)dx

=\/2
1 X =
=—logtan| —=+=|+C
\/Eogan[2+8j+
10. (C)

I 1 _I sec? xdx
1+3sin’x ? sec? x + 3tan®x

(Divide numerator and denominator by

cos®x)

_ I sec? xdx
1+tan® x + 3tan? x

sec? x dx

ol
— | +tan®x
2

Puttan x =t

-4

dt

1
=ZJW

+12

_tan”'2t
2

+C

tan”' (2t
_ tan (2 anx)Jr

do

sec* 0
- J.tan“+1
) (1 +tan? e)se02 0
- I 1+tan*0

do

Put tan 6 = x

(1+x2)dx

=I 1+x* :I

(1+1/x2)dx
1 2
(x—) +2
X

Put x — 1:t:>(x+l2jdx:dt

X X




| =J.2 dt 14. (C)

t +(\E)2 For x € (0, /2), 0 < sin X < X
1t x-1/x 0<IMX 4 LoD (1)
=—t — =tan +C X X
2" V2 |
nsinx
1 tan® 6 —1 { X }:n_1 --(2)
= ta \/_ +C
2tand Divide by x
sinx
| =J~ .smxdx. g O<ns|nx
3sinx —4sin” x X
L [”S'”X}nq (4
3-4sin“ x X
_I dx (2) & (4)
3cos® x —sin® x nsinx
Iim[ }:n—1
_ Isec2 xdx x>0[ X
3-tan®x
Put tan x = t 15. (A)
I—I at \/—+t o | = l[tsin(&tt)]dx+(—t3)dy+t2dz
3-t? 2\/— VBt
dx
— =2ncos|(2nt
_ («/—Hanx] LC dt (27)
2‘/_ V3~ tanx = dx =2rcos(2nt)dt

Since dy=dt anddz=2tdt

13. (D) tsm2nt -2mncos 2xt
Integrating by parts - ,[ 1 4ot dt
|
| = Ixz sinxdx 1 1
= 2x| tsin(4nt)dt + | t3dt
= —Xx° cosx+j2xcosxdx J; (4r) -[
= X°COS X +2XsinXx—2 Jsinxdx =1

. /2
= — X% COS X + 2X Sin X +2 COS X + cl;

=n—-2




j e *x"'dx = (n—1)!
0

1, (-

. In—_ |n+1_
n

Replace

n—o>n+1:(n+1) 1,1 -

(1) & (2) : lys2— (2n+1)lnet + N1, = 0

17. (B)

f(0) =0
limf(h)=0

x—0

f(x) is continuous at x =0

— — 2_
#(0%) = lim M=V1=X" =0

x—0*"

(=
n

lim

X
x>0 xV1+ m ,

=xif x>0
because vx? _
=—xif x<0

1
2

. 1

But f(0)=-——

NG

F is not differentiable of x = 0.

. (B)

g:5y—8x—2, g:5x+2y—1
oX oy

%:O, QzO :>x=i,y= 18
OX oy 41 41

Herer=-8,s=5,t=2
rn-s’<0

i,ﬁ is a saddle point.
41 41

N R R
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13.
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(D)
(A)
(D)
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(D)
(A)
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6.

10.
14.

Answer Key on Test Paper — 2

2.

6.

10.
14.

Answer Key on Test Paper — 3

2.

6.

10.
14.

Answer Key on Test Paper — 4

2.
6.

10.

14.

(D)
(A)
(C)
(B)

(D)
(B)
(B)
(B)

(C)
(B)
(A)
(D)

3.

7.

11.
15.

3.

7.

11.
15.

3.

7.

11.
15.

3.

7.

11.

15.

(A)

(A)
(C)
(A)
(C)

(D)

12.

12.

12.

12.

(D)
(D)
(A)

(D)
(C)

(B)




13.

13.

(C)
(D)
(B)
(C)

Answer Key on Test Paper — 5

2, (B) 3.
6. (A) 7.
10.  (C) 11,
14. (D) 15,

Answer Key on Test Paper — 6

2, (A) 3.
6. (B) 7.
10.  (C) 11.
14.  (A) 15.
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Model Solution on Test Paper — 1

(B) 5. (A)
Lim33inx_4sm3x_smx Put1+x=y,sothatx >0 = y —> 1
. sinx (1+x)" =1 y" 1
=Lirg(2—4sin2x) =2 X y -1
(D) Lim (X =1 oy -1
x—0 X y-1y — 1
Lim sin1 does not exist because _ n-1
x—0 X n(1)
1 =n
sin— oscillates.
X 6. (A
(A)
3 n3x 3 7. (B)
Now, Lim 32X _ | jp SINSX 9X
x—>0 By x—>0  3x 5x
8. (D)
_Lim sin3x 3 . .
x->0  3x .5 J 12 = J.(gnx) 2 ldX
> XNTX 5 X
=1x § = §
5 5 = [—(ﬁnx)f }
2
(D)
i -1 -1 1
Left Hand Limit, = —(¢nx)  +(¢n2) =T
Lim [x] = Lim [2 + h]
X—2" h—0"
L 9. (B)
= Lim 1
h—0 There is discontinuity at x = 2. Thus
=1 j- dx ZJZ- dx +j1 dx
Right Hand Limit, 1Yx-2 1¥x-2 L¥x-2
ug x]= 'l;lrgl 2+ 1] _ {ﬁ( _2)2/3}2_‘_ §( _2)2/3}5
- Lim 2 1 L2 2
h—o0*
33
=2 =5(%-1)
L.H.L. Lim [x] # R.H.L. Lim [x]
x—2" x—2"




11. (B)

By Stoke’s formula

V= nT(e” ) dx :n;T e *dx
0

12. (D)

There is discontinuity at x = 1. Then

0

7 lim Ie “Xdx = 7t lim (—19 ﬂ
V~>+oo V—>+oo 4 o

¢ dx
!(X—

= 3(x- 1)1’3] +3(x 1)"3}9

=3+6=9

1 9
2/3 I 2/3 + j 2/3
o 1

1

\"

14.

15.

= [£n|x|—€n|x+1|r
=/n 2

(B)

There is a discontinuity at x = 2

tdx fodx ¢ odx
S -[x—2=-1[x—2+£x—2

1

= (¢njx=2)); +(¢nfx-2)),
= neither limit exists.

Therefore integral diverges.

(B)

By successive application of L'Hospital

_(¢nxy
rule, lim ——~—=0.
X—>+o0 X
(¢nx)° o
Hence ——— <1 for sufficiently large

X
X. Thus for some x,.
1 1
= > —.
(/nx) X

fx>xo (¢nx)° <x,

o0

j j > 400 .
e fnnx efl’ll’]X

Hence the integral is divergent.

Quaaag




Model Solution on Test Paper — 2

(D)
Left Hand Limit,
Lim f(x) = Lim 2x =4

X—2" X—2"~

Right Hand Limit,

Lim f(x) = Lim x® =4

x—>27F x—>27F

Thus, Limf(x) =4

X—2

Butf (2) = 2# Lim f(x)

Thus the given function is
discontinuous at x = 2.

But if we change f (x) = 4 at

x = 2, then the given function f
becomes continuous at x = 1.
Hence 2 is the removable

discontinuity.

(B)
Left Hand Limit,
Limf(2-h) = Lim @-h-1)

=1
Right Hand Limit,

Limf(2+h) = Lim([2(2+h)] - 3)

h—0

=1
From eq. (1) and eq. (2),
L.H.L.=R.H.L.

Linzw f(x) exists.

f (2) = value of f (x)
=2.2-3=1

Lim f(x) = f(2)

X—2

= f (x) is continuous at x = 2.

(A)
Left Hand Limit,
Limf(x) = Iﬁirg(1—h) —[1-h]

x—>1"

=IELT(1_h)_O=1

Right Hand Limit,
Lim f(x) = Iﬁlrg (1+h) —[1+h]

x—>1t

= IEEQ (1+h) — 1

=Limh=0

h—0

L.H.L. Lir? f(x) # R.H.L. Lin11 f(x)
f(x) = x—[x]is discontinuous at x = 1.

(D)

At x = a (say), where ‘a’ is any rational
number.

Given, f (x) = 1, when x is rational.

Left Hand Limit,

Limf(x) = IFLT f(a+h)

X—a

= Lim (-1)

h—0

(because a — h is an irrational number)
Right Hand Limit,

Limf(x)= Iﬁlrg f(a+h)

= Lim (-1) =1

h—0

But, f (a) = 1




LHL. Lim f(x) =RHL. Lim f(x) #f (a) = tan"' (0 +3)—tan™ (0+3)

f (x) is discontinuous at x = a, _T _tan'3
where ‘@’ is a rational number.
Similarly we can prove that at x =b (an 8. (D)

0

irrational number) f (x) is discontinuous.

Ao T dx _ 1, [x=a
f (x) is discontinuous at every real S Jx2-a? 2a |x+al,,
point. 1
= 2—£n|28.+1|
5. (A) 4
Left Hand Limit, 9. (O
. . 1 1
-h)= - 1 1
IHLTf(A' h) lELrQ 4(4-h)+3 I_kdxz lim I_kdx
0 X va0+v X
=19 (1)
]
Right Hand Limit, T B
) ) v—>0+ —k + 1 o
Iﬁlrgf(4+h)= Iﬁlr(r)l 4(4+h)+3
_  dim ——[1-1 ],
=19 ....(2) vo0+ 1 —k Ve

From eq. (1) and eq. (2), If k > 1 this limit is +c0 whereas if k < 1

= Lir? f(x)=19

the limitis ———
Also, f(h)=3.4+7 (1-k)
=19
Lim f(x) =1 (4) = 19 10. (D)
~. f (x) is continuous at x = 4. j’ dx _ 1 ,.a+x
1a®-x* 2a a-x|
6. (D) ’
Y = —5£n|a—x|
| = j cot xdx = In(sinx)]z/2 =+
0 a
+i£n(a+x)}
2a 0
7. (C)
= 4+ 00
R dx r dx
A= = Thus the integral diverges.
‘([X2+6X+10 '([(x+3)2+‘| N nteg verg
—tan! *
=tan (x+3)]0

) 206 4



11. (B)
The value of mod function cannot be
less than O
fx)=|x*-5x+2|=0

12. (A)

sinx — cosx)
J2

since maximum value of sin 0 is 1

let f(x) = (

=sin(x-n/4)

.~ maximum is 1

13. (D)
lety = x
logy =—xlog x

dy/dx = —1/x* (1 + log x)
d?y/dx® = — [ y/x + (1 + log X)
{-y (1+logx)}]
for maxima and minima dy/dx = 0

= -1/X"(1+logx)=0=x=1/e

d? 1 1
—Z} =— 0" -+
ax* | 1 (1 1
e g e
=e"*(-e)<0

Hence maximum at x = 1/e

1/e

Maximum value = =e

1/e

1
e

14. (D)
f(x) = x> — 5x* + 5x° — 1
f' (x) = 5x* — 20x% + 15x°
f" (x) = 20x° — 60X° + 30x
" (x) = 60x* — 120x + 30
for maxima or minima f' (x) =0
x'-4x*+3x%=0=x=0,1,3
f"(0)=0, f"(0)=30=0
f"(1)=-10<0

f"3=90>0

Hence f (x) is neither maximum and
minimum at x = 0 f (x) is maximum at
x =1and minimum at x = 3

Hence 1 maxima and 1 minima

15. (A)
f(x) = x*/3 — 3x°/2 + 2x
f' (x) = X° — 3x+ 2
f"(x)=2x-3
For maxima minima
f(x)=0x*-3x+2=0
=>x-1)(x-2)=0
=x=1,2
f"(1)=2-3= -1<0
f"(2)=2x2-3 =1>0
f(1)=1/3-3/2+2=5/6
f2)= 8/3-6+4 =4/6=2/3

Quaaaq




Model Solution on Test Paper — 3

© . Lim& =™
X16 _1 o x—0 X
Lirr11 T
X - .a*-1 . b*-1
- Lip 3= - Lim =
: {x’e -1 x5—1]
= Lim = a
x->1 | x—1 X -1 =loga — Iogb=|Og(Bj
x'® — x° —1
= Li +Li
xl—r>r1] X — 1 xl—r>r1] X —1 4. (B)
1625 Left Hand Limit,
: . |0=h|
n n Limf(x) = Lim ——
_ 16 cLim X2 _pat x>0 0 =5 0-h
5 x>0 X —a
= LimL =-1
h-0 —h
D
©) Right Hand Limit,
x* -4
Lim . o |0+h] h
>0 [x+2 —[3x-2 h‘g}f(x) = Lim oh - IF»TH =1
Lime X =4 Vx+2+48x-2 ~ LH.L. Lim f(x) #R.H.L. Lim f(x)
52 X +2 —/3x—2 /x+2 +/3x -2 x>0 X—0
i (x+2)(x—2) (JX+2 + \3x_2) Hence f (x) is discontinuous function of
T X2 (x+2) — (3x—2) first kind at x = 0.

— Lim (x+2)(x-2) (\/x+2 + \/3x—2)
x->2 -2 (x-2)

5. (A)
Left Hand Limit,

(X+2)(JXx+2 + /3x-2)

= Lim 5 £40) = Lim 0= =(0)
h—0 h
_AGaeVe g 1
- _9 - = Limhsin— =0
h—-0 h
Right Hand Limit,
# f(0+h) - (0)
X X X X f(0) = Lim S A bt
Now, & =b' _ (@-1-("1) 0= Lim ——
X X 1
X X h2 sin— -0
_ a —1_b -1 _ Lim
X X h—0




=0

= Limh sin1
h—0 h

- LH.L. f{0)=R.H.L.10)=0

Yy=—

e
logy =log x — x
ldy/dx:l—1:>ﬂ=y[l_1}=o
y X dx X
=>x=1
1£&%@T_j
y dx® y? \ dx x?

2 2
1d_32/ _o:_1:>d—z =-e<0
edx” | . dx® |

Hence maxima at x = 1

Maximum value = vy, = —

(C)

Assume that there is such a function.
Then f,, and f, will be continuous
everywhere. Hence f,, = f,x Thus — €”
siny = e*siny = 0 for all y which is

false

(A)

2X

fx = ,
x? +y?

(x2 + yz)(2)—2x(2x) 2(y2 —x2)

fxx = 5 = 3
(x2+y2) (x2+y2)

10.

11.

__ 2
fy = 1y ,
fyy = (X2 +y2)(2)—2y(2y) _ 2(X2 _y2)

(x2 +y? )2
Hence fxx + fyy =0

(x2 +y? )2

(A)
By chain rule

dz dx
—=f —+
dx dx

dy
Y dx

= (4x® +3y)+(3x—2y)cos x

(B)
dz_ozdx oz dy

dt ox dt oy dt
=5%—ﬂd—y since%=5
8dt 9 dt dt
and
dy
5x+y —=0
y dt

sowhen x=2and y =1,
dy/dt=-10 and

92 _2(5) 2(40) 18/
dt 8 9 36
(A)

Letk (x,y) = a—f then a—k:O
OX oX

then k (x, y) = g(y).

Hence ﬂ= g(y) then
oX

f(x,y) = xg(y) + h(y) for a suitable
function h

) 209 4



12.

13.

(A)
If z = x f(y/x) then

0z
X—+
OX

%
y@y
:x[xf’(y/x

)(—y/x2)+f(y/x)]
)

+xyf'(y /x)1/ x

=xf(y/x)=z
(A)
letc (x,y) =f(x,y) —xy,
2
then oc =1-1=0then
oxoy

c(xy)=AX+B(y)
S y) =A(X) + B(y) + xy

14. (B)

A normal vector to tangent plane will

be (2x, 2y, 2z) = (1, 1«/5)

Hence equation of tangent plane is

(Dol

Orx+y++2z=2

15. (C)
\" lm’2h@
3 dt
_vdr ovdh
~ ordt ohdt
2 1
== nrh(2) + =nr? (-3
nh(2) + S (-3)
4
=7{§(5000)—2500}
_12500m o
Qaaaaa

R




Model Solution on Test Paper - 4

(C) 7. (B)
(C) A=2 J-n/ZJ- se(;9+cose do
(D) _ J«n/2|: j|asseecc:+cose) do

2

s= -3+ 415 L ,
2 =a° J'O {(sece+cose) —sec? e}de

ds
— =speed=—9t° +1
gt P —a.[ [2+cos ]de
2
d———18t T NN 5na’
dt? 18 =
4
. d’s
again; pry =-18 <0, hence speed 8. (C)
4
has maxima. Mass =k jo dxj‘xsl2 ydy
e
Maximum speed = ds )
dt|,_1 o y? x/2
o —k H dx
0| 2 [y32

1T “2|12 64 3
36 18
o4 9. (D)
"~ 36 Equation of circle r = 2acos 0
2acos0 2
= i6 speed units. Mass = k J J r=dr
k n/2 2acos6
(D) = 5 —n/2de|: i|0
(C) 3y
= 288l kj ” c0s%0do
(B) 3 Jo
_ I j- +4x+7 %ka
3X -Xx-3 9

= 5J‘71dx,(—x2 + X+ 2)

3 2 2
=5 X X Lo =E
3 2 »




10. (A)
= L Iacosex/az —r?rdr

Put t? =a® -r?

3 asin®

_ _'[asinet2dt _ _t_
a 3

a

= %as [1 —sin® e]

11. (D)
vV = I_11dszj11__xxzz (1—x2 —y? /4)dy
1 y° 212
—_— _— 2 _—
_I1{(1 X )y 12} o

= [ 201 ax =
12. (B)

,a+X
a—-x

dx

_nI y2dx—n.[ X
put z=a-xso

J-2a (a- z)2 (2a-2z) g

V4

z

V=T

2a
= nJ' [——5a +4az-7° |dz
= 2na’ [log2 — 2/3]
13. (A)
V= Z‘f:n(a—x)2 dy
dy

= an:(a - x)2 &dx

2

dy  a
dX 2\/;(a_x)3/2
a®x
(from curve y® = ]
a-x

J'4ax

Put x = a sin® 0

2,3
Ta

V =2na® Ion/z cos?0do = >

14. (D)

S=2nj yds=2nj“ y%de

—471.[ y—d9

2 2 1/2
%:K%) +(%)} =2aco0s0/2

S= 4nr2asin2 92acosgde
0 2 2

: 32na?
3

15. (C)

V= 27:][
=21 r (5+x)[8—x(x—2)]dx

5+x dxdy

=2n [*[40+18x-3x* - x* Jdx

=2nx216=432

I [




Model Solution on Test Paper — 5

(D)

Let f(x) = x + 1 = ' (x)= 1_l2
X X

= f'(x)=2/x°
For maxima and minima f' (x) =0

1

:>1——2=0:>x=i1
X

14 2
f (X) = 1—3 =2>0
f(x) is minimum at x = 1

minimum value =f (1) =1 + % =2

(B)

Let 6 be semi vertical angle of
inscribed triangle

Let S be the area

Then s = %xzx sin2 0 (r + r cos 20)

as _ 2r% (cos 40 + cos 230) =0
do
= 0=n/6

Sismaximumat0=xn/6

vertical angle = 20 = /3

, 1—logx
P (x) = ——9

X

=1-logx=0=>x=e

y 2logx -3
" (x) = —?(3

= f"(e) = 2_33=_—: <0
e e

f(x) is maximum atx = e

, loge 1
maximum value f (e) = ©ge _1
e e

(A)

2
Total SP = x (3—Lj B .
1000

Total CP = %* 200

. Profit, f(x)=SP—CP

2

_O%- X200
2" 1000

fr(x) = 22X

21000
£ (X)= - ——— <0
™)="1000
S__2X _g_sx=1250
21000

- f"(1250)=— 5% negative

So, profit is maximum when x = 1250

(A)
By implicit differentiation w.r.t. x

y — g+x§+z—0
y&x OX




6.

(A)

By Cauchy’s mean value theorem,

f(b)-f(a) _f(c)
g(b)-g(a) g'(c)
=e’,g(x)=c”
e’ —e® e _ ,_ath
e’-e? —e° 2

Choosing f(x)

(B)

let ¢(x) = f(x) — F(x)
o'(x) = (x)-F (x)=

¢ (x) = constant
(B)

(B)

” r* cos0drdo

= J‘: cos I:Umse) r*drde

5
= %I:O + cose)5 cos0do

5
_s2a J' cos109 200329—1 do
0 2 2

_ 64 w2 12 10
_?a . [2005 ¢ —cos ¢]d¢

&

= —mna® (by reduction formula)

10. (C)

Yoo
| = ” xdxdy = Ijzdyjyzz/4xdx
2 y/2+2
=| d
I [ :|y2/4

=2 [ [*"rdrdo

-8 j”’4sin4ede
0

=

0

a

2

J-nm (1-cos 2(9)2

4

1 cos¢

_n}

do

..[0=26]

3n

4




13. (C)

1= 7] Aes0) L risin® 0drdo
0JO

5
- 2n5a Jj(1+cos€))5 sin® 0 do

- 20t 2Tz

....(z=1+ cosb)

_ Xxlog(x+a) v T
l Iod (x—a)2 {

2 :| \/2ax—x2

_ 1jadxxlog(x+a)

5); i [a2—2ax+x2J

(x-a)

Integrating with parts, we get

= %j:xlog(x +a)dx

2
= a§[2Ioga+1]

I [




Model Solution on Test Paper — 6

(C)
(A)

(A)

. 1
leina(x - a)cosa

= lim hcosl[x—a =h]
h—0 h

=0 x some finitea+y=0

(B)

| = jjyzdydx
0 2x
1y 1% 1
= J'—y3 dx = —_|‘(125x3 - 8x%)dx
0 3 _ox 0
47 ], 4

V= ”(Sx +4y)dA = ﬁ(SX +4y)dxdy

10. (C)

1 3-2x

A:ijA:j [ dydx

1/2 1/x

! 1
= I(3—2x——jdx
» X

1/




1/2 13. (C)
3 1 1 50520
:(3_1‘0)‘(5‘2‘“‘5] 1= 7" do Vo + |
n/4
- _(g+£n2j =I_n/4d9{a 1+00329—a}
n/4
= §_gn2 =a J:nm[x@cose—qde
4 n/4
=a [\/Esine—e]
11. (A) o
T
szj(2x+2y+1)dA :a[2—7c/2]=2a{1—z}

2 x
” 2x+2y+1 dydx 14. (A)
00

=[x, dyj2xy

2xy +y? +y | dx
Al - [ofColL

O'—.I\J

= I;dxjf(Z ~x-y)dy

1l
0 N
x
w
+
N =
x
N
N
o N

4

= J’; (2—x)\/——§—(2—x)x2+% dx

12. (B) _ 11
211 +coso 30
A= [[dA=[ [ rdrdo
R 0 0 15. (C)
on 1+cos 6 2 1
= | %4 do = [ ay], (X" =y*)ox
0 0 , x3 y
21 —_ - 2
=1J'(1+20036+cos26)d9 _Ldy{?’ yX}
24 a
17 1+ c0s 20 A1 e =1
1 1 o ~1)|d
2!(1+2009 — jde 1[3 y 3 7 (y=1)]dy
1 (3 3n i
=§X(§2"J:? I k) A
33 12 4 3
1




Solutions - Probability and Statistics

Answer Key on Assignment — 1

1. (C) 2, 0.65 t0 0.68 3. (C)
4, 0.410 0.4 5. (D) 6. 0.25
7. (A) 8. 0.07 t0 0.08 9. (A)
10. 0.55 t0 0.55 11. (D) 12. (B)
13. 0.43 10 0.45 14. 0.26 to 0.27 15. (B)
16. 1.06 to 1.07 17. (B) 18. 6
19. 0.32 t0 0.34 20. (A)

Answer Key on Assignment — 2

1. 0.64 to 0.66 2, 0.1276 t0 0.1372 3. 0.79 to 0.81
4, (B) 5. 0.96 t0 0.98 6. 0.23 10 0.25
7. 99.6 t0 99.8 8. (A) 9. 2.5102.5
10. (C) 11, 0.25 to 0.27 12, (B)

13. (B) 14, 0.25 t0 0.28 15. (D)

16. (B) 17. (D) 18. 0.39 t0 0.43
19. 54.0 to 54.0 20. 0.33 t0 0.34

Answer Key on Assignment — 3

1. 49 to 51 2, 49.9 t0 50.1 3. (B)

4, (B) 5. (C) 6. (C)

7. 0.9t0 1.1 8. 54.49 to 54.51 9. 0.5t00.5
10. (B) 11. (A) 12. (D)
13. 0.35 10 0.45 14. (B) 15. (D)
16. 4 17. 6 18. (A)
19. (A) 20. 2.010 2.0




10.
13.

16.

10.
13.

16.

10.
13.
16.

(A)
(C)
(C)
(D)
(A)
(B)

(A)
(A)
(A)
(A)
(A)
(D)

(B)
(C)
(C)
(D)
(B)
(B)

Answer Key on Assignment — 4

2, (D) 3.
5. (A) 6.
8. (A) 9.
11, (C) 12,
14, (C) 15,
17. (C) 18,

Answer Key on Assignment — 5

2, (C) 3.
5. (D) 6.
8. (C) 9.
11, (D) 12,
14, (A) 15,
17. (C) 18.

Answer Key on Assignment — 6

2, (D) 3.
3 (A) 6.
8. (B) 9.
11, (C) 12,
14, (A) 15,
17. (D) 18.

I [

(B)
(C)
(B)
(B)
(A)
(©)

(D)
(C)
(D)
(A)
(C)
(C)

(C)
(C)
(A)
(A)
(A)
(D)




Model Solution on Assignment — 1

1. (O)
We know that mode is the value of the
data which occurred most of

.. 17 is mode.

2. 0.651t00.68

If there are N families, then g have

single child per family and g have two

children per family.
N

IRVZRN
[Smgle child }_

N [ Two children
per family 2 2

per family

.. Total children = — 2xg =N
. N
.. Total number of children = E+N
- 3N
2

If a child picked at random should
have a sibling, then that child should
come from the family which has 2

child. There are N such children.

.. Required probability = 3 = 2
Sy 3
2
=0.67

3.

Alternative

Suppose there are total 10 families.
10
One child per <~ 5 5 —»Two child

family per family

Number of children in
these 5 families is 10

Number of children in
these 5 families is 5

.. Total children = 15

2

. . 10
Required probability = — = = 0.67
g P y 15 3

(€)
1 N
P(Head) = 5 = P(Tail) = >

P(Fourth Head in tenth toss)
3 6
— 903 (lj (lj X 1 =0.082
2)\2 2

041t00.4
Given, probability density function of

evaporation E is

]
—, O0<E<5mm/da
f(E)= {5 y

0, otherwise

As, the probability has to be find

between 2 and 4 mm/day, therefore

P@<E<4)= [ f(E)dE = j:%dE
1 4-2 2
=_[Ep=""2=%

5 5 5

P(2<E<4)=0.4




(D)
We have Probability distribution
function of Normal Distribution
(x-p)?
)= ——e 20 .. (1)
Jx

oVX
Variance = o° is lowest

= o also lowest

= If o decreases = f(x) increases
(. from (1))

= Curve will have highest peak

0.25
As f(x) is a pdf,

‘1[ f(x) dx =1

.. 2a+b=2 (1)

. 3a+2b=4 ....(2)
Solving (1) & (2) we get, a=0,b =2

~P(X <0.5) = Ojs f(x) dx = Ojs ox dx

0 0

X2 0.5
{2x?} =(0.5)°=0.25

0

(A)

0.07 to 0.08

P(Head) =0.3 = P(Tail)=0.7

P (getting Head first time in fifth toss)
=0.7x0.7x0.7x0.7x0.3

=0.072
(A)
P(X) = 0.40
PXuU Y =07
~~ X and Y are independent events
PX YY) =P(X).P() (1)
. X and Y° are also independent
P(X " Y®) = P(X) . P(Y°) ....(2)
Now,

P(X U Y°) = P(X) + P(Y®) = P(X N Y°)
P(X U Y°) = P(X) + P(Y®) — P(X) P(Y°)
-~ 0.7=0.4+P(Y°) - 0.4 P(Y°)

£ 0.7-0.4=P(Y)[1-0.4]

- 0.3=0.6 P(Y°)
Py = 2305
0.6

2 P(Y®) =1 - P(Y)




10.

11.

5 0.5=1-P(Y)
~P(Y)=1-05=0.5
Then,

P(X UY)=P(X) +P(Y) - P(XNY)
= P(X) + P(Y) = P(X) P(Y)
=0.4+05-0.4x%05

~ P(XUY)=0.7

0.55t0 0.55

There are equal number of bulbs of
two different types.

Probability that the bulb selected is of

Type 1 P(T,) = % -05

Probability that the bulb selected is of

type 2 P(T,) = % =0.5

Let E be the event that a bulb selected

at random lasts more than 100 hours.

P(E/T{) =0.7

P(E/T,) =0.4

By total probability

P(E) = P(T1) P(E/T4) + P(T2) P(E/T2)
=0.5%x0.7+05x04

. P(E) = 0.55

(D)

Given

X 1 2 3
p(x) |03 |06 |O0.1

mean (u) = exp(x)
=1x03+2x0.6+3x0.1
=03+12+03=1.8

12.

13.

E(®) = Y x*P(x)
=1x03+4x0.6+9x0.1
=0.3+24+09=36

Variance v(x) = E(x®) — p°

=3.6-(1.8)°
S.D(6) = +4/V(X)
= —I—\/m = M
=0.6
(B)
Given A =5.2

Let x be random variable which follows
Poission's distribution
P(x<2)=P(x=0)+P(x=1)
e A’ e,
0! 1!
=e>?(6.2)

=0.0055 x 6.2 = 0.034

0.4310 0.45
Parcels pass sequentially through two
post offices.
Probability that parcel reaches first
post office
P(01) =1
Probability that parcel is lost by first
post office
P(L/01) =

5
Parcel will reach second post office if it
is not lost at first post office.
Probability that parcel reaches second

post office




14.

15.

P(02) = g

Probability that

second post office

parcel is lost by

P(L/02) = %

By Total Probability,
Probability that parcel is lost
P(L) = P(01) P(L/01) + P(02) P(L/02)

By Baye's Theorem, knowing that the
parcel is lost, probability that it was

lost by second post office

p(02/L) = PO2P(L/02) _4/25 4
) PL)  9/25 9

P(02/L) = 0.444

0.26 to 0.27

Given, mean A =5

The probability that there will be less

than 4 penalties in a day is

P(y<4)=P(y=0)+P(y=1)
+P(y=2) + P(y =3)

e55° ed55" e?°5%2 g°5°
+ + +

0! 1l 2l 3!
o[58, 5 5
- ol 1 21 3l

=0.006737 [1 + 5 + 12.5 + 20.833]
=0.006737 x 39.33 = 0.2649

(B)
Given that the student is passing

exam, i.e., if only 20 students

16.

17.

(out of 100) are considered, of the 5
students get more than 90%

5 out of 20 is the probability

Or 1/4 is the answer.
Alternative Method:
Let the student pass the examination
be A and student pass the examination
and got about 90% marks be B
Now P(A) =20% and P(A N B) = 5%
P(Ej _P(AnB) _ 5% _1

A P(A)

- 20% 4
1.06 to 1.07

2
Mean = j
0

(B)

probability = %

probability = g

probability = ;

1 4 1
+—x—+—=
6 6 6




18. 6

Var(x) = E(x®) - (E(x))®
w 1
Exx)= | x—|x|e™dx
()= [ xIx]
= _—1_[0 x2eXdx +1wa2 e *dx
2 I 270
=0

E(x)° = J.sz.%| x |e™ dx

= Z{lj.wxz.x.e"‘ dx}
2 0

= J.Oox?’.e‘x dx
0
| N
=x3. —(3x%) (e )0
"o
+6x(—e" )0 -6e” .
=6

= Var(x)=6-0=6

19. 0.321t0 0.34

20. (A)

5 red and 7 green balls

Total 12 balls.

A ball is drawn and placed back along
with another ball of same colour, this

can be done in two ways:

) Red ball in first draw
P(red in first draw) = %

When the red ball is placed back with
another red ball, there will be total 13

balls with 6 balls of red colour.
P(red/red in first draw) = %
) Green Ball in first draw
P(green in first draw) = %

When the green ball is placed back
with another green ball, there will be

total 13 balls with 5 balls of red colour.

P(red/green in first draw) = 5

13
P(red) = — x4 L x>
12 13 12 13
30 35
= — 4 —
156 156
P(red)=E
156

aaaaa




1.

Model Solution on Assignment — 2

0.64 to 0.66

Let M — men
W — women
E — employed

U — unemployed

Given P(M) =
P(W) =
P(U/M) =0.20
P(U/W) =0.50

By Total probability,
P(U) = P(M)P(U/M)+P(W)P(U/M)
=0.5%x0.20 + 0.5 x 0.50 = 0.35

Required probability = P(E)
=1-P(U)
=1-0.35=0.65

0.1276 t0 0.1372

By Poission's distribution

p(h=8) =e®
- 0 _ 505
3600

p(h=8) = e % =0.1354

0.79 10 0.81

© 1 "
E(|X|)=J~ |X|Ee /de

=2 x j|x|—e’X 2 dx

J2n

...(even function)

T
=2 X !XE

2
e—x /2 dX

Put %x2=y x dx = dy
E(|x|)=2xTLe Y dy
2V2n
=2 x ! ()
J2n
=0.7979

(B)
The probability of getting 'tail' when the

. 1
coin is tossed again is E

0.96 to 0.98

P(at least one will meet specification)
=1 — P(none will meet specification)
=1-(1-08)x(1-0.7)x (1 -0.5)
=1-02x0.3x0.5
=1-0.03=0.97

0.23t00.25

E(X) = (0xq) + (1xp) =
E(X%) = (0°q) + (1°xp) =
V(X) = E(X) - [EX)F

=p-p’=p(1-p)=
= 0.6x0.4 = 0.24
99.6 t0 99.8

For SN distribution, percentage of area
from -3 to 3 is 99.74

(A)
251025




10. (C)

P(p<3)=P(p=0)+P(p=1)

+P(p=2)
e’ ety e’
0! " 1! i 2!
(where p = 3)
e’ x9

0.27

11. 0.25to
o212
2

q:1——=—

1
3

el+ex3+

e3(1+3+gj—1—7
2

2
3

2

2e®

Using Binomial distribution

p(x = 2)

12. (B)

Variance = E[X?] - [E[X]]?

We know that, variance > 0
E[X?] - [E[X]? =0
EX*] > [E[X]

13. (B)

Let X = difference between the number

of heads and tails.

Taken
=

and

X=2
S ={HH, HT, TH, TT}
X=-2,0,2

14.

15.

Here, n—3 = -1 is not possible

Taken n=3

= S = {HHH, HHT, HTH, HTT, THH,
THT, TTH, TTT}

and X=-3-1,1,2

Here n — 3 = 0 is not possible

Similarly, if a coin is tossed n times

then the difference between heads

and tails is n — 3 is not possible.

Required probability is 0.

0.2510 0.28

Given: Poisson distribution,

-A A X
p(x):e A ;x=0,1,2, ..
x!

A = 240 per hour = 4 per minute

= 2 per 30 seconds

e A

P(X=1)= =2xe ?=0.2706

(D)

Player A Starts the game

Player A can with the game in the
following manner :

A wins by getting 6 in the first try)

A loses, B loses, A wins

A loses, B loses, A loses, B loses, A
wins and so on,

P(A winning)

|
I
+
I
I
I
+
I
I
I
I
X
I
+

|
| =
—
|l\)
(6]
+
|I\)
(6}
X
|I\)
(&)
[

Which forms a G.P.

) 316 4



P(A winning) From above table,
PX+Y+Z}=>P<Z>B

1 (s :ij P{Z>1}=P{X=0andY = 1}
6 |,_25 "1
11 +P{X=1and Y =1}
=gxi =1-P{X=0andY =0}
36 =1-pq
o 6
P(A winning) = —
1 18. 0.39 10 0.43
Use Binomial distribution:
16. (B) p(X)anX qun—X
Use Binomial distribution: Heren=5,p=0.1,q=0.9
p(x) ="Cxp"q" " P(packet is replaced)
Heren=10,p=0.1,9=0.9 —P(X>1)=1-p(0)

P(3 out of 10 are defective)
=19C4(0.1)%(0.9)" = 0.0574

=1-q"=1-(0.9)°

= 0.40951
17. (D) 19. 54.0 to 54.0
Pix=0}=P=P{x=1}=1-p E(X)=5
Ply=0}=q=P{y=1}=1-q = E(X?) =30, where X ~P(A), L =5
LetZ=X+Y - E[(X + 2)%] = E(X®) + 4E(X) + 4
v Ve =30+20+4=54

X
ol ol o (- V(X) = EO®) - (E(X)))
0

20. 0.33t00.34

—_
o
-

auadaa




Model Solution on Assignment — 3

1. 49to 51
Given M =500
c =50
P(X > 500) =?

where X follows normal distribution

We know that standard

variable

Z =
(e}

500 -500
1= — =

(X > 500) =

(see figure)

2. 49.91050.1

0
50

P(z>0) = 0.50

normal

Let X be a positive odd number less

than 100

. X=1,38,5, ..

1
robability —
P y 50

, 99 each with

1
T EX)=—(1+3+5+...+99
(X) 50( )

= 1 100%25 = 50
50

3. (B)

P(Ram) = %;

P(Ramesh) = %

P(only one) = P(Ram) x P(not Ramesh)
+ P(Ramesh) x P(not Ram)
17 15

= —X—+—X—

6 8 8 6
12 1

48 4

(C)
Ll
4
(C)

Here A and B are two independent
events

P(A N B) = P(A) P(B)
and P(A/B) = P(A)
and P(B/A) = P(B)
Also if A and B are independent event
then A and B are also independent

event.
P(AnB) = P(A) P(B)
Hence option (A), (B) and (D) are
correct.
Now,
P(A U B) = P(A) + P(B) - P(A " B)
= P(A) + P(B) - P(A) P(B)
.. Option (C) is false.

0.9to 1.1

) 312 4



10.

54.49 to 54.51
Observed speeds (in km/hr) : 66, 62,
45,79, 32, 51, 56, 60, 53 and 49.
Number of observations = 10

Median will be the mean of middle
two values in the ordered set.
Arranging in ascending order : 32, 45,
49, 51, 53, 56, 60, 62, 66, 79

Median Speed = 53+ 56 =54.5
0.5t00.5
Given:f(x):lg;a<x<1

X
1
I f(x) dx = 1
]
I X Zdx=1
x '’
'. {_} =1
-1+ 1 =1 1 =2 a= 1
a a 2

(B)
p(3V > 2U) = p(3V — 2 > 0) = p(W > 0),
W =3V - 2U

U, V are independent random

variables and U ~ N (O, %)

V~N (O,lJ
9

A W=3V-2U-~ N[0,9x1+4xlj
4"

W ~N (0, 2)ie., Whasmeanp =0
and variance, o2 =2

W—uZO—uj

(o) (o)

~p(W=>0)= p(

= p(Z = 0), Z is standard normal variants

1

=05=—
2
- (A)
Let 'x' be no. of defective pieces.
X 0 1 2
1 2 1
P(x - - -
) 6 3 6

Mean () = E(x) = 2(x) P(x)

= O+—+g = 4
3 3
Variance, V(x) = E(x*) — (E(x))?
_4 ]
3 3
. (D)
Given. Red Blzck

The selection will be RBB or BBR of
BRB
Probability of selecting RBB

4 6 5
= — x

— X
10 9 8




Probability of selecting BBR

6 5 4
= — X —X—
10 9 8
Probability of selecting BRB

6 4 5
= —X —X—
10 9 8
P(Red = 1)
probabilities = 0.5

13. 0.3510 0.45

P(0.5 <x < 5)

]i f(x)dx

0.5

j 0.2 dx+j0.1 dx+j0 dx
1 4

0.5

0.2[x];s +0.1x]f +0

=02x0.5+0.1x3
P(0.5<x<5)=0.4

14. (B)
oo 1
n=4;p= 5
= —1—1—E
=" 575
p(x>2)
=1-p(x<2)
=1-[p(x=0) +p(x=1)]
0 4
-+ [rf3f 3o
_19
144
15. (D)

1

6

|

5
6

o]

= sum of above three

16. 4

I e3X/4 - X dX

E(e 3X/4)

o

e X4dx=4

1
O — 8

17. 6

Let S: getting 3 on a die
5

,
p=P(S)=—,9=1-p=—=

p=P(S) 59 P=5
X = number of times die is thrown to obtain
S for the first time

X 1 2 3 4

3

pX) | p | ap | o | O

1

EX)=2x(q "'p)=pZxq*"
1 1

— =6
(1-9)

:px
P

18. (A)

19. (A)

4
P(X<4)=[ 0.25dx

1

= 0.25x(4 - 1) = 0.75

20. 2.0t02.0
Given X(t) = U + Vt
X(2)=U+2V
E[X(2)] = E[U + 2V]

=E(U) +2E[V]=0+2x1=2

aaaaa
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Model Solution on Assignment — 4

(A)

The possible cases in the throw of a
die aresix i.e.1,2,3,4,5,6
Cases of even numbers 2, 4, 6 are
three.

. Probability of getting an even

number =

o|w

1
2
(D)
When we toss a coin, there are two
possible outcomes i.e. Head or Tail.
Number of possible cases = 2
The outcome of Tail is favourable
event

Probability of getting a tail = 1/2

(B)
Total number of equally likely and

exhaustive cases=n=6+9=15
Number of favourable cases
=%C,=9
[~ number of black balls = 9]

Probability of drawing a black ball

_9._3
15 5
(C)
Number of clubs in a pack = 13
- : 13 1
Probability of getting a club = >

5.

(A)
Sample space = 6

4, 5, 6 are greater than 3

Probability = %

o|lw

(C)

Sample space = 6° = 36
Favourable cases are (5, 6), (6, 5),
(6, 6)

Probability = 3 = 1
36 12

(C)

There are 366 days in a leap year and it
has 52 complete weeks and 2 days
extra.

They are

(1) Sunday and Monday

(2) Monday and Tuesday

(8) Tuesday and Wednesday

(4) Wednesday and Thursday

(5) Thursday and Friday

(6) Friday and Saturday

(7) Saturday and Sunday

sample space =7

Number of favourable cases = 2

.. Probability = 2/7

(A)

In a pack of 52 cards, 1 card can be
drawn in 52 ways

Since there are 13 spades and 3 aces

(one ace is present in spade)

) 321 4



10.

) 322 4

Number of favourable case

=13+3=16
Sample space = 52
Probability of getting a spade or an ace
_16_4__4

52 13 9+4

Odds against winning the bet are
9to 4.

(B)
Events are mutually exclusive

odd in favour of horse H; = 1/3

1+3 4
. 1 1
S|m||ar|y P(Hg) = ﬁ = g,
+
1 1
PH,)=—— =—
(Hy) 1+5 6
1 1
PH)) = — = —
(He) 146 7

P

+P(Hy) +P(H,)

11 1 1
= —+—+—+=
4 5 6 7
19

420
(D)
Suppose there are 100 flowers
Number of roses = 40; Number of
carnations = 60
25% of 40 = 10 roses are red and

10% of 60 = 6 carnations are red

11.

12.

Let A be the event that the flower is
red and B the event that the flower is a
rose.

.. A n B is the event that the flower is

a red rose.
16
n(A) =16 s P(A) = ——
(A) (A) 100
10
nNAnB)=10 .~ PANnB)=—
100

P(B/A) = probability that a selected

flower is a rose red is colour

p@/A) = P(ANB) _10/100 5

P(A) 16/100 8

(C)
A throw amounting to 18 must be
made up of 6, 6, 6 and this can occur
in 1 way. 17 can be made up of 6, 6, 5
which can occur in 3 ways. 16 may be
made up of 6, 6, 5 and 6, 5, 5 each of
which arrangements can occur in 3
ways.
The number of favourable cases is
=1+ 3+ 3+ 3 =10 and the total
number of cases is 63 =216

10 5

.. Required chance = —=—
216 108

(B)

Probability that A wins (P4) = 1/6
and that B wins (P») = 1/10

and that C wins (P3) = 1/8

As a dead heat is impossible, these

are mutually exclusive events, so the




13.

14.

15.

chance that one of them will win the

race is

1 1 1 47
—+—F—=

P,+P, +P; i.e. =—
12 s 6 10 8 120

(A)

The chance of choosing the first bag is
1/2 and if the first bag be chosen the
chance of drawing a red ball from it is
5/12 hence the chance of drawing a

red ball from the first bag is

1.5.5

2 12 24
Similarly the chance of drawing a red
ball from the second bag is
1><3:i. Hence, as these events
2 15 10
are mutually exclusive, the chance

. ... 5 1 37
required is — +—=——

24 10 120

(C)

9 cards of a suit can be selected in

3¢, ways, 4 cards can be selected

from the remaining in 3°C, ways.

The suit can be selected in 4 ways

Required probability

(A)
The probability that husband is not

selected =1 -

N o

1
7

16.

The probability that wife is not selected

1_4

—1-_—=2

5 5
Probability that only husband is

selected = l><i = 4
7 5 35
Probability that only wife is selected
1 6 6
= —X— = —
5 7 35

Probability that only one of them is

4 6 10 2
selected= —+—=—=—
3 35 35 7

(B)

There are 3 mutually exclusive and
exhaustive way in which 2 balls are
transferred form first bag to second bag.
First Way :

Two white balls are transferred from

first bag to second bag so that

4

CZ
e In the

2

probability for that is =

second bag we have 7 white and 4

black balls and the probability of
getting a white ball is = %

Required probability

_YC, 7 8 7 42

= X =X — = —
6c, 11 15 11 165

Second way :
Two black balls have been transferred

from first bag to the second bag so

. _2C, 1
that probability for that is =1z
C, 15

) 323 4



17.

In the second bag we have five white

and 6 black balls and probability of
getting a white ball is %

Required probability

_ 1. 5_5
15 11 165
Third way :

One black and one white ball have
been transferred from first bag to the
second so that the probability for this
is
‘c,x%C, 8
°C, 15
In the second bag we have 6 white
and 5 black balls and the probability of
drawing a white ball is 6/11.
Required probability
_8,6_48
15 11 165

Since these three cases are mutually

18.

Number of cases with a total of 9 = 4
1(5.4),(4,5),(3,6),(8.3)f
.. Total number of cases in which a
doublet or a total of 9 appear =6 + 4
=10
P(a doublet or a total of 9) = P(A)
10 5

"~ 36 18
P(neither a doublet nor a total of 9)
=1-P(A)
5.1
18 18

(C)
Let P(A), P(B) be the probability of A &
B speaking the truths, then

Py = 75 _3

73 80 _4
100 4

PB)= — =
®)= 100" 5

P(A)= P (Atells alie) =1 - P(A)

1
4
P(B) =P(Btells alie) = 1 - p(B)

exclusive,

The required probability of drawing 4 1

a white ball =1"575

_ 42 N 5 N 48 _ 95 Now P(A and B will contradict)

165 165 165 165 =P(A)P(I§)+P(B)P(ﬂ)

(C) T VL e SV B A VT
Total number of cases in a throw of 4 5 54 2
two dice = 36
Number of cases with doublets = 6

{(11).(22).(33).(4.4).(55).(6.6)}

Qaaaaan




Model Solution on Assignment — 5

(A)
Probability of 1 appearing on upper

face = l
6

Probability of 6 appearing = %

The probability 1 or 6 appear

+

1
3

o=
o=

(C)
Probability of the winning of the horse

A= 1 and the probability of the horse

5
1

B= —
6

P(A + B) = P(A) + P(B)

1 1 11

1t

5 6 30

(D)
First draw : Probability of getting a

4 1
queen = — = —
52 13

Second draw : After drawing the first
queen we are left with 51 cards with 3
queens

Probability of getting a queen in

second draw = 3 = i
51 17

Probability of both the cards are

1 1 1
queen = —x—=——
13 17 221

4,

(A)

P(A) and P(B/A) denote the probability
of drawing a black ball in the first and
second attempt

.. Probability of drawing a black ball in
the first attempt is

P(A)zg {533}

Probability of drawing the second
black ball given the first ball drawn is
black

S ES

Probability that both the balls drawn
are black is
P(AB) = P(A) P(B/A)
3 2 3
= —X— = ——
8 7 28
(D)

Probability of getting a head in a toss
: 1
of a coin =—;
2

Probability of getting tail in each case

_ 1
S 2
Probability of getting a tail in all four
11 1 1 1
CaASES = —X —X—X—=—
2 2 2 2 16

Probability of getting at least one

head=1—i=1—5
16 16




(C)
P = probability of getting 1 in a throw
of a die=1/6

1 5
q p 6 6

Probability of getting at least one die

g [B) 28
6 216

(A)

(C)

Let X = defective items. We seek P

(C/X) the probability that an item is

produced by machine C, given that the

item is defective

By Bayes’ theorem,

PC/x) = P(C)P(X/C)
P(A)P(X / A)

P(B)P(X/B)
(C)P(X / C)

(0.10)(0.04)
(0.60)(0.02)
+(0.30)

+(0.10)

(0.03)
(0.04)

4

25
(D)
Probability of six occurring in one toss
=1/6
Probability of six occurring in 180 toss

=18Ox1=30
6

10. (A)

Probability that any person selected at

random is a rice eater =%. Probability

of a non rice eater =%. Let Ag, A4, A,

Az denote the event that none, one,
two or three persons respectively are
rice eaters out of 10. Then

1o (1)°(1)°
P(Ad) = °Co[ 1 H ,
2 2
1 9
P(Ar) = °C,[ 1 (lJ
2 2
2 8
P(A) = °C,[ 1 (lj ,
2 2

_1on (1Y (1Y
w0 5] 3

Now, the required probability
= P(AO + A1 + A2 + A3)
= P(Ao) + P(A1) + P(A2) + P(A3)

1

_ ZTO [1°Co+ 1oC1 + 1oC2 +1003]

= 11410445+ 120]
210

176
= —— =0.17 =17 % (approx
1024 © (approx)

11. (D)

Probability that the first person lives till
, 8
he is 75 years = —
14

Probability that the second person

lives till he is 80 years = g




12.

13.

Probability of the compound event that
both the persons live 40 years hence
_8,.4_32_16

14 9 126 63

Probability that at least one of them
would die without living 40 vyears

hence = 1 _16 = 47
63 63
(A)
The probability of getting a head in a
single toss of a coinis 1/2

1 1
. = 1/2, = 1— = 1 _—— = —
p q P 5~ 3%

Also we are givenn =10, N =100
andr=7
The required frequency

=N"C,p" g™

7 3
=100 x '°C, [1j (1J
2) 2

I 10
:100_& 1
7131\ 2

10
=100><1OX9X8 1 :ﬁ

3x2x1 {2 32
=117 = 12

(A)

Let (q + p)", g + p =1, be the binomial
distribution

P=0-1,n=500

Mean = np = 0.1 x 500 = 50

Now p = 0.1
=g=1-p=1-0.1=0.9

.. Variance = npq
=500x0.1 x0.9= 45
.. Standard deviation = \/E = 6.7

14. (A)
H=2XPiXi
144 24 1
=0. +1. +2.
169 169 169
_26 _2
169 13

144 . 24, 1 4

. +1. +4. -
169 169 169 169

28 4 24
169 169 169

o= |22 _39 _ 4577
169 13
15. (C)
np=12 npq =2
npq =4
g4 1 1
np 12 3 7 3
1 2
=1-q=1-— = =
P q 3 3
Also np =12
.nx — =12
2
n=18 & p=—
P 3




16. (D) 18. (C)

The probability that face 1 or face 2 Combinations are CMC, CMM, CCC,
turnup = 0.10 + 0.32 =0.42 CCM.
The probability that face 1 turns up Probability of
=0.10 CMC=0.6x0.4
The required probability = 0.24 — Favourable
_010_10_5 CMM = 0.6 x 0.6 =0.36
042 42 21 CCC =0.4x 0.4
17. (C) = 0.16 — Favourable
Since odds against A are 8 : 3 CCM=0.4x0.6=0.24
Total Probability = 1
P(A) = 3 3
(A) = 8+3 11 Favourable = 0.24 + 0.16 = 0.4
So P=0.4/1
P(B) = 2 _2
5+2 7
P(A) + P(B) + P(C) = 1
{mutually exclusive}
or 212,pPC)=1
11 7
Py < 1- 2.2 3
1 7 77
. odds against Care 77 — 34 = 34
i.e. 43:34
Qaaaaan




Model Solution on Assignment — 6

(B)

S ={Sun, Mon, Tue, Wed, Thu, Fri, Sat}

ns)=7
Let A be the event that the child is born
on Sunday or a Saturday

n(A) =2

(D)
S={1,2,3,4,5,6}
n(S) =6
Let A be the event that the die shows a
multiple of 2
A=1{2, 4,6}

n(S) = 36
Let A be the event that the score on the

dice is odd

1(12).(14),(16),(21),(2.3),
(2,5),(3,2),(3,4),(3,6),(4,1),
(4,3),(4,5),(5,2),(5,4),(5,6),
(6.1),(6,3),(6,5)f
n(A) =18
_n(A)_18 _1
P(A)= n(S) 36 2
(C)
5 students can be selected from 10 by
°C, ways
10~ _ 10!
n(S) = CS = ﬁ
_ 10x9x8x7x6 _ 250
5x4x3x2

Let A be the event that the committee

includes exactly 2 girls and 3 boys. The
two girls can be selected in *C, ways
and the three boys can be selected in
°C, ways

n(A) = *C, x®C; =6x20=120

n(A) _120 _10
n(S) 252 21

P(A) =

(A)
Let A be an event that ball drawn is red

or white
< nA)="Cy+*Ci=7+4=11

11

[n(S)=2°C,=20]




6. (C) 11. (C)
Two cards can be selected in *2C, P(ARB) = P(A) - P(A A B) 1

ways
P(A UB) = P(A) + P(B) - P(A N B)

P(A U B) = [P(A) - P(A N B)] + P(B)
P(A UB)=P(AnB) + P(B)

- n(S) = *2C, = 26x 51

Let A be the event that 2 cards selected

is Jack and an Ace.

2 1
Jack can be selected in *C, ways and 3= 3" P(B)
the Ace can also be selected in *C, > 1 1
PB) = ——— = —
ways. 3 3
- n(A) = *C,x*C, =16 12. (A)
1
n(A Probability P of a white flower = —
P(A)= (A)__16 _ 8 4
n(S) 26x51 663
1 3
qgq=1-P=1-— = —
7. (C) 4 4
The required probability n=3 N=64
3—
="2Cyy x (0.99875)"' (0.01125) + "Cre 1y _ 3¢ [q[ﬁj “
4 )\ 4
(0.99875)"? = 0.9923
8. (B) Number of beds with zero white flowers
Required probabilit 013
equired pro y 64 x SCO (lj [gj
_ 11,41 _4 4
" 53 54 15
:64x2—7 = 27
9. (A) 64
13 4 Beds with 1 white flower
P(A) = Cip & 1
5201 51C1 52 1 1 3 2
=64 x 3C, (—j (—j =27
10. (D) 4)\4

Beds with 2 white flowers

Probability of first event = 2 P
8 17(3 9
a0 1](2) o0 & -0

Mutually exclusive events 4 64
P (gj P-1 orp=3 _3:5 Beds with 3 white flowers
5 3 /a0
- = 30, [ 1] (3] —6ax_=1
Hence odds in favor of the other are =64 x “Cy4 ivile i

3:(6-3)i.e.3:2

) 330 4



13. (B)
P(ANB) =~ PA)=; PB)=~
2’ 3’ 3
Now, P(A)=1-P@A)=1-1-2
’ - 3 3
_ 1 2
PB) = 1-PB)=1-~=2
(B) (B) 373
P(AUB) = P(A)+P(B)—P(A ~B)
2 2 1
= —4 ———
3 3 2
_4 1_8-3
3 2 6
_5_5,2_10
6 6 2 12
14. (A)

To be one step away from the starting

17.

16. (B)

- 11
PB)=1-P(B) = 1-7 =

and P(A U B)=P(A) + P(B) - P(A 1 B)
5 1 1

or 6=P(A)+ 273
2
or P(A) = 3
2 1 1
P(A) P(B) = ng =3 P(A N B)

Hence A and B are independent.

(D)
n(s) = 2* = 16 since each of the four
places in a determinant of order 2 is to

filed by O or 1 favourable number of

ways is 3.
point the Man is to take 6 steps forward
and 5 steps backward or 5 steps ‘ 1 O‘ or 1 O‘ r ‘ 1 1‘
forward and 6 steps backward 0 1 L 01
The required probability Hence P = 3
= 11C4 (0.4)° (0.6)° + ''Cs (0.4)° (0.6)° 16
="C5 (0.4)° (0.6)° {0.4 + 0.6}
18. (D
- 11C5 (024)5 EOO) 50 50 100 51 49
Csop™ (1-p)" = "Csi1p” (1-p)
15. (A) or 1-p _ 100! ><50!50! _ 50
Required probability p 51491 100! 51
12 1 3 1 or 51-51p=50p
= —X—+—X— = —
2520 ° ivin P= o1
gving ~ 101
Qaaaaqn




10.

13.

10.

13.

10.
13.

(D)
(C)
(C)
(D)
(C)

(B)
(C)
(D)
(A)
(A)

(D)
(B)
(B)
(B)
(C)

Answer Key on Test Paper — 1

2.
5.
8.

11.

14.

(D)
(A)
(B)
(A)
(A)

3.
6.
9.

12.

15.

Answer Key on Test Paper — 2

2.
5.
8.

11.

14.

(D)
(B)
(A)
(A)
(A)

3.
6.
9.

12.

15.

Answer Key on Test Paper — 3

2, (A)

5. (A)

8. (B)

11 (D)

14, (B)
QoooaoaQ

3.
6.
9.

12.
15.

(A)
(C)
(A)
(A)
(C)

(D)
(A)
(A)
(D)
(C)

(D)
(D)
(D)
(A)
(D)




Model Solution on Test Paper - 1

(D)

2 .3
P(A) = o P(A) = ¢
2 N
P@) = o PB) = 3
3 N
PC) = ¢ P(C) = ¢

Probability that only one of them hits

the target

= probability that A hits the target but
not B and C + probability that B hits
the target but not Aand C
+ probability that C hits the target
but not A and B

= P(AnB'nC)+P(A'nBNC’)

+ P(A'nB'nC)

2 12 232 3 3 1
= —X—X—4+—X—X—+—X—X—

535350555 3
4 12 9 25

= — 4+ — B —
75 75

1
75 75 3

(D)

Probability of selecting any bag is 1/2
Probability of getting a white ball

1 °C, 1 °C, 5
= —x +—=x =—
2 °C, 2 °C, 9

(A)

Let A be the event that A is selected

and B be the event that B is selected
P(A)=1/5 and P(B)=2/7

4,

Let C be the event that both are
selected
C be the event that both are
selected.
C =AnB
P(C) =P(A n B)
P(C) = P(A) - P(B) as A and B are

independent events = l><g = 2

7 35
(C)
Two balls are selected from 12 in ?C,
ways. Two white balls can be selected
in "C, ways.

7

. Required probability = C,

12
2

_2_7
66 22

(A)
Three balls can be selected from 9 in
°C, ways
3 black balls can be selected from 5 in
°C, ways

5

Required probability = 83

9
3

_10_5
84 42




) 33¢ 4

(C)
R stands drawing a red ball and B for
drawing black ball. Then required
probability is
= RRR + RBR + BRR + BBR
_(6,5,6),(8,8 i
10 11 10 10
4 4 7 4 7 6
+| —X—X— |+ —X—X—
(10 11 10) (10 11 10)
_ 6400 _ 32
1100 55
(C)
_6_1
'"36 6

[-out of total of 36 ways both the
persons can throw equal values in
6 ways]

To find p, the total number of ways
n = 6 and the favorable number of
ways, M =15 x 8 =120

Since any two numbers out of 6 can
be selected in 602 i.e. 15 ways and
corresponding to each of these ways,
there are 8 ways e.g. corresponding to
the numbers 1 and 2 the eight ways
are (1,1,1,2),(1,1,2,1), (1,2, 1, 1),
2,1,1,1),(2,2,2,1) (2, 2,1, 2) (2,
1,2,2) (1,2, 2, 2).

Hence P = @ = i
64 54

Since 1>i, we have P> P,
6 54

9.

10.

15 27
C, X" C,

42
Cy

P, =

B 15x14x27x26x1x2x3x4
1x2x1x2x42x41x40x 39

27
82

30 54
c,x*c,

84
C8

P2=

~30.29.28.27.54.53.52.51.8!
414184.83.82.81.80.79.78.77

_ 17.29.45.53
11.79.82.83
5 B 27 11.79.82.83  33.79.83
P, 82 17.29.45.53  29.53.85
216381
= > 1
130645
Hence P1 > P2
(A)
P(AUB) = P(A) + P(B) - P(A  B)
PAUB) <1
P(A) + P(B) -P(AnB) <1

P(A) + P(B) -1 <P(AnB)
P(AnB)>P(A) + P(B) -1

(D)
We first find the total number of cases.
For each element of set A with n
the number of

element, possible

images is n.

. The total number of cases = n".




11.

12.

13.

When find

favourable cases. For the first element

next the number of

we have n choices. For the seconds
element we have (n — 1) choices and

SO on.

. The number of favourable cases
=n(n-1)(n-2)..2-1=n!

Hence the required probability

n! (n—1)!

nn r.]n—1

(A)
(A)

(C)

14. (A)

Distinct paths from A to F are given
below.

1) ABDF
2) ACEF

3) ABF

4) ABEF

5) ACDF
6) ABCDEF
7) ACDEF
8) ABDEF
9) ABCDF
10) ABCEF

15.

There are 6 way to go to city F
through C.
Total no. of paths = 10

. Hence, required probability

=6/10=3/5
(C)
Mean X = 2
N
90 = 2
200

2. x =200 x 90 = 18000

.. Sum of observations is 18000
Of these, two wrong observations are
15 and 80.
Subtracting 15 and 80 from 18000, we
get 17905
Adding the correct observations to
17905,
i.e. 17905 + 40 + 87 = 18032
Correct sum of 200 observation is
18032

18032

Correct mean is =90.16

Qaaaa




1.

Model Solution on Test Paper — 2

(B)
There are 6 possible ways in which the
die can fall and of these two are
favourable events required.
.. Required chance = 2 = 1

6 3
(D)
The possible number of cases is
6 x6 =236
An ace on one die may be associated
with any of the 6 numbers on the other
die and the remaining 5 numbers on
the first die may be associated with the
ace on the second die, thus the

number of favorable cases is 11.

.. Required chance = 1
36

(D)

Various Digits in the log table are 0, 1,
2,3,4,5,6,7,8,9

i.e. a total of 10 digits are used.

The number of favourable cases for
getting 1 out of the 10 all equally likely

cases is one

.. Probability of getting 1 is 1/10.
(C)

The probabilities of Dayanand,
Ramesh and Naresh solving the

problem are

J

respectively

Nl

1
'3

N | =

5.

The probabilities of Dayanand,
Ramesh, Naresh not solving the
problem are

1_1:1;1_1
2 2 3

respectively.

:g;‘l_ —g
3 4

1
4

The probability that the problem is
not solved by any one of them is
1.2 3 1

— X — X — = —
2 3 4 4

The probability that the problem
will be solved by at least one of

them=1—l:
4

aw

(B)

The probability of drawing a black ball
from the bag = 3/8

The probability that the drawn ball is

3 5

=1-2-2

8

not black

(A)
In “PROBABILITY” there are
O A | : 3distinct vowels
PR B L TY :6distinct consonants
Total number of distinct letters = 9,
Required probability = §:l

9 3
(D)
Let P(A), P(A) be probabilities of A’s
getting the head and not getting the

head respectively, then P(A) =%




CP(A) cq_pAay 1 1 1
“P(R) =1-PA)=1- =

1

Similarly, P(B) = % and P(B)

Let A start the game. He can win it in
the 1% throw 3™ throw 5™ throw, 7
throw and so on. Probability of A’s

winning in 1% throw = P(A) = %

Probability of A’s winning in 3" throw

= P(A)P(B) P(A)
1 3
-
Probability of A’s winning in 5™ throw
= P(A)P(B)P(A)P(B)P(A)
1 5
()
Probability of A’s winning in 7" throw

- P(A) P(B) P(A) P(B) P(A)
P(B) P(A)

_1t11r 1 (1Y
T 22’22’2272 |2

Mutually exclusive cases

111
222

22222

Probability of A’s winning the

game first is
3 5 7 1
1 (1 1 1 2 2
—+|=| +|=]| +|=| +..=—Er=—
2 \2 2 2 1_1 3
4
Probability of B winning the game
2 1

first=1- —= —
3 3

10.

11.

(A)

n(S) = 36

The outcomes which have odd number
and multiple of 3 are

(1, 3) (1, 6) (3, 1) (3, 3) (3, 5) (3, 6)
(5,3) (5, 6) (6, 1) (6, 3) (6, 5)

favourable cases = 11
Probability = n
36

(A)
Let A = The event that students are
taller than 1-8m
P(w /A) = Probability that a student is
a woman given A
3 P(w)P(A /w)
P(w)P(A /w)+P(M)P(A /M)

(0.60)(0.01) 3

~ (0.60)(0.07) + (0.40)(0.04) 11

(A)

n = total number of ways = 6 x 6 = 36
The numbers higher than 9 are 10, 11,
12 in the case of two dice

.. m = favourable number of ways

=3+2+1=6
Hence P = Mzizl
n 36 6

(A)
Total number of cards =12
Probability of at least one are
= 1— probability no are
5C,

=1_K:1

14 19

33 33




12.

13.

(D)
Var (x') = 1

(A)
The probability that eventA occurred,

provided thatBtook place will be

denoted byP(A B). Now the probability
that event A occurred, provided that B

took place will be

P(A/B).The Ais
occurrence of the event A.

.. We have P(A/B) + P(A/B) = 1

denoted by

event the non

Hence P(A/B)=1-P(A/B)

14. (A)

Two points are always collinear so we
can say a triangle consists of two
collinear points and one point which is
not collinear to both of them
simultaneously.
So here, we have no. of triangles
= No. of triangles having 2 points on
line 1 and one point on line 2
+ No. of triangles having 2 points

on line 2 and one point on line 1

°C,x11+"'C, = 45 x 11 + 55 x 10

1045
Total number of points =10 + 11 = 21

No. of 3 points group
— 21C3

15.

_ 21x20x19 _
T 3x2x1

7x10x 19

Required probability

1045 209
7x10x19 14x19

11x19 11
14%x19 14

(C)
Probability that the item is produced by
machine A, P(A) = 0.25
Probability that the item produced by A
is faulty, P(F/A) = 0.05
Similarly,
P(B) =0.30
P(F/B) = 0.04
P(C)=1-0.25-0.3=0.45

P(F/C) = 0.03
By total probability,
Probability that the item selected is
faulty
= P(A) P(F/A) + P(B) P(F/B)

+ P(C) P(F/C)
= 0.25 x 0.05 + 0.30 x 0.04 + 0.45
x 0.03

= 0.038
By Baye's Theorem,
Probability that the faulty item was
produced by machine C,

P(C) F(F/C) _ 0.45x0.03
P(F) 0.038

-. P(C/F) =0.355

P(C/F) =

I [




1.

2.

3.

Model Solution on Test Paper — 3

(D)
Probability of getting both the balls
even numbered

P(EE) = P(E)-P(E)

_12 12 _144
25 25 625
P(at least one odd) = 1 — P(EE)
_q_144
- 625
_ 481
625

(A)
The total number of ways in which four

persons can be selected out of 9
persons is °C, .
For favourable cases, we want that 2

out of the four selected should be

children. Two children can be selected
out of 4 in *C, ways. The other two

are to be selected out of 5 persons (3

men and 2 women). Two persons can
be selected out of 5in °C, ways.

The number of favourable cases

*C,x°C,

Required probability

_ *C,x°C, _10

°C, 21

(D)

(A]:P(AmB) ~1/4 3

B) P(B) 1/3 4

4,

6.

(B)
When all the letters are taken they can

be arranged in °p;o ways or 10 !

(A)
Here the balls are drawn without
P(W) and P(G)

denote the probability of drawing white

replacement. Let

ball and green ball respectively.
P(W and G) = P(W) P(G) + P(G) P(W)

i0 8 8 10 80
= —X— et —X— = ——
18 17 18 17 153

(D)
The largest number on the selected
coupon is 9, and hence the selection is
to be made from the coupons
numbered 1 to 9. Since there are 15
possible cases for selecting a coupon
and seven coupons are selected the
total number of possible cases = 15’

The

=9’ — 8’. Observe that out of 9’ cases

number of favorable cases
8’ cases do not contain the number 9
The required probability

Number of favourable cases
Total number of cases

9" -8’
15’




8.

(B) 10. (B)
Here np+npg=10, n=18
18p +18pg =10 = 18p(1 +q) =10

5-r r - + =1 :> =1_
P)="C,.q" "p' = Scr(ﬁj (Ej P4 P a
5 5 18(1-q) (1 +q) =10
.. The required chance 1 q2 _ 10
= P(4) 18
10 -8
s 3(2Y L
= °C, -g-(g} T 18
5,48 _48_ 48 ==
"7 T 5 625 18 9
q =42
(B) 3

Total number of ways in which two 2 _ )
g =— (-Vve sign rejected),

cards are drawn out of 52 is *C, . 3

A king can be drawn in 4 ways and p=—

3
Queen can be drawn in 4 ways.

Required probability = ?zﬁ __8

C, 663 1.2)° n
(3+3j {(p+a)}

Hence Binomial distribution is

(D)
In a single throw of two dice, the 11. (D)

probability of throwing a doublet is
6 1 12. (A)

36 6
The probability of throwing three 13. (C)

doublets in three throws is

111 1 14. (B)

666 216 Out of the 5 women, 3 women can be
Hence the required probability
B 1 215

=1= % = R mentioned about the number of men

invited in °C, ways. Nothing is

that he has to invite. He can invite one,

two, three, four or even number of




15.

men. Out of 4 men, he can invite them

in the said manner in (2)* ways. Thus,

the total number of ways is °*C, x(2*)

=10 x 16 = 160.
(D)
P(A) = 1/4
p@/A) = PANB) _ 1
P(A) 2
: _1
“P(ANB)= o
pa/B) = PANB) _ 1
PB) 4
]
PEB)=

1

P(A NB) =3
= _P(AnB) _18 1
PAB) = PB) 12 4

- P(A/B) = % is false.
fAcB,ANB=A

then P(A A B) = P(A)

but P(A ~ B) = % and P(A) = %

This is false.

P(A/B) +P(A/B) = %+% - %

P(A/B)+P(A/B) =1 s false
None of the options (A), (B) or (C)

is true.

Qaaaa










Vidyalankar
Group of
Educational
Institutes

Science Division

o |IT JEE (Main + Advanced)

o MHT-CET (Engg. Entrance)

o NEET (Medical Entrance)

o Foundation (Std. VI, VIII, IX & X)
o Std. XI, XII (Sc.)

o BITSAT

o NTSE

« RMO

Training for Engineering & I.T.

o Engineering Degree (FE, SE, TE, BE)
o Engineering Diploma (FY, SY, TY)
e B.Sc.(IT) (FY, SY, TY)

Training for Post Graduate Entrance Exams

o GATE (M.Tech./ ME /PSU)
o GRE

o TOEFL/IELTS

o Admissions Consulting

Colleges (Govt. Approved) at Wadala, Mumbai.

« Vidyalankar Institute of Technology
Engineering & Management Degree
College (BE, ME, Ph.D., MMS)

¢ Vidyalankar School of Information
Technology
Science, Commerce, Arts & Management
College [B.Sc.(IT), M.Sc.(IT), BMS, BAF,
BBI, BFM, BMM, M_‘EBEJ" MMM, MFM,

MHRDM] rpimpers
e

¢ Vidyalankar Polytechnic
Engineering Diploma College

-Be sure with

Ylgaarke

Since 1960

Our Centers in Mumbai

Andheri (W)
Borivali (W)
Chembur
Dadar (E)
Dombivli (W)
Fort

Ghatkopar (E) :

Kalyan (W)
Kandivali (E)
Nerul (E)
Panvel
LLELEN))
Vashi

: 4232 1400/ 2670 8466
1 4232 1500/ 2891 0521
: 2528 3162 /2523 4181
1 4232 1200/ 2418 5586
: 0251-248 0321/ 28

1 2430 6367

4232 2400/ 2512 9028
: 0251-220 1860/ 70

: 287042 32/2870 42 31
1 27707695/ 2770 2642
1 27454232 ] 2746 9966
1 42322200 /2544 3319
: 4173 3200 /2789 3185

E— Be sure with ——
Vidyalankar

Corporate Office :
Pearl Centre, Senapati Bapat Road, Dadar (W), Mumbai - 400 028.

Tel.: 4232 4232/

2430 6367, Fax: 24228892

Website : www.vidyalankar.org, Email : gate@vidyalankar.org
facebook.com/vidyalankar.vcp, Q WhatsApp : 900 438 4232
Youff[B) www.youtube.com/user/Vidyalankarclasses

Q@";}_‘—‘] Counselor121




	GATE Book Cover_SLP_Module_1
	blank
	Copyright
	Aspirant
	Syllabus
	Index
	1_Notes
	1_Assign
	1_Test
	2_Notes
	2_Assign
	2_Test
	3_Notes
	3_Assign
	3_Test
	1_Assign_soln
	1_Test_Soln
	2_Assign_Soln
	2_Test_Soln
	3_Assign_Soln
	3_Test_Soln
	blank 2
	blank1
	GATE Back Cover_June2017

